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Introductio n 

Thi s volum e contain s th e firs t  tw o ou t  o f  fou r  chapter s 

whic h ar e intende d t o surve y a  larg e par t  o f  th e theor y o f  thet a 

functions .  Thes e note s gre w ou t  o f  a  serie s o f  lecture s give n 

at  th e Tat a Institut e o f  Fundamenta l  Researc h i n th e perio d 

October ,  1978 ,  t o March ,  1979 ,  o n whic h note s wer e take n an d 

excellentl y writte n u p b y C .  Musil i  an d M.  Nori .  I  subsequentl y 

lecture d a t  greate r  lengt h o n th e content s o f  Chapte r  II I  a t 

Harvar d i n th e fal l  o f  197 9 an d a t  a  Summer  Schoo l  i n Montrea l 

i n August ,  1980 ,  an d agai n note s wer e ver y capabl y pu t  togethe r 

by E .  Previat o an d M.  Stillman ,  respectively .  Bot h th e Tat a 

Institut e an d th e Universit y o f  Montrea l  publis h lectur e not e 

serie s i n whic h I  ha d promise d t o plac e write-up s o f  my lecture s 

there .  However ,  a s th e projec t  grew ,  i t  becam e clea r  tha t  i t 

was bette r  t o ti e al l  thes e result s together ,  rearrangin g an d 

consolidatin g th e material ,  an d t o mak e the m availabl e fro m on e 

place .  I  a m ver y gratefu l  t o th e Tat a Institut e an d th e Universit y 

of  Montrea l  fo r  permissio n t o d o this ,  an d t o Birkhauser-Bosto n fo r 

publishin g th e fina l  result . 

The firs t  2  chapter s stud y thet a function s strictl y fro m th e 

viewpoin t  o f  classica l  analysis .  I n particular ,  i n Chapte r  I , 

my goa l  wa s t o explai n i n th e simples t  case s wh y th e thet a 

function s attracte d attention .  - I  loo k a t  Riemann' s thet a functio n 

T)  fo r  z  €  (E ,  xG H =  uppe r  hal f  plane ,  als o know n a s  1?" , 

and it s 3  variant s ^ i ' ^ f 0 '  ll *  W e s h o w h o w t n e s e c a n b e use d 

t o embe d th e toru s (C/Z+Z« T i n comple x projectiv e 3-space ,  an d 



X 

how th e equation s fo r  th e imag e curv e ca n b e found .  We the n prov e 

th e functiona l  equatio n fo r  wit h respec t  t o SL(2,Z )  an d sho w 

how fro m thi s th e modul i  spac e o f  1-dimensiona l  tor i  itsel f  ca n 

be realize d a s a n algebrai c curve .  Afte r  this ,  w e prov e a  beautifu l 

identit y o f  Jacob i  o n th e z-derivativ e o f  i?*. Th e res t  o f  th e 

chapte r  i s devote d t o 3  arithmeti c application s o f  thet a series : 

firs t  t o som e famou s combinatoria l  identitie s tha t  follo w fro m 

th e produc t  expansio n o f  secon d t o Jacobi' s formul a fo r  th e 

number  o f  representation s o f  a  positiv e intege r  a s th e su m o f 

4 squares ;  an d lastl y t o th e lin k betwee n 4?" an d £  an d a  quic k 

introductio n t o par t  o f  Hecke' s theor y relatin g modula r  form s an d 

Dirichle t  series . 

The secon d chapte r  take s u p th e generalizatio n o f  th e geometri c 

result s o f  Ch .  I  (bu t  no t  th e arithmeti c ones )  t o thet a function s 

i n severa l  variables ,  i.e. ,  t o ifHz,Q) wher e z  G  (C g an d 

ft  €  .%* =  Siegel' s gx g uppe r  half-space .  Agai n w e sho w ho w <&' 

can b e use d t o embe d th e g-dimensiona l  tor i  X „  i n projectiv e 

space .  We sho w how ,  whe n ft  i s  th e perio d matri x o f  a  compac t 

Riemann surfac e C ,  / L^i s relate d t o th e functio n theor y o f  C . 

We prov e th e functiona l  equatio n fo r  an d Riemann' s thet a 

formula ,  an d sketc h ho w th e latte r  lead s t o explici t  equation s 

fo r  X ~ a s a n algebrai c variet y an d t o equation s fo r  certai n 

modula r  schemes .  Finall y w e sho w ho w fro m ^z,fl )  a  larg e clas s 

of  modula r  form s ca n b e constructe d vi a pluri-harmoni c 

polynomial s P  an d quadrati c form s Q. 

The thir d chapte r  wil l  stud y thet a function s whe n ft  i s  a 

perio d matrix ,  i.e. ,  Jacobia n thet a functions ,  and ,  i n particular , 
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hyperellipti c thet a functions .  We wil l  prov e a n importan t  identit y 

of  Fa y fro m whic h mos t  o f  th e know n specia l  identitie s fo r  Jacobia n 

thet a function s follow ,  e.g. ,  th e fac t  tha t  the y satisf y th e non -

linea r  differentia l  equatio n know n a s th e K- P equation .  We wil l 

stud y a t  lengt h th e specia l  propertie s o f  hyperellipti c thet a 

functions ,  usin g a n elementar y mode l  o f  hyperellipti c Jacobian s 

tha t  goe s back ,  i n it s essence ,  t o wor k o f  Jacob i  himself .  Thi s 

lead s u s t o a  characterizatio n o f  hyperellipti c perio d matrice s ft 

by th e vanishin g o f  som e o f  th e function s /iP- f  1(0 ,  Q) . On e o f  th e 

goal s i s t o understan d hyperellipti c thet a function s i n thei r  ow n 

righ t  wel l  enoug h s o a s t o b e abl e t o deduc e directl y tha t 

functions ,  derive d fro m the m satisf y th e Korteweg-d e Vrie s equatio n 

and othe r  "integrable "  non-linea r  differentia l  equations . 

The fourt h chapte r  i s concerne d wit h th e explanatio n o f  th e 

group-representatio n theoreti c meanin g o f  thet a function s an d th e 

algebro-geometri c meanin g o f  thet a functions .  I n particular ,  w e 

sho w ho w i?(z,ft )  is ,  u p t o a n elementar y factor ,  a  matri x coefficien t 

of  th e so-calle d Heisenberg-Wei l  representation .  An d w e sho w ho w 

th e introductio n o f  finit e Heisenber g group s allow s on e t o defin e 

thet a function s fo r  abelia n varietie s ove r  arbitrar y fields . 

The thir d an d fourt h chapter s wil l  us e som e algebrai c 

geometry ,  bu t  th e chapter s i n thi s volum e assum e onl y a  knowledg e 

of  elementar y classica l  analysis .  Ther e ar e severa l  othe r 

excellen t  book s o n thet a function s availabl e an d on e migh t  wel l 

ask — wh y another ? I  wishe d t o brin g ou t  severa l  aspect s o f  th e 

theor y tha t  I  fel t  wer e nowher e totall y clear :  on e i s th e them e 

Hd

Hd
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tha t  wit h thet a function s man y theorie s tha t  ar e treate d 

abstractl y ca n b e mad e ver y concret e an d explicit ,  e.g. ,  th e 

projectiv e embeddings ,  th e equation s for ,  an d th e modul i  o f 

comple x tori .  Anothe r  i s th e wa y th e Heisenber g grou p run s 

throug h th e theor y a s a  unifyin g thread .  However ,  excep t  fo r 

th e discussio n i n Ch .  I  whe n g  =  1 ,  w e hav e no t  take n u p th e 

arithmeti c aspect s o f  th e theory :  Siegel' s theor y o f  th e 

representatio n o f  on e quadrati c for m b y anothe r  o r  th e Heck e 

operator s fo r  genera l  g .  No r  hav e w e discusse d an y o f  th e man y 

idea s tha t  hav e com e recentl y fro m Shimura' s ide a o f  "lifting " 

modula r  forms .  We wan t  therefor e t o mentio n th e othe r  importan t 

book s th e reade r  ma y consult : 

a)  J .  Fay ,  Thet a Function s o n Rieman n Surfaces ,  i s  th e 

bes t  boo k o n Jacobia n thet a function s (Springe r  Lectur e 

Note s 352) . 

b)  E .  Freitag ,  Siegelsch e Modulfunktionen ,  develop s th e 

genera l  theor y o f  Siege l  modula r  form s (introducin g 

Heck e operator s an d th e (^-operator )  an d th e Siege l 

modula r  variet y muc h further . 

c )  J.-I .  Igusa ,  Thet a functions ,  Springer-Verlag ,  1972 , 

lik e ou r  Chapte r  I V unifie s th e group-representatio n 

theoreti c an d algebro-geometri c viewpoints .  Th e mai n 

resul t  i s  th e explici t  projectiv e embeddin g o f  th e 

Siege l  modula r  variet y b y thet a constants . 

d)  G .  Lio n an d M .  Vergne ,  Th e Wei l  representation ,  Maslo v 

inde x an d Thet a serie s (thi s series ,  No .  6 )  discus s th e 
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algebr a o f  th e metaplecti c grou p o n th e on e hand , 

and th e theor y o f  liftin g an d th e Wei l  representa -

tio n o n th e other .  (Thi s i s th e onl y treatmen t  o f 

liftin g tha t  I  hav e bee n abl e t o understand. ) 

The theor y o f  thet a function s i s fa r  fro m a  finishe d 

polishe d topic .  Eac h chapte r  finishe s wit h a  discussio n o f 

some o f  th e unsolve d problems .  I  hop e tha t  thi s boo k wil l 

hel p t o attrac t  mor e interes t  t o som e o f  thes e fascinatin g 

questions . 
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Chapter I : 

Introductio n and motivation: theta functions in one variable 

$ 1, Definition of *(z #T ) and it s periodicit y in z, 

The central character  in our  story is the analytic function £(z, T) in 

2 variables defined by 

*(z , T) s I exp (TT in2T + 2TTinz) 

where zc <E and TeH, the upper  half plane Im T > 0. It i s immediate that 

the series converges absolutely and uniforml y on compact sets; in fact, if 

Im z <c and Im T >e 

then 
2 

exp(rr  in T+ 2TTinz) |< (exp -TTC) #(exp2trc) 

hence, if n i s chosen so that 

n o 
(exp -TTC) . (exp 2TT c) < 1, 

then the inequality 

I  2 I n(n-n ) 
exp(nin T+2TTinz)|< (exp-TTG) ° 

shows that the series converges and that too very rapidly . 

We may think of thi s series as the Fourier  series for  a function in z, 

periodic with respect to z I—> z+1, 

2 
*(z , T) * Z an(T) exp (2tTinz), an(T) = exp (TT in T) 

n eZ 

which displays the obvious fact that 

*(z+l , T) * *(z, T) 
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The peculiar  form of the Fourier  coefficients i s explained by 

examining the periodic behaviour  of 0 with respect to zl >z + T : 

thus we have 

*(z+T,T) « Z exp(trin 2T+2tTin( z + T)) 
n eZ 

o 
« E exp(TTi(n+l) T-TTi T + 2tTinz) 

n c Z 

« Z exp(TT im T-I T iT+2T T imz - 2niz) where m = n+1 
m c Z 

*  exp (-TTiT - 2TTiz). *(z, T) 

so that £ has a kind of periodic behaviour  with respect to the lattice 

A.c<C generated by 1 and T . In fact the 2 periodicities together  are 

easily seen to give: 

o 
*( z +aT+b,T)  exp (-TTia T - 2TTiaz)*(z, T). 

Conversely, suppose that we are looking for  entire functions f(z) 

with the simplest possible quasi-periodic behaviour  w. r . t. AT : we know 

by Liouville' s theorem that f cannot actually be periodic in 1 and f, so 

we may tr y the simplest more general possibilities: 

f(z+l) = f(z) and f(z +T) = exp(az+b) .f(z) . 

By the first , we expand f in a Fourier  series 

f(z) = Z an exp (2tTinz), a i C , 
n c Z  n 

Writin g f(z+T+l ) in terms of f(z) by combining the functional equations 

in either  order, we find that 
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f(z+T +1) = f(z +T) = exp(az+b) . f(z) 

and also 

f(z +T +1) = exp (a(z+l) +b) f(z+l) 

s exp a# exp (az + b) f (z) 

hence a = 2nik for  some ke2Z. Now substituting the Foruier  series 

int o the second equation, we find that 

Z a exp (2TT inT) . exp (2iTinz) 
n€2Z  n 

= f(z +T) 

= exp (2TTikz + b) f(z) 

= Z a exp (2TTi(n+ k)z) . exp b 
nc2Zn 

= Z a , exp b. exp (2ninz). 
ne2Z  n~ 

Or , equivalently, for  all n c 2Z, we have 

(*) a = a . exp (b-2n in f ) . 
n n-k  v 

I f k 8 0, thi s shows immediately that a / 0 for  at most one n and we 

have the uninteresting possibility that f(z) » exp (2TTiz). If k f 0, we get 

a recursive relation for  solving for  an+ i r a in terms of a for  all p. For 

instance, if k  -1, we find easily that 

a * a exp (-nb +lTin(n-l)T ) for  all nfZZ . n o 

Thi s means that 

f(z) * a Z exp (-nb-TTin T) exp (TT in T + 2tTinz) 
nCZS 

» a * ( - z - \T -b/2tT i , T). 
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If k >0, the recursion relation (*) leads to rapidly growing coefficients 

a and hence there a re no such entire functions f(z). On the other hand, 

if k < - 1, we wil l find a |k | -dimensional vector space of possibil i t ies for 

f(z) that wil l be studied in detail below. This explains the significance of 

0(z, T) as an entire function of z for fixed T, i . e ., £(z, T) is the most 

general ent ire function with 2 quasi-per iods. 

S 2. 0 (x, it) as the fundamental periodic solution to the Heat equation. 

In a completely different vein, we may rest r ict the variables z, T 

> 
to the case of z = x eE and T = it , t eE . Then 

*(x , it) = Z exp (- nn t) exp (2rrinx) 
n ez 

= 1+2 Z exp ( -nn t) cos (2TT nx) . 
nclN 

Thus 0 is a real valued function of 2 real variables. It satisfies the 

following equations: 

(a) periodicity in x: £ (x+1, it) = £(x, it) 

(b) Heat equation: 

-£_( t>(x , it)) = 2 Z ( -nn2) exp (-irn2t) cos (2TTnx) 
^X nclN 

J L (*(x,it) ) = 2 Z (-4TT2n2) exp (-TTn2t) cos(2nnx) 
^ x 2 neIN 

Or 

>2 

_L( * ( X , i t ) ) = - i ~ — 9 (*(x,it) ) . 
* t 4 T T ^ X 2 

This suggests that we character ise the theta function #(x, it) as the unique 

solution to the heat equation with a certain periodic initial data when t = 0. 



5 

T o examine the l imi t in g behaviour  of # ( x , i t ) as t > 0, we integrate 

i t against a test per iodi c function 

f (x) = Z a exp(2TTimx). 

Then 

1 1 
V*(x , it)f(x)d x = C Z a exp(-TTn t ) . exp(2 TT i(n+m)x) dx 
0 ^ n ,m m 

1 
= Z a exp (-Tin t) 5 e xP (2TTi(n+m ) x) dx 

n, m 0 

= Z a exp (-TT n t) 
n " n 

There fore, we get that 

1 
l i m $ *(x , it ) f (x) dx 
t—>0 0 

o 
= l i m Z a exp (-TT n t) 

t - > 0 n n 

n n 

= f(0) . 

Hence £(x, it ) conve rges, as a distr ibut ion , to the sum of the delta 

functions at a ll in tegral points x e 7L as t > 0. We shall see below 

that i t converges very n ice ly, in fact. Thus £ ( x , i t ) may be seen as the 

fundamental solut ion to the heat equation when the space var iabl e x l i es 

on a c i r c l e R / S . 

§ 3. The Heisenberg group and theta functions wit h cha rac te r i s t i cs. 

