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Measure theory with
ergodic horizons Homework 10 Due: May 6

0. [Optional] Riemann integration. Let λ be the Lebesgue measure on R and f : [a,b]→R

be a bounded function, a < b ∈ R. For a finite partition P of [a,b] into intervals, let
∥P∥ denote its mesh, i.e. maximum length of an interval in P . Let f

P
..=

∑
I∈P aI1I and

f P
..=

∑
I∈P AI1I , where aI ..= infx∈I f (x) and AI

..= supx∈I f (x). Fix a sequence (Pn) of
finite partitions of [a,b] into intervals such that Pn+1 refines Pn for each n ∈N, and
∥Pn∥ → 0 as n→∞.

(a) Prove that the sequences (f
Pn

) and (f Pn
) are monotone, hence the limits f ..=

limn f Pn
and f ..= limn f Pn

exist and are Borel functions such that f ⩽ f ⩽ f .

(b) Recall the definition of a Riemann integrable function, and prove that f is Reimann
integrable if and only if

∫
f dλ =

∫
f dλ if and only if f = f a.e.

Hint: For the first equivalence, note that
∫
f dλ and

∫
f dλ are exactly the limits of

the lower and upper sums of the partition Pn.

(c) Deduce that if f is Riemann integrable then it is Lebesgue measurable and its

Riemann integral
∫ b
a
f (t)dt is equal to its Lebesgue integral

∫
[a,b]

f dλ.

(d) Also prove that f is Riemann integrable if and only if it is bounded and continuous
at a.e. point in [a,b].

Hint: This question is partially answered in Folland’s “Real Analysis”, Theorem 2.28
on page 57.

1. Let fn ∈ L1(R,λ) be a non-negative Lebesgue integrable functions on R. Prove or give a
counterexample to the following statements.

(a)
∫

limsup
n→∞

fn ⩾ limsup
n→∞

∫
fn.

(b) If fn→ 0 both pointwise and in the L1-norm, then there is g ∈ L1(R,λ) such that
fn ⩽ g for each n ∈N.

2. Prove the generalized dominated convergence theorem: Let (X,µ) be a measure space
and fn, f be µ-measurable functions be such that fn→ f a.e. If there are non-negative
gn, g ∈ L1 such that gn → g a.e.,

∫
gndµ →

∫
g dµ, and |fn| ⩽ gn for each n ∈ N, then

fn→L1 f . In particular,
∫
fndµ→

∫
f dµ.

3. Let fn, f ∈ L1 be such that fn→ f a.e. and
∫
|fn| →

∫
|f |.

(a) Prove that fn→L1 f .
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(b) Conclude that
∫
A
fn→

∫
A
f for each measurable A ⊆ X.

4. Consider Rd with Lebesgue measure λ and let L1 ..= L1(Rd ,λ).

(a) Prove that for every f ∈ L1 and ε > 0, there is a simple function s that is a linear
combination of indicator functions of bounded boxes such that ∥f − s∥1 < ε.

Hint: Firstly, make things bounded by noting that ∥f − f 1BN
∥1 < ε/2 for all large

enough N ∈N, where BN is the cube of side-length N centered at the origin.

(b) Prove that for every bounded box B ⊆R
d and ε > 0, there is a continuous function

gB : Rd →R with support ⊆ B such that ∥1B − gB∥1 < ε.

Hint: Do this for d = 1 first.

(c) Deduce that for every f ∈ L1 and ε > 0, there is a continuous function g : Rd →R

of bounded support such that ∥f − g∥1 < ε. In other words, continuous functions
(of bounded support) are dense in L1.

5. Let (X,µ) be a measure space and (fn) be a sequence of µ-measurable functions X→R.
We say that (fn) is Cauchy in measure if for all α > 0, we have that δα(fn, fm)→ 0 as
min(n,m)→∞.

Letting f : X→R be a µ-measurable function, prove:

(a) If fn→µ f then (fn) is Cauchy in measure.

(b) If (fn) is Cauchy in measure and fnk →µ f for some subsequence (nk), then fn→µ f .
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