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loter, POSSIblY with
X j coRfeiciends...
FiX Az cwster algebra over Z

Ls suvonoebro of Z(xy,... Xy FOr some n, depending on quiver Q
ond whose generators=clusier voriohies are grouped in clUSHRYS

0f S13Q N and ore construcred recursively, vio muiotion, from
L initiol seed (@ (Xy,-.., An))

TImporiont nOYiON in combinatorics, Poissan geomerry, discrese
dynoamical systems, rep. theory, commutative/non-commutotive
o\gebraic 9eomelry, -

Fock: For o custer algebra (associated to o quiver) an interesting
linearly independent ser is given by cluster monomiolg

Lproduc\- of NON-NRYATIVR
powers of cluster voriables
Of & QIVRN/€ixed cluster

Constructing 'canonical bases’ for cluster o19Rbras (that convain the
c\uster variables) i an importont & \argely open problem.

L see kellerrs 2014
S Clusker algs % cluskey mon*



(-e,x-. reps of £inite gp, of finite-dwm’y, Lie alg., of q-9pS...
Fix now B on obelion monoidal category. Then, Grothendieck group

Kotg\ = abrlian group generaied by equivalence c\asses 1LVIV (-.?,}
via relation LV1=CS1+[QA] i€ exists SEC 0L aV2Q-0 in'%

1S o\ ring *
Cvitwl=LveWw)

ond has a canonicol Z-basis given by the closses of Simpie objects.

L corves panding structure constonds ave posivive
(=murkiplicities of simple composition factors iIn @
=Clebgh-Govdon coefficiemis

Then ; our SeMiInar aims 10 Study the folldwing:

Def. (Hernondez-leclere, 31004) For A and ’Q 0S abOVe, we soy
Thot £ 1S o monoidal cateaorificaXion of A i there's o ing, \SO.

thot sends cluster monomials 0 classes of simple objecks.



Rem. Suppose thot %t 150 MC of A.Then, the cononical basis of Kol')

(given by the closses of simple ModulRs) give o canonical basis for A

(With positive stracture constanid). Thus, o MC B o A 9NRS non-yrivial
IN€O. on A. AlSO give nON-trivial info on § os then

mutarion/exchonoe ¢ 3 ire\a&io\\s mn 5 €XOCk Sequences
W“‘b’- relakions in A S Kg(ﬁp n Q

Now, fix %, A and @ oS in $he detinition ond ek Xe A be o clusky
monomiol. Then, @(x)=TV) for some simpie object Ve L. Alse, Xt is
O\s0 O cluster ronomial SO POz TV =Cvd\] is the closs of o
simple objecy of ; Tt coMows thox

@ sends clusiey monomials o reol simple objecks
Li.2. OF tensor square simple

Moveover, in the initiol de§ ot YL, o MC y: A—’\(g(\,\ woS heont
10 induce bijection berween clusiey monomials and c\osies ot rea) obj.
Thig 16 o Strong condirion,



NOW, £ew obelion mondidal careqgovies have Hon-tviviol rea\ simples ob).
Fov exomple, 1o+ § be the colegary of finite-dim’d reps of o greup G or
of o finire-dima Lik a\gebdra o). Then, for two objects YV, e‘g,

G¥NOW vio o.(N@WI=gv@aw
3 YVOW vio X-(V@W)=QVOW+ V@qW

ongd, in borh coses, We hone isomorphism Yy : VOW-IWRNV given by
Tv.w (VOWI=WRV.

In particuloy, for any Simple VE%, Y,y 1S o ontomarphism ot VOV
which is’nt o mulriple of the identity (1f dimVE)). Hence,

Schurs \ewma —> ol simple Yeol objects of § ave \-dim’s

The some reasoning Con be applied 10 finite-type quanrum growps
(ond ony braided (avRON) MONOIAAN categorvy for Which
he braiding Ry, VOV Z3VON 1§ typically non-triviol)

S0 wheve con we €ind MCs “in nature”?



Hernandee-leCieyC
Wherve: represenyations ot quantum attine algebras/Yongions
of (quiver)-Hecke algrbras — Leclere
OF i 0ROty Kong-Koashiwaro-Kim-Qh-ParK
NoKo)immon (perverse sheaves on graded quivey vor.)

Contis-Williams (perverse caherent sheoves on
aE£ine grassmanians).

Inony case, i€ B is a™MC ot A, then there showld be objects
V,W €% with VOW FWBV (even i€ KolBIZA is covmurorive).
Lmc is Sign of § not
broided, bwx “almost~
(See HRYnoandew’s recent review)
ex: ‘0..‘&-,_ = simplest g-attine olgevro
Hove 1-parawmeter family of surjective algebra morphisms

er:‘{Aq{QI-—)"‘{Aqﬂz (o€ ¢*)

Vin,o) =ev: (nigque (NHI-AiwL ivrep of WUqikY  (W>0),
Fix % = monoidal SeveR subcat, of %q&-,.-mcd generoatred by V(1)1

L closed wnder . Vi, 3)
Subob). [ quotients/extensions



Then, we hove exacr sequences
0= 1 — V{1, @VIL,N=v(,N—0
1) — 0=V, = VLNV g — 1 —0 |

so CVOLINITV (4,402 v Y = TV, g tva) in Kol). This is the
(Ony) xchange rR\ation of an A -cluster algebdro

mutotion o%
V(\ |\\ — V (1|“ v

and £ ocrually is o monoidal coregorificarion of this clusky alo.
TS canbe used +o show that the (infinively-many) simple objects
o¢ ‘{. o\l ave tensov producys o the 3 irveps VI, 1), v(y,qt), v !

Yrivial veyp

Rem. Both ovove SEC come €rom “renormalized R-movricey®
0— v, — V(\, ®V(, qt) —N(\.q"\ﬁ\l (\,\)

!
ond sim’\\w\\g £0r other one... \‘ R \
0



Because proving thot o cotegory § i o MC of o cluster alg. A
1S o PYiOYI superx hovrd.

Indery, to show that ¢:A—Kol'g) is a ring iso., one may
think that all mutarion relarions 06 A must be verified in Kqlk).
Howevey, 1} iS already hard (i even possible) 160 guess what these
mMUtarion relaxions 100K like in A (a3 +hey invole cluster variabies
consrrucked irerokively) so the above oKk seems totally unreasonabie.
Fortunarew,
"Rt avour sy R
Thm. (KKKOP, ¥ naive version”) Suppose § admits renormalized
R-motyites. Then, under some conditions, it suktices to ook

ot 1-step mutorions 10 deduce that B 1S o MC o€ some c\wstieralg. A.

The 0OV Thedrem plawed o Key role in the work of Cautis-Willlowms
on the offine gmssmoxm'\ans. T would like Y0 undevstond \+ bettey.
AnothRY +hing 1 would ke 1o bewer ynderstond is ¥he relationship

berween addwive & mondidal caregorification (see Fujiva's work,etc.).
Ls for another ¥ime...



TO conciude +his exposirion,; 1ok us mention thot, n the original
de€inivion of M(,; it i asked +har the isomorphisim - A 2Kolg)
sends cluster voriables 4o clogses of prime reol simple objects.
NO NON-§¥ivia) fensor facrorisation

This con be seen oS an ovanog 0 “moximality* for MCS and can lead
™ proctice +o ompieR charackerization of prime real simpie objects
IN% (see fOr ex. Chari's recent work). L icHLy now TRWIN.

L\-lig\\e\- ordayr KR-modu\ey, ... il