In addition to the standard theta functions d i scussed so far , there a r e 

var iant s cal led "thet a functions wit h charac ter is t ics11 which play a very 

importan t ro l e in understanding the functional equation and the ident i t ies 
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satisfied by 0 , as well as the application of £ to ellipti c curves. These 

are best understood group-theoretically. To explain this, let us fix a T 

and then rephrase the definition of the theta function £ (z, T) by introducin g 

transformation s as follows: 

For  every holomorphic function f(z) and real numbers a and b, let 

(S f) (z) = f(z + b) 
b 

o 
(Ta f)(z) = exp (TT i a T+ 2TT iaz) f(z + at), 

Note then that 

S, (S. f) * S. .. f and T a (T f) = T . f. 
^ 1 ^ 2 ^ l + b 2

 a i  a
2
 a i + a 2 

These are the so called " l -parameter  groups". However, they do not 

commute ! We have: 

S. (T f)(z) = (T O (z+b) b a a 

= exp(n ia2T + 2TTia(z+b)) f(z+b+a T) 

and 

T (Suf)(z) = exp (TT ia2 T+ 2TTiaz)(Slf)(z +a T) a D b 

o 
= exp (TT i a T + 2n iaz) f(z+a T +b) 

and hence 

(*) S o T = exp (2niab) T o S, . 
b a a b 

The group of transformations generated by the T a ' s and S 's i s the 

3 -dimensional group 

£ = <C*XRx ]R , (C* = { z c C / ( z | « 1 } ) 
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( X , a , b ) c^ where (X,a,b) c-ti stands for  the transformation : 

<U(X.a.b)f)(z)=X(VV><* > 
2 

= X exp (IT ia T+ 2TT iaz) f(z+a T + b). 

Hence the group law on -KL i s given by 

(X,a,b)(X',a» ,b») = (XV exp (2TT iba»), B + a'.b+b')). 

Note that 

centgr  of <^ = (C1 = commutator  subgroup [f f ,-S] 

and henc e J(A i s  a  niipoten t  group . 

The group & and it s representation as above are familia r  from 

4 
Quantum Mechanics. Because of this connection, we wil l call/the 

Heisenberg group. In fact, the relation (*) i s simply Weyl's integrated 

for m of the Heisenberg commutation relations. Now recall that we 

have the classical theorem of Von Neumann and Stone which says that -fi. 

has a unique irreducibl e unitar y representation in which (X , 0, 0) acts by 

X. (identity) . In fact, thi s representation i s the following: On our  space 

of entire functions f(z), as in $1, put the norm 
2 C 2 2 

|| f || = \ exp (-2TTy /ImT ) lf(x+iy) | dx dy. 

C 

Let Ji be the subspace of all f(z) such that |] f || < oo. Then,it i s trivia l 

to check that U. . is unitar y on*Jt and it can be shown that j( i s 

irreducible . (In fact, the Hilber t spaces $t and L (B) are canonically 

isomorphic as -£*  -modules where -<£ acts on L (1R) by 

(uX,a,bfJM  = X e x P <2TT i a x ) f ( x + b ) 

2 
xelR,f c L (1R)). Thus we have in hand one of the many realisations of 



thi s canonical representation of -£*  . However, for  the moment, thi s i s not 

needed in our  development of the theory. 

To retur n to £; note that the subset 

T = t ( l f a , b ) c § | a , b c ZZ } 

i s a subgroup of Q . By the characterisation of £ in $ 1, we see that, upto 

scalars, £ i s the unique entire function invariant under  T . Suppose now 

that t i s a positive integer; set IT  * [ (1, 4a, 4b)} c r  and 

V = [entir e functions f(z) invariant under  IT)  . x 

Then, we have the following: 

Lemma 3.1. An entire function f(z) i s in V . if and only if 

f(z) = Z c exp (TTin T+ 2TTinz) 
n c l / x 2 Z n 

2 
such that c = c if n-me42Z, In particular , dim V . = 4 # n m * 

Proof. For  a , b c R, identify T&  with ( l , a, 0) e -^  and ^ with 

( l , 0 , b ) c -£ . If f c V j , then by in variance of f under  S^c XT, it follows 

that 

f(z) E c1 exp (2TT inz). 
m l / | Z  n 

2 
On the other  hand; writ e c1 = c exp (TTin T) and express the invariance 

of f(z) under  T,, a short computation shows that c +jfc = c for  all 

n e 2Z, as required. (Converse is obvious). 

For  mcIN, let u c<r  be the group of m t h roots of 1. For 
r m 1 

4 € IN , let ^ be the finit e group defined as 



4 X  t U ,a ,b) / \ep ; a,be j2Z) (mod I D 

= p x 2 X(i-2Z/XS) X (^ZZ/XZZ) 

wit h group law given by 

( X , a , b ) ( V , a ' , b ' ) = ( XV exp (2ni ba1) , a+a', b+b') . 

Now the elements S- / , T.. . e-o. commute wit h XT (in view of (*)) and 

hence act on V - . Thi s goes down to an action of 2 , on V . ; in fact, exactly 

lik e <L , the generators Sj  /^  of C« , act on V- as follows: 

S i ( I c exp (TT in^ f + 2ninz))= I cn exp(2TTin/X).exp(TTin T+2TTinz) 
1 / x n c l / ^ Z Z  n

 n e l / Z 

and 

2 2 
T 1 ( E cnexp(nin T + 2ninz)) = £ c -, exp(nin T+2ninz) 

/ ^ n C l / ^ S n C l ^  ZZ  V J 

as i s eas i ly checked. Thi s g ives us the following: 

Lemma 3 .2. The finit e group £ acts irreducibl y on V^ . 

Proof. Let W c v , be a ~H ~ s t a D l e subspace. Take a non-zero element 

f eW, say, 
2 

f(z) L c exp(n in T+ 2n inz) , c_ / 0. 

n C l / x Z  n 

Operating by powers of Sw on f(z), we find in W: 

Z exp(-2TTin p/X) . (S , , f)(z) 
0 < p < X 2 - l  P / 

2 
E cn( I exp (2TTi(n-n )p/X) exp(nin T + 2tTinz)) 

n e l / ^ Z P 

2 _ 2 
= X cn ( L exp (TT in T + 2 n i n z ) ) . 

° nCn +X2Z 
o 
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Since cn f 0, we see that W contains the function 
" o 

£ exp (nin T + 2TTinz) . 
nen + i 2 o 

Now workin g with T^ / instead, we find that W contains similar  functions 

for  every nQ c 1/^2/ 17L and hence W = V^ . 

In fact, we have also the finit e analogue of Neumann-Stone theorem 

for  Oft. , namely, # , has a unique irreducibl e representation in which 

(X , 0, 0) acts by X . (identity) , but we do not need thi s at thi s point. For  our 

purpose, the important point to be noted,is that, because of irreducibility , the 

action of £*, on V. determines a canonical basis for  V^ and <^^  acts in 

a fixed way. The standard basis of V^ is given by the so called theta 

functions £ . with rational characteristics a , b e l /j  2Z, defined by : for 

a , b c l /x 7L, 

lb = \V  = exP(2" i ab )T aV 

Explicitly , we have: 

*a b ( z ' T ) = cxP(TTia2 ' r + 2TTia(z+b)) *(z+af+b, T) 

« Z exp(TTi(a2+n2)T+2TTin(z+aT+b) + 2iTia (z+b)) 
n c Z 

= E exp (TTi(a+n)2T+ 2tti(n+a) (z+b)) . 
nc2Z 

Now we see that we have: 

(0) # o > o - # 

«) VVb ) = *a.b+bl
 for ».'vb,iZB 

(ii ) T«1
(Vb ) = e xP ( - 2 r i a i b ) V* .b '  Ya* ar bcx2Z 
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(iii ) * a +p b + q = exp (2TTiaq) ^  fe , Vp,qcZ; , a ,be j Z . 

Hence (iii ) shows that & . , upto a constant, depends only on SL,b**/i2Z/2Z. 

In view of Lemma 3.1 and the Fourier  expansion just given for  0 . , it i s 

clear  that as a,b run through coset representatives of l / ^ S / 2 Z , we get a 

basis of V , . Note also that except for  a trivia l exponential factor  £ i s 

just a translate of * . 

$ 4. Projective emmbedding of (D/2Z+Z5T by means of theta functions. 

The theta functions £ defined above have a very important 
a, b 

geometric application. Take any l> 2. Let ET be the complex torus <C/AT 

where A- = 2Z + 2Z T. Let (a.,b.) be a set of coset representatives of 

(l/ iZL/2Z)2 in (lL2Z)2
t 0 < i < X 2 - l . Writ e * . = * . , 0 < i < * 2 - l . For x l a^, D^ 

2 
all z e <C , consider  the i - tuple 

( * 0 ( * z ' T ) ' - - - < V - i ( X z ' T ) ) 

modulo scalars, i . e ., the homogeneous coordinates of a point in the projective 

i 2 - i 

space IP . (We shall check in a minute that there i s no z, T for  which 

they are all 0). Since 

(*Q(z+x, T ) , . . . , * * (z+x , T)) = (* (z, T ) , . . . , * 2 (z, T)) 
X - 1 u X - 1 

and 

(*  ( Z + J & T , T ) , . . . , * 9 (z,JtT,t)) = \ (*  (z, T ) , . . ., *  9 (z,T» 
o x2-! ° i 2 - l 

2 
where X = exp(-TTii T - 2TTix"z) , it follows that thi s defines a holomorphic map 

a : E_—»IP 
x 2- l 

zi >( , * ( * z , T ) , . . . ) . 

To study thi s map, we firs t prove the following: 

2 
Lemma 4 .1. Every fe V^ , f f 0, has exactly I  zeros (counted with 
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mult ipl ic i t ies ) in a fundamental domain for  <C/ 4AT . The zeros of * a b 

ar e the points (a+ p + i ) T + 0>+q + i ) , P, q « s - On particular . * . , *. (i ft) 

have no common zeros and so q>̂  i s well defined). 

Proof. The f irs t part i s by the standard way of counting zeros by cantour  integration: 

choose a paral lelogram as shown miss ing the zeros of f: 

<T + < 

Fig. 1 

Recall that we have 

# zeros of f 
2 n i S  dz 

a + 6+a*+6* 

Since f ( z+ i ) = f(z) and f (z+XT ) = const, exp (-2TTiXz)f(z) , we get that 

^ + | = 0 and j + j = 2niX . 
6 6*  a o* 

A s for  the second part ; note that * (z, T) i s even in z and i t has a single 

zero in <C/ A . On the other  hand, we have: 

2 

* i i ( - z '  T ) = Z e x p (TTi (n+ * ) T + 2 T T i ( n + i ^ " z + * ) 

^ ' 2 neZ£ 

= L e x p ( T T i ( - m - i ) 2 T + 2 T T i ( - m - | ) ( - z + | ) ) i f m « - l - n 

= E exp (TTi(m+i) 2T+ 2n i (m+ i ) (z+ i ) -2Tr t (m+| ) > 
mtTL 

2# 2 
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and hence &  , i s zero at z = 0. It follows that £ . has the zeros 
lA a,b 

2 
stated and since thi s sum gives I of them mod 4 A T , there cannot be 

any more. 

Next, observe that the group -S, modulo it s centre, i . e ., (l/ j2Z/jt2Z ) 

naturall y acts on both E and IP*  "*  and the map qp# i s equivariant. To 

see this; let a , b e j 2, then it acts on ET by z |—> z + (a T + b ) / i (and 

thi s action i s free). On the other  hand, if 

( 1 ' a ' b ) i o < j < x 2 - i  iJ J 
,2 i 

the action on IP*  i s given by 

(z , . . . ,z o J*  > ( I c , z . ,M , , I c 9 z.)# 

Now we see that 

cp#(z+(aT + b) /Z ) = ( , f ( A z + aT + b, T ) , . . .) 
*  l 

( l ,a ,b) i 

= ( . . . ., I c . . * . ( i z , T) , . . .) 

and so cp̂  i s equivariant. 

I t is interesting to note that, although we have a commutative group 

2 2 2 # 1 

(1/ jZS/iZZ ) , i . e ., (TLjlZL)  , acting on IP "  , by Lemma 3.2, the 

action i s irreducible , i .e. , there are no proper  invarian t sub space si 

We now prove that cp * i s an embedding: suppose, if possible, 

cp (z ) = cpf(z2), z f z2 in ET , or  that dcp^z ) = 0 (the limitin g case 

when z2 —> z ) # Translating by some (a T+ b ) / i ,a ,b e l/^ZS , we find 
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a second pair  ẑ  , ẑ  such that cpx(z») = q>x(z'), or  dq^z* ) = 0. Take 
2 

i -3 further  points w ^ w ^ . ^ w 2 , , all points so far  being distinct 

mod ^ A T . Seek an f e V j , f / 0 , sucn that 

f(z ) =f(z«) - f (w ) » . . . = f ( w o J = 0. 
*  1 i. x -u 

.2 Thi s i s possible because, writin g f = Z X.*  , X .€ (C , we get X -1 linear 

2 
equations in the X variables X . . . , \ 2 and so they have a non-zero 

w X ~1 

solution. Since  fy(2
2)*

 iX f o l l o w s t h a t f (z2* * °- ° r '  i f d cP /z i '  8 °. 

f has a double zero at z^. Similarly , we get that f(z' ) - 0 or  f has a 
c 

2 
double zero at z». Therefore, f has at least i +1 zeros in <C/ lhm , 

1 T 

contradictin g Lemma 4 .1, 

i 2 - l Thus cp X(ET) i s a complex analytic submanifold of IP isomorphic 

to the torus E . Invokin g a theorem of Chow, we can say that it i s even 

an algebraic subvariety, i . e ., «p^(ET) i s defined by certain homogeneous 

polynomials. Since everything is so explicit, we can even determine thi s 

directly . For  simplicity , we wil l limi t ourselves to the case 1-2 and show 
3 

in the next section that tp (E,) i s the subvariety of IP defined by 2 

quadrati c equations. 

$ 5. Riemann^s theta relations. 

Riemann's theta relation is a very basic quarti c identity satisfied by 

£(z, T). A whole series of such identities exist, based on any n Xn integral 

t 2 
matri x A such that \AA = m I . Riemann's identity i s based on the choice 
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1 1 1 1 

A I  1 1 -1 " I  , 
A = I I , m = 2 and n « 4 

1 - 1 1 - 1 
1 -1 -1 1̂  

The matri x identity AA M L is equivalent to the identity between 

quadrati c forms: 

(x+y+u+v) + (x+y -u - v) + (x -y+u -v) + (x -y -u+v) « 4 (x2+y2+u2+v2). 

Fix a T and writ e *(z) - *(z, T) and A = A T , etc. Now for  all choices of 

r\ c \ A / A , we form the products *(x + r\) £ (y + r\) *(v + r\) and sum up, puttin g 

in simple exponential factors to make the functions look like: 

B(0):#(x)*(y)*(u)*(v ) - Z exp [ TTi( I n 2 ) T+ 2 t r i ( I xn ) ] 
n , m , p ( q c2 

r*  2 2 2 2 2 r» 
where I n =n + m +p +q and L xr\ = xn + ym + up + vq 

B(i) : *(x+i ) *(y+i ) *(u + *) *(v + i ) 

2 
I  exp[Tri ( I n + 1 n ) T + 2TTi ( Zxn ) ] 

n,m, p, q c2Z 

B ( £ T ) : exp[TTi(T+Z;x) ]^(x+|T)^(y+ i T ) ^ M { T ) * ( V + } T ) 

S exp[ ,Tr i ( I (n+ | ) 2T ) + 27Ti(i;x(n+l)) ] 
n, m, p, q€2Z 

B(i( l+T) ) : exp[TTi(T+Ex)]^( x + | + y ) ^ ( y + i + y ) ^ ( u H + y ) ^ ( v+ i + y ) 

I  e x p [ n i ( I n ) +TTi( I ( n+ | ) 2 f ) + 2tt i (£x(n+i))3 . 
n, m, p, q zTL 

Callin g the exponential factor e and summing up, we get : 
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Z e *(x+ *!> ^(y +^)^( u + n) *(v + n) 
*1 = 0 , l , i T , i ( l + T ) 

s 2 I exp[TTi(E n2) T + 2TTi(Exn) ] 

n, m, p, q all in Z£ or  all in \+7L and n+m+p+q e 2 7L. For  simplicity , 

let us writ e 

nx = | (n+m+p+q) , Xj  a i ( x + y+y+u+v) 

mx * | (n+m-p-q) , yj  = \ (x + y-u-v) 

Px = \ (n-m+p-q) , u i  s ^ (x-y+u-v) 

qx = | ( n- m-p+q) , v l  = 2 (x-y-u+v) . 

