GooR: understand Ende P for une-P\ 10}

Christmas gift = one of Soergel’s big results
but * without” Soerge! bimodw\es!

2 X : :
Fix ey iNtegral and dominant. Lex By be
finite-dim 2 algebro with Uy~ By-mod.

Thim. (Struktursaty) Projective By, is unique
indecomposable projective-injective in By-mod.
Functor V=Homg, (Pw,,-) fully faithéul on By- proj.

Thig resuit ocrolly consequence of stronger one.
Ley S tnd B)‘(vwo)'

Thm. (Douwbie-centralizer) As algebras,
A = E“ACCPWO‘Q Bx

Rem. Suppose dowbie centrolizer and fix e€B,,
idempotent with Py ¥ Bye. Then, CveB,e
ond hove equivalence

Hom (83e,-)
0d4(8,e) ehaeey » PYO)A ——, T“m pro)B,
N\ o

9, e-mog

of quosi-inverse 85®p - Homg (R ,-1= V.



A

(ex: g=523) Toaxe Az0. Then Bo: o"-/i-’z [{84=07
)

-1
A= PO)  BoEaz Pl = 0 Pt TEd)

Endg P(1)=5Pglid, x:PLN-w LN G ALpay
> ¢[X'.\/x1. ¢x1 - Cﬂ coinvoriont alg of fupe A,

(Endomorphiswmensaiz)
Ao, V= Homng (PE1),-): O — ModC verigies

L )
\V(P (-1“3 C exoct!
Y(P(O)) = Homg (P, P(QY) Homg LP(D), L) ¥ xC

ongd trivially
gbi)eck‘we

Endg PIO) L5 EndelxQ) biigtive by
Homg, (P(Q), PE2Y) ~— Hom,(xC, )

with finaly
Hom g (P, PON - Hotne(C, V(PO
\ bijecrive! S\
WP =—— V(PO for A€10,-2%

Gives Struktursatr2. 1so. BoyEndg g ¢ (PC-1)
given by Sty

/Ql\M% 00 0) 00 0) Oy 012 O3
Oq, O %)KO OO0 | = ko OO0 Oq, 01 Q'n)
\Q3| G019 Q;} | Q DJ I Q DJ Q3| 6139 Q33

if oand only if 0;;2033 ANY OR=R|3=03=0




$ Injechivity for projearives in Q

Fock: soc A()) is irreducible with oantidominont

L highest R-weight . for ol Ae '

Humphreys
Prop. 4.1, Thm.ua )
ond Thvn. 1.9

Fix deom iNtegral and dominant. Then, unique
antidominont weight in Wel is WyeA. Thas, for
o\ MEWS),
soc ALY LIwg e A\
ond
Me FAINQ, ~r~— SOCM € 0d8LLIWg-A))

Now, recall ¥hat

*® W.o=W<cD ) simple
?VOP. P(\No-M - P(\N(,‘» Eft;(ux\.fog‘;o

Prook. P O ,(AR)) with At-Q)L(-p)
se\é-dual and O_o 5 compotibie with duality. @

Hence, Plwg-AY Tlwg-)) is projective-injective.
We o\s0o have the reciprocal.

Prop. for une Wek, P(an) injective D az=wg-A.
Proo€. P in). =D Pz inj. env. o€ socPla
soc(Pa € 0dd(Liwg ) S =D PN € 0dd(TIWg-AN= 6 dd(PCwy-2))

by +he above

both P, Plwe ) ) €D PLANY P(We-X) =D a=wg-a. a

0o¥e iNdeCOMPOsSables L-}o\(e Yop



Thus, PlwgA)= unique indecomposable projective-
injective module in O,. Als0, P(wgq-N) =T\ tilting
s0 CoKer (AL Plwg- M) € FAYN Oy, ond injective
envelope of this cokerne\ nence lie in add(P(wy-A.
Corresponding injecrive resolution o& D) 100Ks like

0= AN = P(Wg-A)— X

with X € 0dd (P(wp-21). LSing the indecomposable
functors Ow (we W) discnsied with Alexis, we get

0— 8, AN ™ ew‘\:(wo-» — ew"x

Y ) 1
with X w/X1,w both projective-injective.

