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1. Let pbe alocally finite Borel measure on IR. Recall that we call f : R — R a distribution
of p if y((a,b]) = f(b)— f(a) for all reals a < b. Let f be a distribution of p.

(a) Prove that lim, »,- f(x)+ pu({a}) = f(a).

(b) Conclude that if y is atomless, then f is continuous.

2. Let (X, p) be a measure space. Prove that the integral of simple functions is well-defined,

i.e. for all y-measurable sets A;, B; C X and a;,b; € R,

Z“i]lAi = ij]lBj implies Zﬂil/‘(Ai) = ij,u(Bj).

i<n j<m i<n j<m

3. Let (X, #) be a measure space. Prove that a y-measurable function f : X — R is simple
if and only if its image f(X) is finite.

4. Let (X, B, ) be a probability space and let T : X — X be a (B, B)-measurable transfor-
mation (not necessarily one-to-one). Suppose T preserves y, i.e. T,u = p; in other words,
#(T®) = u(B) for each B € B.

(a) A set W C X is called T-wandering if the sets T~"*(W) are pairwise disjoint for
nelN,ie TT"(W)NnT™W) =0 for all distinct n,m € IN. Prove that every T-
wandering set in B is null.

(b) Callaset BC X iscalled T-recurrent if every x € B admits an n € N* with T"(x) € B.
Prove the following:

Theorem (Poincaré recurrence). Every set B € B is T-recurrent a.e., more precisely,
there is a T-recurrent set B C B with B’ = B.

Hint: B’ is the set of points of B that “see” infinitely many points of B in front of
them.