Note that the peculiar  restriction s on the parameters n, m, p, q of the 

summation above exactly mean that the resulting n , m , p and q are 

integers. Also observe that we have the identities: 

Z n = E n. and L xn =1 x i n i

Now substituting these in the above equation, we get: 

I  e *(x+Ti)*(y+rO*(u+Ti)*( v + TO 
t l = 0 , i , i T , i ( l + T ) 

*\ 
= 2 Z exp[ TTi( I  n j T + 2TTi(I  x ^ ) ] . 

n 1m 1 , p 1 , q 1«Z 

Thus we have the final (Riemann's) formul a (using B(0)): 

(RJ : Z e^^(x+Tl)^(y+Ti)^(u+Ti)*(v+Ti ) = 2 ^ W y J ^ u ^ ^ v J . 

t 2 
If we had started with another  matri x A such that AA = m I n , we 

would have found an identity of order  n, involving summation over 
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translates of £ wit h respect to all the division points r\ of order  m, i . e ., 

T)€ ^ A/A . To use the identit y (Rj) , i t i s natural to reformulat e it wit h 

theta functions £ , wit h character is t ics a , b « ? 2; there are 4 of these, a,b 

namely: 

2 
*  (z, T ) = £ exp (rri n T + 2n inz) = £(z, T) 

nc2Z 

*  I ( Z , T ) = Z exp(TTin2T+ 2n in(z + |) = * ( z + | , T ) 
O* 2 

2 
* ! (z ,T) = Z e x p ( ni (n+i ) T+ 2n i (n+£) z) = exp(rr i T/4 + TTiz)*(z+ | T, T) 

f. i (z,T) =Zexp(TTi(n+i) 2T + 2TTi(n+|)(z+i)) = expfai T/4+TTi(z+J))*(z+l(l+T) , T) 
2 # 2 

For  simpl ici ty , we writ e these as £ **oi '  *10 a n d * 1 1 # **  i s i m m e d i a t e l v 

verif ied that 

* (-z, T) s * (z , T ) 
oo oo 

V - z - T ) =%i ( z-T ) 

* i o ( - z ' T ) = V z ' T ) 

showing that * i s different fro m the others, and confirmin g the fact that 

*11^° '  T^  = ° '  w n i l e t n e other  3 are not zero at z - 0 (cf. Lemma 4. 1). Now 

Riemann's formul a gives us: 

<R2> : *oo<x)*oo (y>*o° (u )*oo<v> + * U | W * 0 l W *01<U> *Ol W 

^ 1 0 w * 1 0 ( y ) * 1 0 < u ) * i o ( v ) + * i i ( x ) , , i i ( y ) * i i ( u ) * i i ( v ) 

- 2 * 0 0 ( x 1 ) * 0 0 ( y 1 ) * 0 0 ( « 1 ) * 0 0 ( v i ) 
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where x ^  \ (x+y+u+v), y ^  i(x+y-u-v), etc. Now replacing x by x+1 

and using the fact that his changes the sign of * - fl and A -, we get further : 

(R3> : *oo( j t ) *ooW*oo'«)*oo (v> + *01<*>*01 W V « > *01(ar ) 

-*io (x)*io<y>*io (u)*io (v)"  *n W *n (y> *ii< u)*n (v ) 

= 2 * 0 1( x 1)#0 1( y 1)% 1(u 1) * 0 1( v 1) . 

Substituting instead X+T for  x in (R2) and multiplyin g by exp(TTiT + 2TTix) 

so that *OQ(x) becomes * OQ(x) again while ^ ( x ) and * n ( x ) change 

signs, we get: 

(R4> : ' o o W *ooW *oo(u) *oo<v> "*01 (X ) V y ) *01(u> *01<v> 

+ * 10
(x)*10<y> *10<u> *10<v> " * n « * i i W *11<U> * n W 

=2 V 3 ^ Vyi> »io(ui> V (V-

Finally replacing x by x+ T+l in (R ) and multiplying by 

exp (TTi T + 2 TTix), we get: 

(R5> : * o oW *ooW *oo<u) *oo(v ) " *01W*0l (y> V u ) V v ) 

- V x ) V ^ V u ) *io(v) + V x ) '„ W V u ) V v ) 

In other words, we get all 4 theta functions on the right hand side by 

putting a character into the sum on the left hand side. More variants can 

be obtained by simi lar small substitutions: v iz ., replacing x ,y ,u and v by 

x+ a ,y + p,u+Y ,v +6 where a, p, Y , & e |A and a+0+Y+$eA. We have 

listed below in an abbreviated form all the resul ts. 
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Firs t we make a table containing the fundamental transformation relations 

between the d'  's that are needed for  a quick verification of Riemann's theta 

formulae. 

Table 0 

(zi > - z) (z i >z+i) 

* O O ( - Z ' T > = * O O ( Z ' T ) * o o ( z + - T ) = V Z ' T ) 

V" Z ' T ) = V Z ' T ) V Z + * ' T ) = *OO (Z ' T ) 

^ o ( - Z , T ) = ^ 1 0( z, T) * 1 0 ( Z + i '  T ) = * 1 1 ( Z ' T ) 

* n ( - » . 1)  - * n ( z, T) * l l ( z + * '  T ) = "*10 (Z»T) 

(zi > » + £ T ) 

*oo ( z+*  T '  T ) = ( e xp ("  TTi T / 4 "  T T i z ) ) *10<Z '  T ) 

^ Q1(z+iT , T) = -i( "  ) * n ( z , T) 

^ 1 0(z+}T , T) « ( H ) ^ 0(Z . T) 

^ n ( z+ iT , T) = - i ( "  ) ^Q1 (Z, T) 

oo 

V " 
V " 
*n< " 

\ a i W 

T) = -i (exp(-

) = ( 

) = - i ( 

) = - ( 

* ' i i

-TTiT/4 -

t i 

i t 

I I 

2 / 

-TTiz) ) ^ 2 1( Z , T) 

>*10 ( 2 ' T ) 

) * 0 1 ( Z . T) 

) » (z. T) 
OO 
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RIEMANN' S THET A FORMULA E 

I . (RJ : £ e „*(x+Tl)*( y+Ti)*( u + TO*(v+Ti ) = 2*  (x. WyJJfr i , W v J 

where e- = 1 for  r\ - 0, \ and e = exp(ni T+ni(x+y+u+v)) for  r\ = | (1+?), and 

Xj  = i(x+y+u+v), yx = i(x+y-u-v), Uj  = |(x-y+u-v) and v^- |(x-y-u+v). 

II . Via Half-integer  thetas: 
x — 2 x r» 2 

£ =*(x, T) =Iexp(TTin T+2ninx), *  = Lexp (rri n T+ 2nin (x+£)), 

* X
Q= Zexp(TTi(n+i) 2 T +2TTi(n+i)*) ) and ̂  = Zexp(Tri(n+i) 2T+2TTi(n+i)(x+i) ) 

+  - " S #*><!? 

(H6): C d « + VltflC&^lXo' K ^Xl^O^O1!1 tf C C 
+ . - "  = 2 * X 1 * y i * U 1 * V 1 

00*00 01 01 
. . . . . . 9 , % x i A y i A u u v i 

+ - --2*n *n *io*i o 

+ " - " - " 1 

- "  - "  + "  - ^ W ' M V 

+ "  - "  - "  =2«*S1*U V1 

- "  + » - » --itftfOt f 
. » - » + » - a ^ i i f f ^ i ^ 

. -- + - . -  -.aWft f 
<Ra>: "  - "  - "  "  =2*oo1*c y i *101* l l 1 
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We have l isted these at such length to i l lustrat e a key point in the theory of 

theta functions: the symmetry of the situation generates rapidl y an overwhel-

ming number  of formulae, which do not hawever  make a completely elementary 

pattern . To obtain a c lear  pictur e of the algebraic implication s of these 

formula e altogether  i s then not usually easy. 

One importan t consequence of these formula e comes fro m special is ing 

the variables, setting x = y and u = v. The importan t fact to remember i s 

that £,,(0) =0 whereas £ ,£«., and £, n are not zero at 0 (cf. Lemma 4.1)1 11 oo 01 10 

Then the righ t hand side of (Rg) i s 0; and (R& ), (R2) + (R ) combine to give 

(noting that x = x+u,y = x-u and u = v. = 0): 

(A1> : * o o ( x ) \ o ( u ) 2 + * l l < A l < " > 2  * 0 l W 2 % < u ) 2 + * 1 0 ( 3 A o < u ) 2 

= ^ o ( x + u ) ' o o ( x - u ) * o o ( 0 ) 2 -

Likewise, (R3) + (R_) and (RJ + (R-) (with x = y ,u = v) respect ively give: 

(A 2) : ^ ( x + u j ^ t x - u ) V 0 ) 2 ' * 0 0 W \ o < u > 2 "  V x ) 2 * 1 0 ( u ) 2 

= * 0 1 ( x ) 2 * o l ( u ) 2 - t f l l ( x ) 2 * n ( u ) 2 

and 

(A 3) : * 1 0( r t . ) *  0(x -u)* 1 ( )(0 )2 - * 0 0<x)2* o o(u) 2 - »0 l ( X ) 2* 0 i <y ) 2 

= * 1 0
( x ) 2 * i o ( u ) 2 - * i i ( x ) 2 * n ( u ) 2 -

These are trypica l of the "additio n formulae11 for  theta functions for  calculating 

the coordinates of © (x+u), cp (x-u) in te rm s of those of q> (x), cp2(u) and q>2(0). 

Ther e are 12 more express ions for  the products C'  (x+u)£cd(x-u) in term s of 

*  f (x) 's, *  f (u) 's, for  ab f cd, which we have writte n down on the next page. 

Al l are obtained fro m the formula e (R ) by just setting the var iables equal in pa i rs. 
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III . Additio n Formulae 

(Ax) r f j x+u ) ^ ( x - u ) * > ) = ) + #1
2

1(x)#J1(«)-^x)^ 1(«)+#^x)#J«) 

*oi(x+u> vx-u> *„ >  * i ^ > ) - * > ) vu)-#«J(x)^i (' ,,-*3x,*S(' ,) 

V * * 0 *10<x-u) *10(0) ^ooW*oo<»>-^ x ) *0^ ) = *10' x>^ u) -»J(*)*i(« ) 

*oo ( x + o ) 'o i ( x i ) *oo«»*o i ( 0) "  *oo(x)*01(x)*oo(u)*01<u> -*oi (x )*U (x )*01 (u)*U <u) 

*01(x+u)*oo<x-u>*oo(0)*01(0) ' *oo(x)*01<x>*00<">*0l W +* 01(x)* n(x)* 01(u)#u(u) 

*oo(x+u)*10<x-u>*oo(0%< 0> - *ooW*io (x)*oo( ,a)*l(/ u) + V x ) * l l ( x ) V u ) * l l ( u ) 

' l O ^ ' o o ^ ' o o ^ ' l O ^ =doo(x)*10<x)*oo<u'*10< u)-*01(x)*ll (x)*01(u)*U (u) 

* 01(x+u)* 10(x-u)#01(0)*10(0) = * oo(x)* 11(x)* oo(u)* n(u)+#01(x)tf 10(x)* 01(u)#10(u) 

*10 (x+u)*01<x-u)*01 (0 )dl(/ 0) x)*U (x)*oo ( ' ,>*ll<'* +*01<x>#10(^l (u,*10 ( , ,> 

<A i ^ ^ (s+uJ 'nU-*)*2^0) " * 2i (x)*oo(u) -*oo(x)*n (u> s*o2i(x)*i 2(/u)-*i 2o(x)*oi(») 

*l l«* +")*oo ( xH , )*01 (0 ,*10 (0) "  *oo<x )*U< x )V u )*10 ( u> + *10<x>*0lW*oo (u)*ll (u) 

* 00<**>*, 1<*-«>*o1<
0) *10(0) -*ooM*llW*0lW*10< u> - * i0 ( x )*01 ( x )*oo ( , l ) * l l ( u ) 

* n(x+u)* 01(x-u)* oo(0)* 10(0) = #00W#10(x)*oi<«'*il W  + V x ) * l l ( x ) * < > > * 1 0 ( u ) 

* 0 1 (x+u)^  j (x -u)* oo(0)^  0(0) = - * o oM* l 0 W*01 (u)#n (u) + * 01 W* ! j (x)*oo(u)* 10(u) 

*U (X+U>*10<x-U)*oo<0)d0l(°) =*oo(x>*01(x)*10<»)*ll( u) + *10 ( x )* l l W *oo ( u ) i , 01( u ) 

' u ^ i M i y o ^ W =-*0o<x>,,oi(x)*io ('l)*ii (u'+*io<x>i,ii(x)*oo(u)*oi (u) 

IV . Equations for  * 

(E1> : >oo<x> *oo<°>  *01 W *2l< 0'  + *l 20(x) *10( 0) 

(E2) : ^ ( x ) *o
2
Q(0) = *0

2
x(x) * 2

0(0) - * 10(x) ^ ( x ) and 
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Specia l is ing furthe r  by sett ing u = 0, we find that a l l the above reduce 

t o just 2 re la t ions: 

<E1>  *oo ( x ) 2 *oo<°>2 - *0 lW 2*0 l ( ° ) 2 +* io« 2*10<°>2 

<E2) : * n W 2 * o o(0 )2 = #0 1W 2 * 1 0(0 )2 - #10(x)2 tf01(0)2. 

Finall y setting x = 0, we obtain Jacobi's identity between the Mtheta constants" 

ab '  n a m e l v : 

(M 2) * o o ( 0 ) 4 ^ 0 1 ( 0 ) 4 + ^ 1 0 ( 0 ) 4-

We see now that the identities (E-) and (E2) are equations satisfied by the 
3 

image qp (E-) in IP . We now appeal to some simple algebraic geometry 
3 

to conclude that cp (ET) i s indeed the curve C in IP defined by the 
it 

followin g 2 quadratic equations: 

*oo<0)2*o = V 0 ) 2 ^ V° ) 2 x2 

* (0 )24=v°>2xi - v *> \ 2 

3 
By Bezout's theorem, it is clear  that a hyperplane H in IP meets C in 

utmost 4 points. But the hyperplane Za.x. = 0 meets q>9(ET) in the points 

where 

ao * o o ( 2 x ) + al *01< 2 x> + a2*10 ( 2 x ) + a3 * l l ( 2 x ) = °-

and there are 4 such points mod 2 A . So cpntE, ) must be equal to C! 

I t is clear  that the theta relations give us explicit formulae for  everything 

that goes on in the curve C. 
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S 6. Doubly periodic meromorphic functions via d (z, T). 

By means of theta functions, there are 4 ways of defining meromorphic 

functions on the ellipti c curve E T , and the above identities enable us to 

relate them: 

3 
Method I: By restriction of rational functions from IP : This gives the 

basic meromorphic functions 

*oo< 2z> 

on E T . 

Method II . As quotients of products of translates of fl  (z) itself: 

i . e ., if a . . ,a, ,b , . . . ,b, c<C are such that Ta^ = Zb. , then it is easy 

to check that 

"i— r *(z-at) 

l < i< k *(z-b.) 

i s periodic for  A- , hence is a meromorphic function with zeros at 

a.+ \ (1+T) and poles at b.+|( l+T). (If we use $. - instead of * , we get 

zeros at a. and poles at b-). In fact, all meromorphic functions arise 

lik e this and thi s expression is just lik e the prim e factorisation of 

meromorphic functions on IP : 

f(2) = 7J(! iVVo ) 
l < i <k ( c i z1 - d . zo ) 

z = z i / z
0 > z i * z homogeneous coordinates, zeros at z = b^/a^  and poles 

at z = d./c.. 
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Method III . Second logarithmi c derivatives: Note that log &  (z) is periodic 

upto addition of a linear  function. Thus the (doubly) periodic function 

^ 5 - log *(* ) 
dz2 

i s meromorphic. This is essentially Weierestrass » (p -function. To be 

precise, 

$>(z) = - - £- log * (z) + (constant), 
dz2 l l 

the constant being adjusted so that the Laurent expansion of {p(z) at z = 0 

has no constant term. 