For B, with O, B,-mod, above says that every
projective Pe mod B, lies inside sequence

Q- P> X| —-)X.l (‘MKQ P=B,
with X\, X9 projective-injecrive. Hence, domdimB,22.

Levamo: Only indecomposobie Py, € projByN iny B,
foith€ul (i.R. Vo,b¢B,, IxePy 5.3 oX 2 bx).
Proot. Fix 0,9€8y st ox=bx for al X € Py, With
neN such thot By P®BN . Take xy,... Ap€ Py,
S0 thot 1+ (x;,...,.%n) by inclusion. Then az=b. @

Notation Alglbro with €aithéur proj-in). module
1S said 40 be (leey) QF-3,



Rem. From now on con take any finite-dimy
olg. By with domdim By 22 and (unique) proj.-in).
PWO which 1S ‘GOS.\‘“'\““\- = E\'\Asx?wo ' A= EhAcPWQ\

& Chonge of paradigm

Let T=(injective hull of By) =Py, for some n.
Let also
G=Endg, T and /Az EndgT .
HoveR Xoct sequence
03B & TEATON £or some NeN
Will sShow By ¥ /A. Equivaient +0 woanted resalt os:

Prop Let C= E"“\wawo\' Then, as alas,
/A‘\'Endg-\- St E\'\dc PWQ/IA
PE. G=Endg, (PR ¥ Mn(Endg,(Pa V= Mp(C)

Thus, C, ond C Morita-equivalent.
A150, equivalente MmodC v mod( SeNdS Py, 10
T and resalt follows. @

Rem. B,rS/A as T is €oitheul



§ Crux FQ-8,=T
Let Co={fe C1£(B)=0} ond
Qo4 = ﬂFeCQKQT €28,.

NON-TRIVIAL
Lemman /A Qagr 05 Bx-modunes.

Corollary By~ /AvA

PS. Recall exoct Sequente Q- BAiT—i-»T'.DN
ond \e¥ p; :TENLT be ith-projecrion (1Li4N).
Then

Q= (\?z\ Ker(p;oe)=Kere =B,

qeQ 2 0:=7;(1;0p,0£1(q)
SO that WL TTON 0 jnclusion

BrS /A G-\-o.\..c.' Q= Ba @
We Now prove Non-tyivial \emmon.

PE. Mop 8:G—T given by BLAI=E) 1S Sur). a9

Homa . (§,T)
Sy Homg (Bx 1)

\'Sl evq4
T

commutes + Homg (§,T) surj. sine T injective.
cand § injective)




Now, ¥:/A= End(gTY—T given by y(EI1=€0) IS
injective. Indeed, £ix €€ I/A\{0Y. Thew, £(41+0

for some +¢T. By above, T= 8L9) = gl\) with 9€G
ond

03FL¥Y= £\ = £(a.1) = 9+ E(1) = g« ¥ (£)
gives (130 oS doimed. Also, ¥ clearly By-tin.

Want 10 show A~ Tmy = Q404 = nseqokeve cT.

(S) FixX 9eGq ond £eA. Thewn
o (FLEN = ¢ (£(N) = g-£) = £(9+1)= €(9(M=0.

() Fix q€ Qyoy. Define w: G2 T by p#1=6(q.
Then Yw(G1=0. AlsO, for fe (G, 8E)=£M=0
1ff €(B3 120, that is €€ €€ Go- ThuS

Ker®8=0q< kevy
B(9-6)= HL9e £ 2 (L) = o-B(£)
with &, easily seen to bR G-lineor. Possing
0 cokevnels, lua: T TImYES T G-linear S.4.
Ao =Y. Henee , A e/A and

0 TNz s A B(1dN = Ylid) =q 74
J
0-Go6 LT—)O
| W K (DTN
O‘QKQY“)-)G LI‘“‘P_’O
!
0



