Measure theory with
ergodic horizons
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1. Let (X, ) be a measure space. Recall that an equivalence relation E on X is called
ergodic if every E-invariant measurable set is null or conull. Prove that every E-
invariant! measurable function f : X — R is constant a.e. i.e. there is a constant c € R
such that f =c a.e.

Hint: There are two ways to prove it.

(1)

(2)

Devide R into countably many intervals and notice that exactly one of them has
a conull preimage. Next define each interval by into two equal pieces, and again,
exactly one of them has conull preimage. Continue...

If f isn’t constant a.e. then the pushforward f,p isn’t a Dirac measure, so there is a
set A C R such that both A and R\ A...

2. Tightness of the Fubini-Tonelli hypothesis.

()

Non-o-finite. Let X := [0,1], and let y and v be, respectively, Lebesgue and
counting measures on X. Because v is not o-finite, the product measure px v is
not unique, but we let y x v denote the largest of them, namely, the outer measure
(% v)* induced by the premeasure y x v on the algebra generated by B(X) x B(X).

For the diagonal A := {(x,x) : x € X}, compute

[ @, [ panavi, and pocvia)

to verify that no two are equal to each other.
Hint: To compute p x v(A), recall the definition of the outer measure.

Non-integrable. Let y = v be the counting measure on IN (defined on Z(IN)).
Let f : NxIN — R be defined by setting f(x,y)tobe lifx =9y, -1ifx=p+1,
and 0 otherwise. Verify that f is not y x v-integrable, and although the integrals
jff dudv and fff dv dp both exist, they are unequal.

[Optional] Non-measurable. Let X := w; and let M = N be the o-algebra of
countable and co-countable subsets of w;. Let y = v be defined to be 0 on countable
and 1 on co-countable sets. Let R:=<, i.e. R:={(x,7) € w; X w; : x <y}. Then R is
not in M x N. However, the fibers R, and RY are in M = N for each x,y € w;, and
the integrals fv(Rx) dp(x) and fy(RV) dv(y) exist, but they are unequal.

3. pxv-measurable Fubini-Tonelli. Let (X, M, u) and (Y,N,v) be o-finite measure
spaces and let f : X xY — R be a p x v-measurable function. Prove:

1A function f on X is called E-invariant if it is constant on every [E-class, i.e. xEy = f(x) = f(p) for all

xyeX.
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(a) The fibers f, and f? are respectively v and y measurable for p-a.e. x € X and v-a.e.
yey.

Caurion: Folland claims M and A measurability instead, which is wrong.

(b) If f >0, then functions g: x > ffxdv and h:y— Ify dp are defined respectively
p-a.e. and v-a.e., and they are respectively y and v measurable. Moreover,

(%) jjfdvdy:ffdyxv:fjfdydv.

(c) If f is uyx v-integrable, then in fact g and & are y and v integrable and (*) holds.

4. Namioka’s trick. Let f : (0,00) — IR be a Lebesgue integrable function. Prove:

(@) g(x):= Jx t71f(t)d A(t) is well-defined for each x > 0, i.e. £+ Ly o) (1)t f(t) is a
Lebesgue integrable functlon

(b) The function g: (0,00) — R is Lebesgue integrable and

J gdazj Fda.
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