Method IV : Sums of firs t logarithmi c derivatives: Choose 

a . , . , ,, a, eC and X , . . . ,X eC such that £ X. =0. Then one checks that 

Z X. — log #(z -a .) + (constant) 
i i d z l 

i s periodic for  A T , hence is meromorphic with simple poles at a .+ | ( l+T), 

residues X .. Again, thi s gives all meromorphic functions with simple 

poles and is the analogue of the partia l fraction expansion for  meromorphic 

functions on IP : 

f(z) = E ^- + (constant) 
i (z - a^ 

We give a few of the relations between these functions: for  example, to 

relate Methods I and II , we need merely expand each &  h ( 2 z) a s a product 

of 4 functions £(z-a.), times an exponential factor  (the a.1 s being the 

zeros of ^ 1_(2z)). For  instance, £_(2z) is 0 at the 4 (2-torsion) points 
ab l l 

0 , 2 <> l T » 2 ( 1 + T )» a n d it s factorisation: 
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*„<*« > *oo<°> V 0 ) * 1 0 ( 0 ) "  2*oo<*> V * > *10 ( z) *11(E) 

i s the formul a (R18) when x = y = u = v = z. To relate Methods II  and HI , 

we can take the 2nd derivative with respect to u in the formul a (A-Q ) and 

set x = z and u = 0, We get: 

<*11<'>*1>> - * > ) 2 ) * o o ( 0 ) 2 - V 2 ) 2 * o o ( 0 ) O 0 ) - # o o ( A l ( 0 , a 

(using the fact that ^ ( 0 ) = 0 and * (0) = 0 since * Q1 i s an even 

2 2 
function and * is an odd function). Dividin g both sides by * oo(0) ^ ( z ) , 

we find that the resulting equation is simply 

d*2 "  * oo(0) , { 0 )2 # ( x )2 
oo X1 

hence 2 
a * i<° > * (x)2 

J8 (z) = (constant) + — "  5 - . —Qf l_ _ . 
* nn(0f * (z)2 

00 11 

One of the most important facts about the ^ -function is the 

differentia l equation that it satisfies. In fact, using the obvious facts (from 

the above equation) that ( i)^(z ) = $> (-z), (ii ) the expansion of <£(z) at z = 0 
-2 begins with z and (iii ) the constant rigged so that thi s expansion has no 

constant term, it follows that: 

^  (z) = J- + a z2 + b z
4+ # # m ^  n e a r  z = o# 

z2 

Therefore, 

3 
fr  «(z) = - -2 + 2az + 4bz + 

Z3 
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and hence 

But 

$ ' ( z ) ) 2 = 4 - - ^ - 1 6 b + . .. 
z6 z* 

0 z6 z2 

so that 

(^'(z) 2-4^(z)3 + 20 a ^(z) = -28b + . .. 

Thus the function j§*  '(z) - 4^(z) + 20a^(z) is a doubly periodic entir e 

function and hence is a constant. Thi s means we have an identity : 

If '  (z)2 = 4 ^ ( z ) 3 + g2(T)^(z ) + g3(T) 

which is Weierstrass' differentia l equation for  (J*(z). Differentiatin g 

thi s twice, we also get the differentia l equations: 

$>"(z) = 6^ (z )2 + g2(T) 

and 

^«"(z)-12^(z ) .£'(* ) 

Thus fp is a time independent solution of the (Kortweg-de Vries) KdV 

(non-linear wave) equation: 

u = u - 12uu , u = u(x, t) 
t xxx x 
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§ 7. The functional equation of £(z, T)# 

So far  we have concentrated on the behaviour  of £ (z, T) as a function 

of z. It s behaviour  as a function of T is also extremely beautiful, but rather 

deeper  and more subtle. Just as £ is periodic upto an elementary factor  for 

a group of transformations acting in z, so also it i s periodic upto a factor  for 

a group acting on z and T. To derive thi s so called "functiona l equation" 

of ^ in T; note that if we consider  £(z,T ) for  a fixed T, then although it s 

definition involves the generators 1 and T of the lattice A quite unsymmetri-

cally, stil l in it s application to E (describing the function theory and projective 

embedding of E ) thi s asymmetry disappears. In other  words, if we had 

picked any 2 other  generators a T+ b, c T +d of AT (a,b, c, d e 7L, ad-be = 11), 

we cou}d have constructed theta functions which were periodic with respect 

to z r-̂ - z + c T +d and periodic upto an exponential factor  for  z |—^ z+a T + b, 

and these theta functions would be equally useful for  the study of E^ . Clearly 

then however  the new theta functions could not be too different from the original 

ones! If we t r y to make this connection precise, we are lead immediately to 

the functional equation of £(z, T) in T . 

To be precise, fix any 

(a \ ) c SL(2, 2L), i . e. a, b, c, d € 7Lt ad-be = +1 c a 

and assume that ab,cd are even. Multiplyin g by -1 if necessary, we assume 

that c > 0. 

Consider  the function d((cT + d) y, T). Clearly, when y i s replaced 

by y+ l , the function is unchanged except for  an exponential factor. It is not 
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o 
hard to r i g up an exponential factor  of the type exp (Ay ) which co r rec ts 

0 ( ( c f + d) y, T) to a per iodi c function for  y l—> y + l . In fact, let 

Y(y , f ) = exp (Tri e (cT+ d)y2) * ( ( c T +d)y, T) . 

Then a s imple calculat ion shows that 

Y(y+1, T) » Y(y, t ) 

(N .B: a factor  exp (TTicd) appears, so we use cd even in the ver i f icat ion) . 

However, the per iod i c behaviour  of 0 for  z |—> z+ T g ives a 2nd quas i-

per iod for  Y, namely, 

cT+d c T +a 

We give some of the ca lcu lat ions thi s t ime: formal l y wri t in g we have by 

definit ion : 

T( , T) 2 

exp[TTic(cT+d)y2+ 2TTicy(a T+b) +TTic ( a T *b] ] . 
^ ( (cT+d)y+aT+b,T ) r J cT + d 

But 

* ( ( c T + d ) y + a T + b , T ) a exp[-TTia2T - 2f f iay(c T +d) ]* ( ( c T+d)y, T) 

Y(y, T) exp(TTic (cT+d)y2) i>((cT+d) y, T) 

2 2 
= e x p ( - n ia T-2TTiay( c T+d) -TTic(cT+d)y ). 

So mult iplyin g these two equations and using ad-be 3 1, we get: 

Y(y + *  T) 2 
2 * e x p (-2TTiy(ad-bc)+TTi c (.a T + * } - T T i a 2 T ) 

t (y , T) (ct+d ) 

= exp [ -2TT iy - i I l - : - (a2T(cT+d ) - c ( a T + b )2 ) ] 
c T+d 

= exp [-TTi y - - H i - ( a 2 T d - 2abc T - b2c) ] 
c T+d 
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But 

a2Td - 2 a b c T - b2 c « a(ad-bc)T -ab(cT+d) + b(ad-bc) 

= (aT +b) - ab(cT +d). 

Now using ab is even, we get what we want. If we now recall the 

characterisation of *(y , T') as a function of y as in $ 1, namely, *(y , T ') 

i s the unique function (upto scalars) invarian t under  A^ where f'=(aT+b)/(cT+d)), 

we find Y(y, T) i s one such. Hence we get: 

*(y , T) sq)(T)^(y,(aT+b)/(c T + d)) 

for  some function qp(T). In other  words, if y = z/(cT+d), then 

*(z, f ) «5p(T) exp(-TTicz2/(cT+d)) * (z/(cT+d), (a T+b)/(cT+d)). 

To evaluate qp(T ); note that £ (z, T) i s normalised by the property that the 

th 
0 term in it s Fourier  expansion is just 1, i . e ., 

1 
j * *(y , T)dy = 1. 
0 

Hence 

cp(T)= \T (y ,T )dy = } exp (nic (c T+d) y ) * ((c T+d) y, T) dy . 

0 0 

Thi s integral i s fortunately not too hard to calculate. Firs t note that 

cp (T) = d(s +1) if c = 0 and so we can assume c > 0. Now substituting the 

defining series for  & and rearranging terms, we get: 

cp(T) = CZ exp[TTi(cy+n)2(T+d/c) - TTi n2d/c]dy 
0 nc2Z 

'  Z exp (-TTin 2d/c) £ exp( TT i(cy+n) (T+d/c) dy. 
n cZ 0 
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But (using again cd even) we have 

exp (-TTid(n+c)2/c) = exp (-TTin 2d/c) 

and hence we get 

<p(T) = I exp(-TTin2d/c) £ exp tri e y2(T+d/c) dy . 
l < n < c -oo 

To evaluate the integral; firs t suppose that T = i t -d/c . Then we get 

00 00 

J expnic2y2(T+d/c) dy = f exp(-TTc2y2t) dy 

- 0 0 -OO 

i 1 ^ 2 
i . e ., if u = c t*  y, - — T y exp (-TT u ) du 

oo 7J. 
- 1 / c t * . 

9 2 
using the well-known fact that \ exp (-TTU ) du = 1. It then follows by 

-00 
analytic continuation that for  any T with Im T> 0, we have 

C 2 2 1 
V exp TT ic y (T+d/c)dy s j 
J c[(T+d/c)/ i ] * -00 

where ( )2 is chosen such that Re( )2 > 0. The sum is a well-known 

"Gauss sum" 

<\ 
S, = £ exp (-TTi n d/c) 

'  l £ n < c 

which in fact i s just c2 t imes some 8 root of 1. Thi s may be proved either 

directl y (but not too easily) from number  theory, or  it can be deduced, by 

induction on c+ )d| , from the compatibilities of the functional equations. In 

fact, the exact functional equation i s given in the following: 
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Theorem 7 . 1. Given a ,b , c , de2Z such that ad-be s 1, ab and cd even, we have 

then for  a suitable C,an 8t h root of 1, that 

(F1> : *<-TZT > ^ ) * C ( c T + d ) *  e x p ( n i c z2X c T + d ) ^ ( z , T) . 
x C T + d C 1-rQ 

T o fi x C exactly, we consider  two cases: f i rs t assume c > 0 or  c s 0 and 

a b d > 0 (multiplyin g ( ) by -1 if necessary), hence Im(cT+d)> 0 and 
c a 

choose (c T+d)2 in the firs t quadrant (Re ( ) > 0 and Im ( ) > 0): 

(a) if c i s even and d i s odd, then 

C " X ( | d l } 

x 0 
where ( -) i s the Jacobi symbol (to take care of all cases, we set (—) - +1), 

(b) if c i s odd and d i s even, then 

C =exp( -TT ic /4) (4). 

Proof. We have only to see (a) and (b); we f i rs t check i t for  two special 

cases (i) and (ii) : 

\ ,a b, ,1 b» , 
d) (c d ) - („  x) , b even. 

Now (F ) + (a) says the obvious identity , namely, 

(F 2) : * ( z , T+b) = *(z . T ) 

(ii ) (c d ) - ( ! o } -

Now (Fj ) + (b) reads as 

(F 3) : * ( Z / T , - 1 / T ) = exp(-TTi/4). f i . exp(TTiz2/T )t> (z, T) 

which we have already proved since it i s tr ivia l that SQ l = 1. We get the 

general case by induction on | c| + |d\ : if \d\ > | c| , we substitute T*  2 for 
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T in (F1) and use (F ) to show that (F^)  for  a ,b ,c ,d follows from (F^ 

for  a , bt 2a,c,d t 2c. Since we can make jd t 2c| < jd | , we are done. 

Note that Id t 2c| f ld | or  \c\ because (c,d) = 1 and cd is even. On the 

other  hand, if |dj  < \c\ , we substitute - 1 /T for  T in (F-) and use (Fg) 

to show that (F.) for  a ,b ,c ,d follows from (F..) for  b, -a,d, -c: thi s 

reduces us to the case |dj  > | c| again. The details are lengthy (and hence 

omitted)but straight forwar d (the usual properties of the Jacobi symbol ,e.g., 

reciprocity , must be used). It is, however, a prior i clear  that the method 

must give a function equation of type (F ) for  some 8t n root C of 1. 

§ 8. The Heat equation again. 

The transformation formul a for  & (z, T) allows us to see very explicitl y 

what happens to the real valued function £(x, i t ) , studied in § 2, when 

t — > 0. In fact, (FJ says: 

l o 
* (x / i t , i / t ) = t2 exp (nx*/t ) *(x,it ) 

hence 

*(x,it ) * t" 2exp(-TTx2/t) S exp(-TTn2/t-K2TTnx/t) ) 
ntTL 

= t" T Z exp (-TT(x-n) 2/t). 
n eZ 

In completely elementary terms, thi s i s the rather  strikin g identity : 

1 + 2 S cos (2TTnx) exp(-TTn2t) = f2 rexp(-TT(x-m) 2/t) . 
nelN m eZ 

i o 

But t 2 exp (-TTX /t) is the well-known fundamental solution to the Heat 

equation on the line, with initia l data at|t = 0 being a delta function at x = 0. 

Thus £(x, it ) i s just the superposition of infinitel y many such solutions, with 

initia l data being delta functions at integer  values x = n. In particular , thi s 
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shows that *(x,it ) i s positive and goes to 0 as t—>0 uniforml y when 

1 -x > x > c . 

$ 9. The concept of modniar  forms. 

Let us stand back from our  calculation now and consider  what we have 

got so far . In the firs t place, the substitutions in the variables z, T for 

which £ is quasi-periodic form a group: in fact, SL(2, 2Z) acts on CxHb y 

(z, T) I—» (z/cT+d, (aT+b)/(cT+d)) 

because 

z/(cT+d) a'((aT+b)/(cT+d))+b' » 
V((aT+b)/(cT+d))+d»'  C'((aT*b)/(cT+d))+d ' ' 

. / I  (a'a+b'c)T+(a'b+b'd ) v 
"  '(c'a+d'cjT+fc'b+dd 1)'  (C'a+dfc) T+(c'b+d'd ) 

Moreover, thi s action normalises the lattice action on z, i . e ., we have an 

action of a semi-direct product 

SL(2, ZZ)X ZZ2 

a b on <C X H, where (( , ) ; m, n) acts by c a 

(z, T) I—> ((z+mT+n)/(cT+d),(aT+b)/(cT+d)). 

Actually ; not all of these carr y * to itself; we put on the side condition ab, cd 

even. To understand thi s condition group theoretically; note that we have a 

natural homomorphism 

YN : SL(2, 7L) > SL(2, 2Z/N2Z) 
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for  every N. It s kernel I I - , the so called "level N-principa l congruence 

subgroup"  i s given by 

FN '  £(c*  d ) e S L ( 2 ' 2 ) / b ' c "  ° ( m o d N ) , a ,d = l ( m o d N ) ] . 

Before we study the level 2 case expl ici t ly , let us recall that the group 

SL(2, 2Z/22Z) of «ix matr ices 

(1 0} (0 1 1 1 (1 1} 1 0 ) (0 1} 

i s isomorphic to the group of permutation on 3 let ters (1 ,2, 3): 

(1)(2)(3), (12)(3), (23)(1), (123), (13)(2), (132). 

We define, followin g Igusa, T CSL(2, 2Z) to be v~ of the subgroup of 
1,« 2 

SL(2, ZZ/22Z) consist ing of (*  J) and (J l). Clearly thi s i s the subset of 

SL(2,7L) of e lements (a °) such that ab and cd are even. Note however 
c u 

that whereas T i s a normal subgroup of SL(2,2Z), I*  i s not; i t has 
vi 1, it 

2 conjugates: 

v ' V ° ) C1 *) ) and v - 1 ^ 1 ° ) I1 ° )) 

described by the conditions c even and b even respect ively. They are the 

groups for  which 0 and A have functional equations. If we writ e out 

* ( z / ( c T + d ) , (aT+b)/(cT+d)) 

when (a 5 )^  I*  , we find that i t i s an elementary factor  t imes ^ ( z , T ) 

or  * 1 0(z, T ). The s implest way to see thi s i s not to tr y to descr ibe how 

*a b an arbitrar y r  d ) in SL(2, 2Z) t ransform s the A. ' s - which leads to 

interminabl e problems of sign - but rather  to consider  the action of 2 generators 
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(*  * ) an d (**  "* ) of SL(2,Z). Their  action is summarised in the 

followin g table: 

Table V 

# (z/f, -1/T) = (-iT)*exp(TTiz 2/T) * (z, T) * o o < z ' T + 1 > = V z ' T ) 

01 oo ' 

#1Q( "  ) =exp(Tr i /4)#o( " ) 

* n ( "  ) =exp(ni/4)*  (" ) 

*-<»/* ' 

V ' 
* 1 0 < 

* 1 1 < 

) -

) - - ( 

*10< "  > 

V "  > 

From this, the action of any C ,) can be described. (The formulae on the 
c d 

left are verified directl y by substitution in the Fourier  expansion. The 1st 

formul a on the right i s (F^) . The 2nd comes for  instance by substituting 

z + |T for  z in the 1st and using the functional equation of 0 in z; the 

3rd comes from substitutions z/T for  z, - T~ for  T in the 2nd ; and the 4th 

fro m substituting z+^T for  z in the 3rd). 

Geometrically, the reason the funny subgroup Tl  2 ar ises is that 

0(z, T) i s 0 at the special point of order  2, namely, \ (T+l) € i /L /A- , and 

a b i t is easy to check that ( J cF. 2 if and only if z |—> z/(c T+d) carries 

i ( T + l ) t o | (T '+ l )mo d A r where f» = (a T+b)/(c T+d). 

However, we shall focus our  attention in thi s section on the behaviour 

of the functions 0..(O, T) of one variable T. Note then that the functional 

equation of 0(0, T) reduces to: 

l 
*(0,(aT+b)/(cT+d)) = C(cT+d)2*(0,f ) 

8 2 

where C s 1, C as given in Theorem 7 .1. Thi s wil l show that 0(0, T) 

i s a modular  form in T in the following sense: 
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Defini t ion 9 . 1. Let k e 2Z & N f l N . By a m o d u l ar f o rm of weight k & 

level N, we m e an a ho lomorph ic function f(T) on the u p p er ha l f -p lane H 

such that 

(a) for a ll T « H& (a
c J}) c T  ̂ , 

f ( (aT+b) / ( cT+d)) = (cT+d)k f (T ) 

(b) f i s bounded as fo l lows: 

(i ) 3 cons tan ts c & d such that | f ( T ) | <c if I m T> d and 

(ii ) V p /q € Q, 3 pos i t i ve r e a ls c & d such that 

| f ( T ) | < C p q | T - ( p / q ) | -k i f | T - p / q - i d p # q | < d p # q . 

The set of modu lar f o r ms of weight k & level N i s a v e c t or space and i s 

(N) (N) 
denoted by Mod . Thus any f € Mod i s bounded ou ts ide an ho r i zon tal 

s t r i p; and the c i r c l es of r a d ii d „ cen t red at p /q + id ( i . e ., touching 
F ' p, q P, q 

the r e al ax is at the ra t i onal po in ts p /q) a re ca l led the h o r o c i r c l es for f. 

See 

F ig. 2 

Note that SL(2, 7L) a c ts on the " r a t i onal boundary po in t s" QUJoo}  of H 

and that if 

f ( (aT+b) / (cT+d)) = (cT + d) f( T) 

then the bound at p / q c Q U [ o o ] is equ iva lent to the bound at / / \ + 

(the bound at co be ing the condi t ion (b) (i) : I f(T )(< c if I m T > d). 

+b_ 
d 
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The condition that makes thi s definition work is that the factors 

(c T+d) introduced in the functional equation (a) satisfy the M l -cocyclen 

condition, i . e ., if we writ e 

ey (T) = (cT+d)k , where Y a £ |j) , 

then for  all Y^Y^* ^  *  w e nav© 

V T ) = VV , eY 2
( T ) -

Thi s same condition, together  with the fact that T i s normal in SL(2,ZZ), 

(N) 
gives an action of SL(2, 2Z)/I* N on the vector  space Mod, : if f i s a 

modular  form and v = ( ,) , define '  c a 

fY(f) =eY(T)" 1f(YT). 

I t i s immediate that thi s is also a modular  form of the same kind as 
y 

f : in fact, (a) for  f implies (a) for  f and (b) for  f at p/q implies (b) 

for  fY at Y(p/q). Finall y note that if feMod^ and gcMod* ', then the 

(N) 
product fge Mod ' . Thus 

K  Mr 

Mod « © Mod, 
k«ZZ+ k 

i s a graded ring , called the rin g of modular  forms of level N. Now we have 

the following: 

2 2 2 
Proposition 9.2. £ (0, T), * (0, T) and * (0, T) are modular  forms of 

weight 1 &  level 4. 

2 
Proof. To start with , condition (a) for  0 (0, T) amounts to saying that C , 

QO 

the 8th root of 1, in the functional equation ( F^ is 11 when (*  j j )« r  ™ S 

i s immediate from the description of C (in fact, we only need c even and 

d = 1 (mod 4)). We can also verif y immediately the bound (b)(ii) at co for 
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2 
£ (0, T). In fact, the Four ier expansion oo 

*  (0, T) = I exp(TTin2T) 
n*7Z 

shows that, as Im T >oo, we have 

*oo (0' T) = 1+ 0(exP(-nlm T » 

2 
hence £ (0, T) i s every close to 1 when Im T> >0. Before verifying 

2 
(b)(ii) at the finite cusps p/q c Q, consider how SL(2 ,Z) acts on * (0, T). 

Let a * (1 l) & 3 = (° -1) be the generators of SL(2, 2Z). Using Table V 

above, we check the following: 

C*o > ^  = ^ 1 ( 0 ' T ) < [ * o > < T ^  = -**j> T) 

[ ^ ( 0 , T)] a = *Q
2

o(0,T), C^ tO.T) ] =-i^ 2
Q(0,T) 

C^ 2
0(0,T)f = i* 2

0(0,T), [ ^ ( 0 , 1)]3 = - 1 * ^ ( 0 , T) . 

(4) So these three give an SL(2, 2Z) -invariant sub space of Mod- . But then 

to check the bound at the finit e cusps, i t suffices to check i t for all 3 functions 

at co because a suitable y cSL(2, 7L) car r ies any cusp to oo. As for 

*  (0, T), by the Four ier expansions, we have: 
oo 

*  (0,T) = l+0(exp(-TTlm T))-

*  JO, T) - CKexp (-TTlm T/4)) T/4)) J 
as Im T >co 

This completes the proof of the proposition. (In fact, a simi lar reasoning 

shows that the analytic functions 

T T * aibi(°. k i T ) - a i ' b i ' k i « Q - k i > 0 
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are modular  form s of weight i and suitable level. We wil l prove thi s 

in a more general context below). The above proof also allows us to point out 

the following: 

2 2 2 
Remark 9. 3. The modular  forms * (0, T ) , * (0, T) and * (0, T) look lik e 

oo oi 10 

C /(c T+d) + (Erro r  term) 

o 

when T > -d/c, where C= 0 or  C = 1. Here T should approach -d/c 

in horocircles of decreasing radi i touching the real axis at -d/c, and the 

erro r  term goes to 0 exponentially with the radius of the horocircle: more 

precisely, 

2 
(Erro r  term) = 0(exp [-constant.Im T/|cT+d| ]) . 

y 
(Thi s i s seen by estimating f ( T) as T > -d/c in terms of f(T ) 

as T—>co). 
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Another  simple fact which follows from the discussion above and 

which we need later  is the following: 

(N) 
Remark 9.4. Let f e Mod, # Then 

k 

f(T) = 0((lm T)" k ) as Im T >0 

To see this: let us recall the classical fundamental domain F for  the action 

of SL(2,IZ)on H, namely, 

F = {TeH/|T | >1 and | Re T| < i 3 

(cf. Fig. 3, S 10, below). So we have H = U yF, YeSL(2,2Z). Let 

F' = { teH/ l m T * 3 * / 2 ) . 

Since FcF» , we have H = U Y F '  , v€SL(2, 7L). Take any TeH. Then 
Y 

3-Y«SL(2;2Z) such that Im (v T) > 3*/2. Moreover  if Y = (*  \), either 

Im T ^ 32/2 or  c f 0. Now we make the following: 

c d' 

Claim: 3a constant C0 >0 such that |f(«r)l< C | c T + d| whenever 

Y = (*  ^) e SL(2, 7L) is such that Im (y T ) > 3^/2. 

Observe that this claim proves the remark because c f 0 implies 

| c T + d | > \ c. Im T| = | c| . Im T > Im T , 

i . e ., [f(T) l < C (Im T) for  Im T < 3*/2, as asserted. To prove the claim: 

(N) since f e Mod, , we have: k 

fY(T) = (cT+d)'k f(YT),f Y€Mod[N) and fW * fY ,VY'er N . 

In particular , there are only finitel y many modular  forms of the type 

fY, Y eSL(2 ,Z). Hence (by Def. 9.1, b(i))3a constant CQ >0 such that 

VY eSL(2,Z), we have: 
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(*) | f Y (T )UC Q if I m T > 3 i / 2 

On the other  hand, we have (by definition of fY) : 

(** ) fY"  (YT ) = e , fcf f V r ) = e ( T ) « T ) - (cT+d)k f( T ). 

Clearly then (*) and (** ) imply the claim. 
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§ 10. The geometry of modular  forms 

Just as a set of theta functions with characteristics enabled us to embed 

<C/A- in a projective space, so we can take more than one "theta-null 11 

£ . (0, T) and use these to embed H/TL in a projective space. We wil l look 

2 2 2 
only at the simplest case N = 4. Then we saw that & (0, T),£ (0. T) &  0 ^(0, T) 

J v oo ' ' 01 10 

were modular  forms of weight 1 and level 4. Recall also from § 1 that 

|(1+T) i s the only zero of * (z, T), so * (0, T), * m (0, T) &  * i n (0, T) are 
oo oo ui 10 

never  zero. It follows that we have a holomorphic map 

,2 Y2: H/ r  >1P* 

defined by 

V T ) = ( * o 2o ( 0 ' T ) ' * 0 2 l ( 0 ' T ) ' * l 20 ( 0 - T ) ) -

As in § 4, the point is that in T (y T), each function picks up the same factor 
z 

e (T) and SO f i s well-defined. Moreover, Y0 is equivariant for  the finit e 
y 2 « 

group SL (2 ,S ) /r  which acts on H/r  because r is normal in SL(2, 2Z), 
4 4 4 

2 2 
and on IP because the 3 functions £..(0, T) are mapped into combinations 

of themselves by every y cSL(2, 7L). In fact, using the action tabulated in §9, 

we find: if T (T) = (x_, x1 #x 0) , then 2 o i z 

* 2(T+1) = (x1,xQ , ix 2) and Y (~nf) = ( x ^ x ^ x ^ 

Moreover, by equation ( J ) in §5, the image of Xy l ies on the conic 

A : x2 = x? + x2 

o 1 2 

but missing the 6 points (1,0,  1), (1, + 1, 0), (0,1, * i) where the conic meets 

the coordinate axes x. = 0. The missing points are clearly accounted for  by 
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the cusps: in fact, if Im T >+ co, then by the Fourier  expansions of 

*i i (0'  T* '  tt i S C l e a r  t h a t 

*  (0,T) > + 1, * (0, T) >+l and * (0,*) >0 

oo 01 10 

hence Y (T) >(1, 1, 0). Acting by SL(2,2Z), the other  cusps wil l map 

onto the other  missing points. The easiest way to "extend ^ *° * n e cusps" 

i s this: 

(a) define explicitl y by "scissors &  glue"  a compactification H/r  of 
4 

the orbi t space H/ r  ; H/ r i s an abstract Riemann surface, and then 
(b) verif y the T0 extends to a holomorphic map on all of H/ r  . 

For  (a), it i s useful to recall the classical fundamental domain for  the action 

of SL(2, 2Z) on H: v iz ., the set F c H defined by 

F = ( T « H / | T | £ i and (Re T | ^ | } 

(cf. diagram below). 
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Let 

Since 

Doo = { T c H / I m T > 1 ^ 

D o oC U ( F + b ) = U v F , 
bc2Z V - ( J5> 

i t follows that : 

V T J . T c D ^ , if T- ^T for  some Y cSL(2,2Z), then 

T i = V b ' Y s ^o i J a n d Y ( O O ) = °°

Thus mapping D to H/ l \ identifies only the pair s of points T and 

T + 4k, k c Z . Equivalently, if w = exp (ItTiT) , then 

H/ r  =>the punctured disc = {w/0<|w|< exp(-|Tr) } 

* D J l i l 5 ) / b a O ( m o d 4 ) } . 

What we want to do i s to glue together  H/I \ and the ful l disc | w| < exp(-£TT), 

identifyin g these two on the punctured disc. We can do the same thing at the 

other  cusps. For  all p/q e Q , let Dp /q be the horocircle: 

D p/q s tTCH/|T-p/q- i /2q 2| < l / 2 q 2 } . 

Then it i s m easy to check that 

Y ( D J = D i whenever  yfoo) = p/q, Y « S L ( 2, s > . 

Thus, if f # T 2 c D
p / q a n d T i *  6 T2 f o r  s o m e 8 « S L ( 2 , Z ) , then 6 is 

conjugate to (*  b ), or  what i s the same, 

for  some b c 2Z 
/1-bpq bp \ 

\ -bq2 1+bpq/ 

Let w  H ><£ be the function defined by 
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W p ,q ( T ) = e xP ( " T r i / 2q (qT-p)). 

I t i s easy to see that : V T , T C D / . 
1 2 P/q 

wr , n(T i ) = w~ ^ ( T 9 ) Z = ^ T = 6 T 0 for  some 6 as above. P#q l p, q * »̂ 7 l * 

Thus, as before, the image of D , in H / I \ identifies only the pair s T 

and 6 T for  6 as above with b = 0 (mod 4). In other  words, we have: 

H/ r  => the punctured disc = {w /0<|w |<exp(-jTT) } 

2 
= Horocircl e D , / {(*  " bPq bP )/b = 0 (mod 4) ] . 

P/q -bq*  i+bpq 

Again, we glue the ful l disc j w I < exp (-£TT ) to H/I* 4 along the punctured 

disc. Clearly, if y(p/q) = P'/q1» Y€^ A » then the above operation at p/q or 

p'/q ' has the same effect on H / I \ . So we need only do it once for  each orbi t 

of I \ acting on QU [ oo]  It i s not hard to check that I \ has 6 orbit s on 

QU (oo] , namely! 

(i) T4(OO) = loo}U{p/4q|p odd] 

(ii ) r (0) = (4p /q |q odd] 
4 f 

(U i ) r 4( i ) = C i p / q | p , q o d d] 

(iv) T4(l ) = [ p/q | p,q odd and p = q (mod 4) } 

(v) T4(2) = £ 2 p / q | p , q o d d} 

(vi) T (3) = £ p/q| p,q odd and p = -q (mod 4 )] = TW-1) 

So we define H/r  to be H/T\ with 6 "cusps"  adjoined by the above procedure, 
4 4 

one for  each of the above orbits. It i s a prior i not at all obvious that H/r 
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i s a compact Hausdorff space' Perhaps, the eas iest tray to see thi s i s to 

descr ibe it alternatively by a fundamental domain: for  1 < i £ 6, let 

Y. € SL(2, 7L) carr y eo to the 6 cusps oo, 0, { , 1, 2 &  3. For  instance, we take 

Y. to be : 

/ l Ox /0 - 1. ,1 - 3, ,1 -2v /2 -3 , . ,3 -4. 
(0 1 M 1 - 2 M 2 - 5 K ( 1 - l * ' * ! - l *  ^  (1 .I* " 

Le t b "  ( * ), 1 < j < 4, be coset representat ives in G for  the subgroup 

G ^ f i r 4 where G ^ i s the stabi l iser  {(*  b ) } of oo in SL(2,7L)m Then the 

24 e lements v. t are coset representat ives for  SL(2 ,2Z) / I \ . Therefore, 

H/ T i s just the non-Euclidean polygon 

f l £ i £ 6 

wit h i t s edges identified in pair s (cf. F i g # 4 * ' )# Clearly , the c losure of 

thi s polygon meets the boundary R U[oo} at the 6 cusps co, 0, | , 1,2 &  3, and 

we have added these l imi t points to H / r  to obtain H / T . Thus H 7 I \ i s a 

compact Hausdorff space, 

* * * * * *  2 
I t i s now easy to extend Y to Y9 : H/I \ >IP : in fact, at the cusp 

at oo, w = exp (| n i T) i s the local coordinate on H / r  , and we have: 

o 
*„J°>  T> = E exp (n in 2 T) = 1 + 2 £ w 2 n 

n c Z n eIN 

* n 1(0,T) = I exp(TTin2T+TTin ) = 1 + 2 I ( - l ) n w 2 n 

U 1 ne2Z n cK 

* l n (0 ,T) = £ exp(TTi(ri+i) 2f ) = 2 w* I w 
1 0 nc2Z n « Z + 

2(n2+n) 

(*) In thinkin g about these diagrams in the non-Euclidean plane, i t i s good to bear 
in mind a comment of Thurston: these diagrams make it look lik e the space gets 
very crowded and hot near  the boundary; in real i ty , however, the space i s 
increasingly empty and quit e cold near  the boundary, 
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2 2 
[ h e n c e *2 (0, T ) - 4 w( 1 w2 ( n " ^  ) ] . 

1 0 n«2Z+ 

Thus T i s holomorphic in w, carryin g the cusp w = 0 to ( l , l , 0 ) c I P 2
# But 

it 

then it follows, by SL(2,Z£) - equivariance that f i s holomorphic at the other 

cusps too. Finally , we have the simple: 

Theorem 10# 1, The naturall y extended holomorphic map 

*o : H / h >C conic A:x 2 = x2 + x2 ] 

&  4 o l « 

i s an isomorphism, 

Proof. In fact, both H/I \ and A are compact Riemann surfaces, and * 2 i s 

a non-constant holomorphic map. Therefore, T̂  makes H/ r a (possibly) 

ramifie d covering of A. To see that T i s an isomorphism, we need only check 

that it s degree is 1. But if it s degree i s d, then over  each point of A, there are 

d points (counted with multiplicitie s where T0 i s ramified) . Now consider  the 
2 

6 points (1, t 1, 0), (1,0, +1) and (0,1, + i) . Only cusps can be mapped to these 

and there are 6 cusps. Thus only the cusp T s i co i s mapped to (1,1,0). But 

by the formulae above, we have: 
to 

4L(«?A(o. t ) / * 2 (o , f ) ) 
dw 10 oo r=0 

which means that T 2 i s unramified at i co. Hence degree of T2 i s 1, i . e ., f 

i s an isomorphism. (In fact, it can be checked with the formulae we have at hand 

that the cusps co, 0, {, 1, 2 &  3 are respectively mapped to the points 

(1,1,0), (1,0,1), (1 , -1 ,0), (0,1, i) , (1,0,-1) and (0 ,1 , - i ). 
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An important consequence of thi s theorem is: 

(4) 
Corollar y 10.2. The rin g Mod' of modular  forms of level 4 i s naturall y 

isomorphic to 

C C*dl ( 0- T)» *01(0'T) '*1 2C/0. rtH**oo-4l-  *10> 
2 

i . e ., it i s generated by A. (0, T) and subject to only the relation (J j ) . 

Proof. Let f e Mod. \ Then f/A (0, T) is a meromorphic function on H/r , 
— — K OO * 

with poles only where £ (0, T) = 0, i . e ., only at the 2 cusps 1 and 3, and there 
2 

poles of order  at most k (recall that just as A (0, T) has a simple zero at 

2 
T = i oo , so also £ (0, T) has a simple zero at 1 and 3). Therefore, it 

corresponds to a meromorphic function g on the conic A with at most k-folH 

poles at the points (0,1, t i) . But A is biholomorphicall y isomorphic to the 

projectiv e line DP via the map: 

X Q . » t *+ t j , xx» > 2 t o t 1 and x2 

where (t.U) are homogeneous coordinates on IP . Here t = 1 and t1 = "t i 
O X Q X 

correspond to the points (x , x , , x2 ) = (0,1, + i) . So g corresponds to a 

meromorphic function h on IP with k-fold poles at t - 1, t- = i i . Hence 

h i s a x rational function of t j / t and by partia l fraction decomposition of 

rational functions, one checks easily that it can be writte n as: 

*-<Mvv/ ( t o+ t5,k 

for  some homogeneous polynomial Q of degree 2k.Thus 

g  P(xr f xltx2)/x
k
o 

for  some P homogeneous of degree k. Thus 
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f/* 2*  (0, T) = P(#2 . A.2. , * , 2
0 ) / * 2 k (0, T). 

2 2 2 
Finally , there can be no further  relations between & , f , f because 

the only polynomials that vanish on the conic x = x- + x2 are multiples of 

2 2 2 
x - x - x. , as required. 

O 1 £i 

% 11. £ as an automorphic form in 2 variables. 

So far  we have concentrated on the behaviour  of 0(z, T ) as a 

function of z for  fixed T , and as a function of T for  z = 0. Let us now 

put all thi s together  and consider  £ as a function of both variables. Firs t 

of all , it is easy to see that the functional equations on £, plus it s limitin g 

behaviour  as Im T >co characterise £ completely. Mor e precisely: 

Proposition 11.1. d(z, T ) is the unique holomorphic function f(z, T ) on 

<D X H such that 

a) f(z+l, T ) = f(z, T ) 

b) f(z+T, T) = exp (-IT iT - 2TT iz) . f(z, T ) 

c) f(z + £ , T + 1) =f(z, T ) 

d) f ( z / t , - 1 / T ) = (-iT)*exp(TTiz 2/T ) . f(z, T ) 

and for  all z c <C , 

e) li m f(z, T ) = 1. 
Im T >+oo 

Proof. We have used all these properties of £ (z, T) repeatedly, except 

perhaps (c) which follows from the identity : 
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*(z+i , T+D = Z exp [TTin 2(T +1) + 2TTin (z+|)] 
ntTL 

2 
- E ( - D n + n e xp (TTin 2T+ 2TTinz) 

n cZ 

= *(z , T)» 

Conversely, to see that these properitie s characterise £ (z, T), take any 

such f: by the results of § 1, (a) and (b) imply that 

f(z, T) = g(T)* (z ,T ) 

for  some holomorphic function g(«r) on H, Now by the results of $ 7, (c) 

and (d) imply that 

g(T+D = g(f) &g(-T _ 1) = g(T). 

Thus g(«r) is a holomorphic function on H/SL(2,2Z). On the other  hand, 

(e) implies that g(«r) >1 as Im T >+co. This means that g(t) is 

bounded outside a horizontal stri p and hence by SL(2, JZ)-invariance, it is 

bounded everywhere. Thus |g(T)-l| , if not identically zero, takes a positive 

maximum at some point of F which cannot happen. So g(T) s 1, as required. 

The 4 theta functions &.(z, T) moreover  satisfy together  a system of 

functional equations that we have given in Table 0, 5 5 and Table V, § 9. To 

understand the geometric implications of these, we consider  the holomorphic 

map: 

«:<CXH >BP3,(z, T)« >(* o o(2z,T),d0 1(2z-T),* 1 0(2zf T),* 1 1(2z,T)). 

The semi-direct product 

( l2Z) 2KSL(2 , 2Z) 
4 

acts on (CxH by 
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, fii  b x , xl _ , z + m T +n a T + bv 
(m,n; C .) : (z, T ) » >( -—-— , ~ ), 

c d c T+ d c T+d 

and we have seen (fry the tables referred to above) that the 4 generators 

( j , 0 ; I ) , (0, j ; D . (0,0; (l *) ) and (0,0; (° ^ ) ) of thi s group transfor m 

the 4 functions £..(2z, T) int o themse lves. In other  words, the map f i s 
13 

3 
equivariant when the same group acts on IP via: 

(J . 0s« : ( x o . x 1 . x 2 . x s ) i > ( x2 , - I x , . x o . - taj ) 

(0.1:1) : ( "  >  X x j . x ^ x , . - x 2 ) 

( 0 . 0 ; ( ^ ) : ( "  ) « > ( x 1 , x < j , X x 3 , \ x 2 ) where X = exp(n i /4) 

(O.Oj f 0" 1) : *  "  )  >(x x , , x 1 # - t a j . 
\ 0 O Z 1 3 

Now we have the following: 

*  1 2 
Proposit ion 11 .2. Let r c (J2Z) (<SL(2,ZZ) be defined by 

T *  = { (m #n ; ( a *))/( *  * ) c r  ,m = | ( m o d l ) & n s % (mod 1)} . 
c a c a 4 o ° 

4c i 2 3 
Then T i s a normal subgroup of (^  Z ) X SL(2, 2Z), it acts tr iv ial l y on IP 

l ( z , T) * l ( z ' , T' ) < — * > ( z \ T » ) =Y(z, T ) for  some y tT* . 

Thus f col lapses the action of T on <C X H and car r ie s (C x H)/ r int o the 

3 
quarti c surface F in IP defined by 

„  4 4 4 4 
F : x^  + x*  = x + xo . 

o 3 1 2 

Proof. We give the proof in 6 steps: 

*  1 2 

(1). That T i s a normal subgroup of ( j  2Z) K SL(2, 7L) i s a stra ight -

forwar d verif icatio n using the fact that {*  ~|) I > j  , J ar e homomorphisms 
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fro m T >Z/22Z. 

(2) Note that I \ i s the least normal subgroup of SL(2, 2Z) containing 

L j ) : in fact, if N is the least normal subgroup in question, then the 

fact that N = r can be seen in several ways, v iz ., 

(i) Topological way: look at the fundamental domain for  H/ r  (cf. Fig. 4): 

let Y. * F , 1 < i < 6, be the transformations identifyin g in pair s of the 

edges of the diagram, namely, 

v ,1 -4v ,-3 -4x ,1 Ox , 9 - 4, ,5 - 4 , .,9 - 1 6. 
Yi  (0 l h ( 4 5 M 4 1} '  (16 V '  (4 -3} a n d ( 4 -7 K 

I t follows that r is generated as a group by these y ' s. On the other  hand, 
4 i 

1 -4 i t i s easy to see that the y , 2 < i < 6 , are conjugates of y = (n ) and 

hence N = r . 
4 

(ii ) Abstract way: recall that SL(2,Z£) is generated by a = r *) and 

b = ( ) and hence their  residues mod N generate SL(2, Z ) / N , and 

modulo N we find that 

a4 = b4 = 1 and b2 = (ab)3 = (ba)3 

2 2 
Clearly then b is in the centre and, mod b we have 

a4 =b2 = (ab)3 = 1. 

But this is a well-known presentation of the Octahedral group of order  24 

(cf. e .g ., Coxeter-Moser, Appendix Table I) . Thus 

(*) But r is not in general the least normal subgroup N containing ( n ) ! 

In fact, for  n £ 6, N is not even of finit e index I ! 
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#SL(2,Z)/N = 48 = # SL(2,2Z)/r4 . 

But N c T and hence N = T\ , as required. 

Combining the facts (1) and (2), we get: 

*  1 2 2 

(3) . T is the least normal subgroup of (- 2Z) KSL(2, 7L) containing 7L 

and (0,i,(J })). 

(4) f collapses the action of T : thi s is immediate since the same i s tru e 

for  the action of 2Z2 and (0, \ ;(*  *)) , as seen from the Tables O and V. 

Hence ft factors through (CxH)/r* . 

(5). Suppose f (z, T) = I (z1, T' ) = P, say. Recall from § 5 that for  T 

fixed, we have 
 «CX ( f } ) =<P2(ET) = C T C I P 3 

where C is the ellipti c curve defined by the equations: 

\ V o = a l X l  + a2x 2 

\ 2 2 2 
K x 3 "  V l - alX2 

< W V - (*o2o<0'  *>  *021(°'T)'  *10(°- T)) ' 

Also, C satisfies the further  equations: 

r  2 2 L 2 
a x - = a-x + a9xQ (*.) J ° l X ° 2 3 

K } 1 2 2 2 / a x"  = a^x - a„x 0 C o 2 2 o 1 3 

obtained by combining the 2 above equations. (For  certain limitin g values 

of the a.'s, lik e a = 0, a = 1, a = i; the firs t two equations become 
I  o l z 

dependent, but we can always find two independent ones in thi s ful l set of 

4 equations). 
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By assumption P c CT flC , . Now look at the 

Lemma 11.3. For  all T , T ! C H , the curves C and C , are either 

identical or  disjoint ; in particular , we have (by $ 10): 

c
T n C T , ^ < > y T ) =Y2(T' ) in IP2 

< * T1 = Y ( T) for  some y * T

Indeed, any point P = te, x-, x0,x0) on the curve C determines the 
O 1 Z O T 

curve completely because we can solve (*) for  the a.'s (upto scalars) in 

terms of the x. 's obtaining: 

%t 2 2 . 2 2X 
a2 = X ( x o X 2 + X 1 X 3 ) 

Thi s gives the a.'s in terms of the x.'s unless all the expressions on the 

righ t are 0, e . g ., when x- = X2 = 0. However, if we solve the 1st equations 

in (*) and (*') , we get: 

, 2 2 2 2 . 
a o = * ( x o X 2 - X l V 

<**' > ! \ ^ < x ^ 2 - X o x 2 3 > 

a2 = ^ ( x o - x J ) 

and there are no non-zero x.'s for  which all expressions on the right of 

(** ) and (**' ) are zero, hence the lemma follows. 

Coming back to the situation of step 5, we therefore get that 

Tf = Y (T ) f o r some Y « ^  N<>w lif t Y t o Y t r  and let y(z, T) = (zn, T ! ) . 

Then 

| ( Z \ T ' ) = l(z" , T«), i . e ., <p(z') =<p (z")c C 
2 l T 
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3 
But cp embeds the torus ET , in IP and so we must have z'-z"c A  t. 

Thus 3 5c r*  such that 6 (z" , T 1) = (z», T' ) and hence by (z, T) = (z«, T ! ) , 

as required. 

(6). Image l £ Surface F : thi s i s immediate beacuse squaring and adding 

the equations (*) , we get 

a o ( x
0

+ x 3 ) = ( a i + a 2 ) ( x l + X 2 ) ' 
2 2 2 

But from §5, Jacobi's identify (J^) gives a = a +a2 implyin g 

4 4 4 4 
x + xQ

 s x + x , as required. Thi s completes the proof of the proposition. 
o o 1 2 

As an immediate consequence of Prop. 11.2, we deduce the following: 
3 

Corollar y 11.4. The surface F in IP has a fibr e structur e over  the 

2 
conic A in IP . 

To see this; define a holomorphic map: 

TT: F >A, ( x o ,X l , x 2 , x 3 ) l > ( ao , a r a 2 ) 

by whichever  of the 2 formulae that gives ( a ^ a ^ a ^  t (°# °# °)# *  «

4 ^ 4 2 2 2 2 a = x .+ x_ a s x xf t - x, x0 0 1 2 o o 2 1 3 
2 2 2 2 2 2 2 2 

a« = x~x *  - x « x *  or at
 s x x0 - x xn 

1 o 1 2 3 1 1 2 o 3 
2 2 . 2 2 4 4 

a2 = x o x
2
 + X1X3 a2 = Xo *  X l 
4 4 4 4 (Using x + x_ = x + x0 , we see that the 2 sets of formulae agree and 
o 3 1 A 

2 2 2 that a = a- + a~ ). It i s clear  that the individua l curves C , cF can be 

recovered as the inverse images under  TT of the points ! (T )cA , On the 

other  hand, it i s also clear  that TT(F ) = A where F = Image f and 

A = (A-6 cusps). In other  words, FQ is a fibr e space formed out of the 

various curves C^ lying over  AQ. Furthermore , F0%(<C X H)/ r  . 
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We may summarise the discussion by the following commutative 

diagram: 

<CXH >(CxH)/r *  7 > F >Fc IP3 

fibre s 

H  > H / F  > A
0 > A c I P 2 

Thi s suggests the interpretatio n of H/r  or  A as a moduli space which 

we wil l take up in the next section. 

f 12. Interpretatio n of H/r  as a moduli space 

We are led to the interpretatio n of H/r  (or  more generally H/ r  ) 

as a moduli space when we ask: if T , T' € H, 

when are the complex tor i E and E , biholomorphic? 

Obviously, any biholomorphic map f:E > E T I ^ t s t o t n e i r universal 
0*0 

coverings <E , i ;e ., it i s induced by a biholomorphic map f : <C ><D 

such that (for  XcA ) 

~(z+X) = f (z ) + T ( \ ) 

where f̂  : A >^**  * s * n e isomorphism of the fundamental groups 

of E and ET , induced by f# Then the derivative f is a doubly periodic 

entire function of z, hence it is a constant, i . e ., 

F(z) = Lz + M 

for  some L , M e <C and therefore 

L(z+X) + M = Lz + M + y x ) 

i . e .. **(X ) = LX and multiplicatio n by L is a bijection from A onto 
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A . In particular , L t A , , or  L = c Tf + d for  some c ,dc 2Z. More-

over, L T C A , , i . e ., LT=aT ' + b for  some a,be2Z. Thus 

a f + b 
T "  c T'+ d " 

On the other  hand, L and L T must generate AT , which means ad-be = * 1 . 

But an easy calculation gives that 

Im( a T > + b ) = M - b c ) I m T '  = I m T # 

cT'+d Jc T '+d r 

So since T , T1 c H, we must have ad-be = +1. Thus we have: 

E » E < * T= Y T1 for  some veSL(2, 2Z). 

T T 

The converse is clear: if T= (a T' + b)/(cTf +d), define f (z) = (c t , +d)z. 

Note that f (A ) = A-, and hence f induces an isomorphism f:E >E , 

Therefore, we have proved the well-known fact: 

Proposition 12.1. Let T, T'tH . Then T = V ( T ' ) for  some y«S L (2 ,2Z) 

if and only if 3 a biholomorphic map f : E T ^ ^ T '  ^ r » ©Qui^lently , 
f Set of complex tor i E - modulo J 

K/SL(2,2Z)zl K 
(biholomorphi c equivalence J 

Now we ask: what then i s the space H/ r  ? 

Something stronger  than "biholomorphi c equivalence"  i s needed and it is 

done as follows: fix an n and consider  the 2 natural automorphisms of 

<C x H, namely: 

<xn : (z, T) I  >(z + n"*  T ) 

Pn : (z, T)» > < Z + T '  T) 

T T Observe that for  each T fixed,a and 3 induce automorphisms a , 6 *  n n r n n 
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T T 
of the toru s E _, i . e ., a and p a r e the t ranslat ions on E - by the 1 n n T 

2 genera tors of the group (of n-d iv is ion points) *  A J A - . Now we have the 

fol lowing : 

Proposi t ion 1 2 . 2. Let T, T ' f H , Then Tsy{t') for  some ytT if and 

only if 3 a biholomorphi c map f : E^  * E T » S^11* *  the commutat ive 

d iagrams: 

n 

- > E T , 

n 

-> E 

i .e . , 

aT o f = f o aT 
n n 

P ; ' 0 f ; 

Or , equivalent ly, 

Set of complex tor i E T modulo i somorph isms p reserv ing \ 
H / r n "  ) T T 

( the pair  of au tomorph isms a and 0 

Proof. Let f: E_ 
a bx - > E T , be a biholomorphi c map and y S L  d ) cSL(2,2Z) 

T ' ~T r *"  » ^c 

be such that T = Y ( T ' ) . Wit h L and M as above, we find that 

f o a T = a T ' o f <= = = = => L ( z + i ) + M = ( L z + M ) + l + \ , m 
n n u i i T 

c T ' + d - l . 
i  f A T ' <= = = = = => 

<= = = = = => c # d - l 2 0 (mod n) . 

L i kewise, 

r f o p ! -pT o f <= = = = = = = > L ( z + - £) + M = (Lz+M J + ^ + n c A - , 
n n n « T 

^ ( c T ' + d ) T-T*  . 
" ^  n «AT , 

, ( a . l ) T ' n 
«A T t 

<= = = = = = => a - l , b i 0 (mod n) 
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Thus both occur  if and only if yeT , as required. 

Let us look at the particula r  case n = 4: we constructed in the 

previous section a diagram: 

CxH ->(CXH)/I \ 

H -> H/r 

->F c F c lP o 

->A c A c I P^ 
o 

We can add to thi s diagram the auxiliar y maps a &  B, from C X H to 
4 4 

itself. If we define a\ &  0' on IP by 
4 4 

V  (xo'X l 'V X3) l" * x l ' x o ' X 3' " x2' 

3 4 : ( ) t " " > ( x 2 ' - i x 3 ' X o ' - i x l ) 

then I i s equivariant, i . e ., we have a commutative diagram: 

I 
«ExH)/r 

«D X H)/ r 

-> F. 

F 

K 

In other  words, to each a cA , we can associate the fibr e IT (a) c F 

plus 2 automorphisms res a' &  res 3' , and we have shown that distinct 

points a cA are associated to non-isomorphic triple s (TT~ a, res a ' , res 31) . 
o 4 4 

Thus (F ->A ; a' , ft.1) i s a kind of universal famil y of complex tori , 
0 4 * 

with 2 automorphisms of order  4 which sets up the set-theoretic bijection: 

A S o 

Set of complex tor i ET plus automorphisms \ 

aT, PA modulo isomorphisms j 

Mor e details on thi s moduli interpretatio n can be found in 

Deligne-Rapopart, Les Schemas de modules de courbes elliptiques, 
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in Springer Lecture Notes No. 34 9# Similar constructions can be carr ied 

through for all n, but the formulae a re much more complicated. 

§ 1 3. Jacobus derivative formula 

We now turn to quite a start l ing formula, which shows that theta 

functions give r ise to modular forms in more than one way. Upto now, we 

have considered £..(0, T) for (i,j ) = (0,0), (0,1) and (1,0). Since & (0, T)=0, 

this gives nothing new; however, if we consider instead 

* z U | z =0 

2 
which we abbreviate as £' (0, T ) , we find, e . g ., that &*AQ» T) i s a 

modular form (of weight 3 and level 4), etc. In fact, this is an immediate 

consequence of (Prop. 9. 2 and) the following: 

Proposition 13.1# For all T e H, we have Jacobi 's derivative formula, namely, 

(J2) : ^ ( 0 . t ) = . ^ ( o . T) #o i (o. T) #10(0, T) 

Proof. By definition, the Four ier expansion of £' (0, T) i s given by 

*  ' (0, T) = ~ ( E exp(Tri (n+i)2 T+2TTi(n+i)(z+|)) 
1 1 ° z n*2Z 

= 2TTi E (n+i) exp[TTi(n+l)2T+ni(n+i)l 
n c Z 

= 2TT E ( -Dn (n+i) exp ( ni(n+i) T) . 
nc2Z 

In te rms of the variable q - exp (TT i T), the local coordinate at the cusp 

ioo, we get: 

#  ( 0 , t) = - 2 T r C ql / 4 - 3 q
9 / 4

 + 5 q2 5 / 4 - ] . 
11 

So the formula (J2) reads as 

z=0 
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[ q ^ - S q 9 ^ B q M / 4 . 7 q4 » /4 + . .. 1  [!  2q+ 2q4
+2q V . . j ^ 

[l-2q +2q4V +...]Cq1/4
+q9/4

 + q
25/V..] 

which the reader  may enjoy verifyin g for  3 or 4 terms (we have taken the 

expansions on the right form page 1.16, $ 5 above). We may prove thi s 

as follows: start with the Riemann theta formul a (R1Q) above and expand it 

around the origin , getting: 

C "  2 - - , ti 2 _.  ,f 2 t nt 3 -

*oo+**oo *  + - " * 0 l + * # 0 1 y + - ] C V H o U + - - ] C * 1 1
v + i l v +-'-l 

+ W ; 1 ^ X V . . ] [ # 1 0 H # ; / + . . . ] C # 0 1 ^ # ; A - ^ I ^ + * C V 8 + - - - ] 

where x1 = i(x+y+u+v), y1 = |(x+y-u-v),u1 = i(x-y+u-v) , vx = i (x-y-u+v). 

3 
Now comparing the coefficients of any cubic term, say x , on both sides 

(the result i s the same for  all the cubic terms), we get? 

6 * l l *10V>o o = ar*oo*01*10*L l + 8 *oo*01*10*l l 

» oov01 10 11 8 oo 01 10 11 

Or , equivalently, 

0 . S L too *oi j 
* i l *oo *01 *10 ' 

But in view of the Heat equation 
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"fc2 - A  * 

the above is also equivalent to 

0 . ^ [ t o g * ^ . l o g ^ - l o g #M - log # 1 0 ] , 

o r ' i i / '  *LS. « is a constant function of T(on H). Lettin g T >ico. 
i i oo 01 10 

we see that asymptotically 

*/ i ~ ' 2TTexp (ni T /4) and t> * * ~2 exp (-rr i T /4 ) , hence the 
11 OO 01 10 

constant is -TT. This proves the formul a (J2). 

As a consequence of thi s formula , we have: 

2 
Corollar y 13,2. £» (0, T ) (besides being a modular  form of weight 3 and 

level 4) i s a cusp form , i . e ., it vanishes at all the cusps (since at each 
2 

cusp one of the 3 modular  forms £.. (0, T), (i, j ) / (1,1), vanishes). 

We shall find later  a large class of differentia l operators which 

applied to theta functions give modular  forms. However, only isolated 

generalisations of Jacobi's formul a (J2) have been found 

and it remains a tantalising and beautiful result but not at all well-

understood! 

§ 14. Product expansion of 0 and applications 

We shall devote the rest of thi s chapter  to discussing some arithmetical 

applications of the theory of theta functions. No one can doubt that a large 

part of the interest in the theory of theta functions had always been derived 

fro m it s use as a powerful tool for  deriving arithmeti c facts. We saw thi s 

already in § 7, when we evaluated Gauss Sums along the way in proving the 

functional equation. 
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We wil l divide the arithmeti c applications into 3 groups consti-

tutin g the contents of thi s and the subsequent sections. The firs t group 

consists in a set of startingly elegant evaluations of infinit e formal pro-

ducts which go back to Euler  and Jacobi. Their  connection with theta 

functions comes from the idea of expanding £(z, T) in an infinit e product. 

However, these product formulae are special to the one variable case. 

Since the zeros of *(z, T) break up into the doubly infinit e set 

z = \ + £f + n+m T; m , n c S, 

i t is natural to expect that 0 wil l have a corresponding product decom-

position. 

In fact, note that 

exp[TTi(2m+l)T - 2TTiz] = -1 <==>2Triz-TT(2m+l ) T  (2n+l)TTi,n %7L 

< >z = i (2m+ l ) T + l (2n+ l ) . 

Thi s suggests that £(z, T) should be of the form 

T T (1+ exp[TTi(2m+l)T-2tr iz] ) 
me2Z 

upto some nowhere vanishing function as a factor. To obtain convergence, 

we separate the terms with 2m+l > 0 &  2m+l < 0 and consider  the infinit e 

product: 

p(z, T) = 1 rj( 1+exP^i(2m+l)T-2mz])(l+exp[TTi(2m+l ) i+2TTiz] ) ) 

To see that p(z, T ) converges (absolutely and uniforml y on compact sets), 

we have only to show that the 2 series 

E exp [TTi(2m+l)T t 2 n i z] 
meZ£+ 

have the same property : in fact, if Im z <c &  Im T J> d >0, then 
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fexp [TTi(2m+l ) T t 2TTiz]|^  (exp 2nc)(exp -TTd)2m+1 

etc ., hence p(z, T) converges strongly. Clearly p(z, T ) has the same 

zeros as £(z, T). NOW we have the following: 

Proposition 14.1. An infinit e product expansion for  £(z, T) is given by 

(J3): *(z, T)=Y7( l -exPTTi(2m)T)y T £(l+exp[TTi(2m+l)T-2TTiz ] ). 

(l+exp[TTi(2m+l)T + 2niz])} . 

Proof. We writ e the right hand side as C(T)  p(z, T ) . Observe that the 

convergence of the function 

c(T) = | | (1- expTTi(2m) T) 
meIN 

i s immediate, and is noTwhere vanishing on H. On the other  hand, 

p(z, T ) has the same periodic behaviour  in z as £: in fact, we see that 

a) p(z+l, T ) = p(z, T ) (clear  from definition of p(z, T ) ) , 

b) P(Z ,+ T,T) = Y J d+exp [TTi(2m+l ) T - 2TTi(z+T)]Xl +exp[ni T-2rri(z+ T)]) . 
meIN 

y~{"  (l+exp[TTi(2m+l ) T+2TTi(z+T)] ) 
m e Z + 

= \ | (1+exp[Tfi(2m-l) T-2TTiz] ) texp(-TTiT-2rriz) # 

meIN 

(1+ exp[TTiT+2TTiz ] )} \ \ (l+exp[ni(2m+3) i+2TTiz]) 

= exp (-TTiT - 2tTiz)# p(z, T ) . 

Therefore, we must have 

(*) * (z , T ) * c ' ( t ) p ( z , T ) 
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for  some (nowhere zero) holomorphic function C' (T) . TO show that 

cf(T) = C(T), we wil l use Jacobi's derivative formul a (J ) from the previous 

section* In fact, substituting z+| , z+£ T , z +| + \ T for  z in (*) , we get: 

*  (z, T)  C'(T ) TTt(l-exp[TTi(2m+l ) T-2TTiz])(l-exp[TTi(2m+l)T+2TTiz]) } 
0 1 meZL 

* 10(z, T) = C'(T ) (exp TTi T /4) [exp n i z + exp ( -n iz )] . 

" f T {(l+exp[ni2mT-2iTiz])(l+exp[TT i 2m T+2TTiz]) } 
mclN 

0 (z, T) = ic'(f ) (exp rr i T /4) [exp TTiz - exp(-n iz)] . 

TT C(l-exp[ni2mT - 2TTiz])( l -exp[rr i 2m T+2rriz]) } . 
mclN 

Thus we get: 

*oo (0'  T ) = C ' ( T ) T T t1 + exPTTi (2m+l) T) 2 

me2Z+ 

, 2 
* A1(0, T) = C'(T ) T T (1 - exp TTi (2m+l) T) 

0 1 m eZ£+ 

*  (0, f) = 2C«(T) (exp TTi T /4) T" [ (1+exp TTi(2m) T) 2 

1 0 mclN 

-r- r  2 
£ ' ( 0 , T) - -2TTC'(T ) (exprriT/4 ) \ ] (1 -exp TT i(2m) T ) . 

1 1 melN 

(The last one is obtained by writin g 

*ll^ z*  T*  = f e x P n i z "  e xP (-TTiz)]f(z ) 

and noting that simply ^ ' ( 0 , T ) = 2TTif(0)). Now substituting into 

Jacobi's formul a (Jo)> w e £e t : 
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-2TTC(T)(exPTTi T /4) "[""" [ (1 - exp TTi(2m) T) 
mfl N 

S - 2 C « ( T ) 3 J T (l+exPTTi(2m)T) 2 ]~T (l-expni(4m+2)T) 
mcIN mcZT* 

c ' ( t r 

I  ( (l-expTTi(2m) T ) 
mcIN 

J T (l+exPTTi(2m)T ) T T  x ( l -exp TTi(4m+2) T) 
mcIN me2Z+ 

Now cancelling 2nd part of the denominator  against the terms in the numerator 

corresponding to m = 1, 3, 5 , . . ., we get: 

C'(T ) 
2 

J T ( l -expni(4m) T) 
mcIN 

| I (1+ expTTi(2m) T 
meIN 

Writin g l-exptTi(4m) T= (l+expTTi2m t ) ( l -exp Tri2m t) and cancelling gives 

2 

c'(*) 2 » T T d - exPTTi(2m) T ) = C(T) . 
mcIN 

But since lim C(T) = 1, thi s shows that 
Im T >co 

c(T)  f T ( l - exPTTi(2m) t ) , 
meIN 

as required. Thi s proves the formul a (Jo). 

Some applications: In terms of the variables q = exp n i t and w = exp TTiz, 

the formul a (J«) reads: 

2m 2m+l 2W ,A 2m+l -2X ,_ x r m ^m T~T/*  *mx T T f/ i x 2m+l 2W t , 2m+l - z .. 
(P ) : L q w = \ | ( l -q ) [ | {(1+q w )(l+q w )J . 

mtff i mcIN m «2 

An elementary proof of thi s strikin g identity can be found in Hardy and 

Wright , p. 280. Setting w = 1 and w = i respectively give equally strikin g 
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special cases: 

2m+lv
2 

(p9): z qm - T T W m > T T «*q2m+1) 
2 m c S me IN nic2Z+ 

(P3): z (-i)mqm2 - JT( i -q2 m)TT d-q2m+1)2. 
me2Z me IN me2Z+ 

However, the most strikin g variant of all ar ises when we look at 

* ! i (0*3 f ) : we have 
* "  » 2 

6 
* , ( 0 , 3 T) = (exPTTi/6)(exPTTiT/l2 ) ^ (1 + £ T , 3 T ) 

1 1 OO 

6 ' 2 

= (expTTi/6)(expTTiT/l2 ) T | (1- expTTi(2m) 3 T ) . 
meIN 

~J I  {(1-exp [TTi(2m+l ) 3TtTr i T ] ) ) 
mc2Z 

« (expTTi/6)(expTTiT/l2 ) J " [ (1-exp TTi(2k) T )-
keIN 

On the other  hand, we have 

* - ( 0 , 3 T ) = S exp[TTi(m+l) 2 3T +2TTi(m+I) i D 
\ . \ meZ  6 6 

D 

m 2 
= (exp Tti/6)(exp ni T / 1 2) Z (-1) exp TTi (3m+m)T. 

mf2Z 

Thus we get in terms of q: 

(P4) : Z (-i)m
q

3m2+ni= TTd-q2 m) 

me2Z me IN 

which was firs t proved by Euler. A final identity of the same genre 

i s found by returnin g to the formul a for  £ and substituting c( T) , we find: 
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* ' ( 0 , T ) = -2TT(exPTTiT/4 ) 7~J (l-exPTTi(2m ) T) . 
mClN 

But we have (from § 13) 

I V J O . T ) = -n(expTTiT/4) YL (- l)m(2m+l)(exp ir i (m2+m) T ) . 
11 mc2Z 

Thus we get in terms of q : 

(P5) : Z (-Dm(2m+1) qm 2 +m = 2 T T (1 -J™)3. 
m«2Z mcIN 

Combining (P.) and (Pj.), we deduce that 

t*l  x (0, 3 T ) f = 2 ^ - *» (0. T ) 
6 ' ? 

hence that £, (0, 3 T ) has value zero at all the cusps. It is the simplest 

£ , with thi s property . Among higher  powers, a, D 

[*  ^ O ^ T ) ] 2 4 =exp(2TTiT)yj  (1-expTTi(2k)T)24 

i s the famous A-function of Jacobi. The reader  can check easily 

fro m (Pr), (J2) and Table V that it is a modular  form of level 1. It is the 

simplest modular  form of level 1 vanishing at all the cusps! (P4) and (PJ 

are in fact the firs t two of an infinit e sequence of evaluations of the 

coefficients a , in: 
m, k 

2nuk - m 
JT( l -q 2 m) - Z am < k q 
m cIN m € IN 

discovered by I . Macdonald whenever  k is the dimension of a semi-simple 

Li e group! (cf. M. Demazure, Identites de Macdonald, Exp. 483, Seminaire 

Bourbaki , 1975/76; Springer  Lecture Notes No. 567 (1977)). 
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These results may perhaps be considered more combinatorial than 

arithmetical . They have interesting applications in the theory of the 

partitio n function p(n) : we refer  the reader  to Hardy and Wright , An 

Introductio n to the Theory of Numbers, Oxford University Press, 1945, 

Chapters 19 and 20. 
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$ 15, Representation of an Integer  as sum of squares 

The most famous arithmeti c application of theta series is again due 

to Jacobi and is this: let 

r k(n) « # { ( n 1 # . . .. i^ ) f2Zk / n2 + . . . + n2 = n} 

= number  of representations of n as a sum of k squares 

(counting representations as distinct even if only the order  or  sign is changed). 

Thus, for  instance, r 2(5) = 8 as 

5 « 22+ l 2 = 22 + (-1)2 « (-2)2 + l 2 - (-2)*  + (-1)2 

= l 2 + 22 = (-1)2 + 22 = l 2 + (-2) = (-1)2 + (-2)2 . 

In terms of q s exp ni T, recall that we have 

*(0 , T) - E qn 2 

nc 7L 

and hence 

*(o.T) k= Z .... T. q
ni+-+»l 

n,c2Z n. cZZ 
1 k 

= T r, (n) q 
n c Z + 

i . e ., £(0, T) i s the generating function for  these coefficients r,(n) . For 

k = 4, we have the following: 

Theorem 15.1 (Jacobi): For  ncIN, we have 

8 T, d if n i s odd 
d|n 

r  (n) - / 
 24 E d if n i s even. 

d|n &  d odd 
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Proof. One way to prove this result is to deduce it from infinit e product 

expansion of £, but a more significant way (the significance being in having 
4 

more generalisations) is by relating & to Eisenstein ser ies following Hardy 

(*) and Siegel . We proceed in four steps. 

(1). Eisenstein ser ies: the basic Eisenstein ser ies are the holomorphic 

functions 

E. (T) - Z 1-—£ - Z 4 . 
k m.ncZB ' m * + n T U A < r X k 

(m,n)^(0,0) x / 0 

Here k is a positive even integer, and k > 4 to ensure absolute convergence. 

In fact, as the lattice points a re evenly distributed, the sum 

behaves like the integral 

|x+iyl >1 

t dt). 

Note that if (a h cSL(2, 2Z), then: 
c d 

E ( a T + b) Z * 
k c T + d (m,n)^(0,0) [ m ( a J ^ ) + n ]K _ 

c T+d 
= <CT+d)k Z r 

(m,n)/*(0,0) [(am+cn)T+(bm+dn)] 

= (cT+d)k Ek(T) 

tt (x+iy|~ dx dy 

1-k 

(*) The proof given here was explained to me by S. Raghavan, and it follows 
an idea of Hecke. 
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2 9 
because the mapping from 7L to 2Z*  sending 

(m,n)t >(am + cm,bm +dn) 

i s a bijection. Moreover, it s Fourier  expansion is easily calculated: we group 

the terms as follows: 

Ek (T ) = Z TT  + E ( E , H F ) 
n / * 0 n m/0 ne2Z (m T+n) 

= 2 £ "1T + 2 E ( £ ; , xk ) (since k i s even) 
ncIN n k meIN n*2Z ( m T + n ) 

-2[C(k) + E ( I ^—r) ] 
meIN n e S (mT+n) 

(where C (s) is the Riemann zeta function). Already the terms in the 

parentheses are periodic for  TI  >T+1. To expand them, start with the 

well-known infinit e product expansion: 

sin rr  z = TT Z | | (1 - (- ) ) . 
neIN n 

Taking the logarithmi c derivative, we get: 

TTCO S TTZ 1 + y- / 2z * 

S i n TTZ " Z n c I N ^ 1 ^ 

(the series on the right converges absolutely and uniforml y on compact subsets 

in C ). Thi s can be rewritte n in a series which converges if Im z > 0 as: 

- i n (1+2 S exp 2ninz) - - i n * + e xP 2 " i z 

ncW l - e xP 2 n i z 

COS TT Z 

= L+ E (-4-+-!—) . z ^T z + n z- n neIN 

(The term in brackets cannot be broken up , otherwise convergence is lost). 
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Differentiatin g thi s (k-1) t imes, we get: 

-(2TTi) k Z nk'1 exp 2TTinz = ( - D ^ V - D l [-*-+ Z ( T ^ k *  — ^ J l . 
nfI N z nclN( z+n> (z-n)K 

As soon as k t 2, the term in brackets can be broken up, so we get: 

(*) : L 7- = ( I n exp 2TTinz). 
k n cZ <z+n) (k-l) i  n e I N 

Thus if k >2, we get: 

Xj^rtit v k-1 E ( T ) « 2 [ C ( k ) + Z ( ,1 j  t
 Z n exp2TTin(mT))] 

meIN [k~1K ncIN 

= 2 [ C ( k ) + ^ ~ ^ ( Z (Z n k " 1 ) e x p 2 i r i N T ) ] 
{k" lu NcIN nlN 

k 
= [ i ( k ) + i ^ l i L _ ( £ _ 1(n )exp2 t r inT) ] 

k +Vi 

(where a An) = I d = sum of k powers of all positive divisors of n), 
K d|n 

Thi s identity stil l remains valid even for  the case when k = 2 if only E 2 ( T ) 

i s summed carefully, i . e ., sum firs t over—n and then over  m, in which case, 

thi s calculation shows that it converges conditionally. In particular , thi s 

shows that 

li m Ek( r) = 2 C (k) 

Im T — > oo 

hence E ( T ) has good behaviour  at the cusps, and therefore if k > 4,E (T) 

i s a modular  form of weight k and level 1. Note that it s Fourier  coefficients 

are the more elementary number-theoretic functions o (n). Our  plan is 

ultimatel y to writ e £ (0, T) as an Eisenstein series related to E
2 ( T ) : 

4 
firs t notice that £ (0, f) is a modular  form of weight 2 whereas Eg does 

not even converge absolutely, so our  proof of the functional equation for  E2 
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breaks dovir '! However, recâ  that »f is only a modular form 

for r« 9; so what we can do is to: 

(2 .̂ Modify the Fisenstein ser ies E« slightly, 

thereby loosing intentionally a bit of periodicity but gaining absolute con-

vergence. Let 

EJ(T) - Z [ - ?- "  7^ 
1
 m ,ne2Z (2mr+ (2n+l)) ( (2m+l)T+2nr 

Since 

1 1 
(2mT+(2n+l)2 "  ((2m+l) t+2n)2 

(4m+l)T 2+(4n-4m)T- (4n+l) 
(2mT+2n+l)2((2m+l) T+2n)2 

Am + Bn < C 
(m2 + n 2 ) 2S

( m 2 + n 2 ) 3 / 2 ' 

we get that E 2 ( T) is absolutely convergent on compact sets. Moreover, 

if we sum over  n first , then both the series 

1 « and £ 
neZZ, ( 2 m *+2n+l)<5

 n e 2Z ((2m+l) T+2n)2 

are absolutely convergent and so: 

E J ( T ) = Z C Z 1 -*  - Z 1 -

m€2Z ne2Z(2mT+2n+l)̂  n e 2Z ((2m+l) T+2n)Z 

Let us now evaluate the inner  sums: 

(*) In fact, E 2 defined by conditional convergence, i s not a modular  form: 
cf. Weil, Ellipti c functions according to Eisenstein and Kronecker, 
Springer, 1976. 
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1st term ; 

-_ _i _ _2 
( i ) i f m = 0; E ,-7-^772 = 2 T l U - P 2 ) » 2 ( 1 - 1) | [  ( 1 . p 2 , 

n c Z * zn x '  p odd prim e p prim e 

£ . 

(ii ) if m > 0 ; E - - = i Z \ 5 
n fZ S (2m T+2n+ l ) 2 4 n c 2 [ ( m T + } ) + n r 

= -TT2 E nexp2TTin(mT+|) (by (*) ) 
neIN 

= -TT E (-1) n exp 2TTi(nm) T 
neIN 

(iii ) if m <0 ; changing m, n to -m, - n - 1, we see that the same formul a as 

above holds wit h -m instead of m. In other  words, for  m f 0, we have 

Z 1 7 = T T 2 E ( - D n e x p 2 n i ( | m | n )T 
n c Z ( 2 m T + 2 n + ir  neIN 

2nd term: 

(i ) if 2 m + l > 0 : E = -TT 2 E n exp rri n (2m+l) T 
ntZZ ( (2m+l)T+2n)z

 n c ] N 

(ii ) if 2m+l <0 : changing m,n to - m - 1, -n, we find that the same formul a 

holds wit h -m-1 instead of m. 

A s each of these can be summed over  m individually , we get: 

E * ( T ) = J - - 2TT2 E ( E ( - l ) n n exp 2n inm T)<-2TT2 E E n exPTTin(2m+l) T 

me IN neIN m c Z neIN 

= 2 - + 2 T T 2 E ( (E (-l)n+1n)exPTTiNT)*-2TT 2 E ( E n)expTTiN T 
4 NeIN n|N NeIN n|N 

N even gT odd 
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= ^ { 1 + 8 E 
NcI N 
N even 

[ n + En e E - n + I n + En lexp TTiNt+ 8 E ( E n)exp TTiN T } 
jn|N \ n | N n|N 1 NeIN njN 
n , N e v e X n o d d Nodd N odd 

L_ n \ n J 
. 2 

= - ^ - {1+2 4 E (( E n)expTTiNT)«-8 E ( E n) exp n i N T } 
4 N C I N \ n|N NcIN n|N 

N even \n odd N odd 

(where we have used the identit y 2 r - 2 "  -2 " , # . -2+1 = 3 t o conclude that 

E d 2 r - E E 2Sd + E d = 3 E d f o r  N = 2 ^ r > 0 a n d N odd). 
d|Nx l < : s * r - l , d|Nx d |Nx d|Nj 

(3) E (T ) i s a modular  form : 

A s an obvious consequence of the above, we have a functional equation 

for  E 2 ( T ) , namely, 

Moreover , we have: 

.*. 
E2<T+2) = E ( T ) . 

E * ( - - L ) E 
m, nc2Z (- ?H[L+2n+l) 2 

T 

! 1 
f 2m+l  n x2 ( z—+2n) J 

T 

= - T 2 ( I 
m, n c2Z (2n T - 2 m - l ) 2 ( (2 n+ l ) T - 2 m )2 

2 * 
T Z E 2 ( T + 2 ) 

because 

E*(T+2 ) = E 
m, ne2Z 2m T+4m+2n+l) ( (2m+l) T+4m+2n+2)2. 

and now replacing m by n and n by -2n - m - 1, we s ee that th i s sum i s 

p rec i se ly the previous one. 
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Thus 

E?(-X) = -f2E*( T ) 
2 T 2 

Thi s shows that E (T ) has the same functional equation as * (0, T ) 

for  the subgroup 1̂  g c SL(2, 2Z), namely, 

(*> E j ( a ^ . ) M - l ) C ( c T + d ) 2 E ^ T ) . 

Now modulo I \ , there are 3 cusps, i. e ., 

(p/qlpodd, q even }U{oo} , {p /q |p ,q odd} and {p/q[ p even, q odd} , 

or  oo, 1 and 0 for  short. Notice that the extra substitution T \  - — 
T 

in T carries 0 to oo. On the other  hand, by it s Foruier  expansion, 
1,2 

E^ is bounded for  Im «r£ c, so E has the bound for  a modular  form 
2 « 

at oo and hence at all rational points representing the cusps oo and 0. 

As for  1, we must expand E2 (- yr  +1) (in a Fourier  series ) as we did 

for  E and check that it s only terms are exp TTin N T , N > 0. But 2 

1 4.1 * = - 2 

^ ( 2 n + 1 > 
E (-JL+1) = r~ La i— n r-

2 T n ,mc2ZL(( 2 n + 1>T + 2 m ) ((2n+l) T+2m-l)2 

and thi s can be expanded in a Foruier  series just lik e E2 (T) . (In fact, 

since (2n+l) T i s never  0, there i s no constant term either). The 

conclusion therefore is that E (T ) is a modular  form. The final crucial 

step is the following: 

ftate that thi s identity at once implies the (4) E2(T ) = (TT 2/4)* oo(0,T)4 

theorem by comparison of the Fourier  coefficients. On the other  hand, 

to prove (4) i tseIndirect verification of Jacobi's theorem^ say the firs t 

£ 2 4 
10 coefficients r 4(n), shows that E 2 ( T ) - (TT /4) *OQ(0f T ) has a zero 

of order  10 at the cusp i oo, i. e ., that the meromorphic function 
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f = E9V* -n2/4 2 '  oo ' 
0*0 

on H/ r  has a zero of order  10 at the cusp ioo. But ?*  is zero only at 

the cusp 1, and there has double zero: so f can have at most 8 poles which 

i s a contradiction to # poles = # zeros unless f = 0. 

Thi s might be considered a lazy man's way to finish thi s argument! 

In fact, there are more elegant ways to go about: v iz ., 

(a) it i s quite easy to check that the space of modular  forms f for  T with 

l , <& 

the functional equation (*) in (3) above, i s one-dimensional. So merely 

£ 2 4 
knowing that the values of E and (TT /4)0 at the cusp ioo are equal 

& OO 

i s enough to conclude that they are equal everywhere; or, 
(b) one could note that E0 is zero at the same cusps where £ is. Hence 

z r oo *# 4 Eg/*  is bounded at all cusps, and so by Liouville' s theorem it i s a constant. 

Most important point here is to see the underlying philosophy of 

modular  forms: these are always finit e dimensional vector  spaces of 

functions characterised by their  functional equations and behaviour  at 

the cusps. Thus between functions arising from quite different sources 

which tur n out to be modular  forms, one can expect to find surprising 

identities! In particular , Jacobi's formul a has been vastly generalised 

by Siegel. We shall describe without proof Siegle's formul a in Chapter  II : 

i t shows that for  any number  of variables, certain weighted averages of 

the representation numbers r(n) of n by a finit e set of quadratic forms 

can be expressed by divisor  sums c  or  equivalently, that certain 

polynomials in the $ b a r e e<^ ual t o Eisenstein series. 
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5 16. Theta and Zeta 

The most exciting arithmeti c application of modular  forms, how-

ever, is one which is partl y a dream at thi s point: a dream however  that 

rests on several complete theories and quite a few calculations. The 

dream has grown from ideas of Hecke, taking clearer  shape under  the 

hands of Weil, and now has been vastly extended and analysed by Langlands. 

The germ of this theory l ies in the fact that the Melli n transform 

carries the Jacobi Theta function to the Riemann Zeta function and that in 

thi s way, the functional equation for  £ implies the one for  J . We want to 

explain thi s and generalise it following Hecke in thi s section, postponing 

Hecke's most original ideas to the next two sections. The Melli n transform 

M carries a function f(x) defined for  x eIR with suitable bounds at o 

and co to an analytic function Mf(s) defined by 

co 
Mf(s) = f f(x) xS ^ , a < Re(s) < b 

o 

and it is inverted by 

1 c+ico 
f(x) = -— j Mf(s)x" Sds, c e ( a , b ). 

c-ico 

I t i s just the Fourier-Laplac e transform in another  guise because 

x = expy carries -co <y< co to o< x < co, and in terms of f(expy), we 

have: 

co 
Mf(s) = J f(expy) exp (ys) dy 

-co 

which for  Re$-0 is the Fourier  transform of y | >f (expy) and, with 
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suitable bounds on f(expy) as y >"too, Mf(s) is analytic in s= u+iv 

when u is in the same interval (a,b). The usual inversion gives 

1 
f(exp y) exp cy =r—r~ \ Mf(c+iv ) exp(-ivy) dv 

2 TT 1 J 

c+ico 
f(exp y) = ~—— \ Mf(s) exp (-sy) ds, 

2TU J. 
C-lOO 

as asserted. In particular , apply this to 

f(x) = 2 I exp (-TTn2x) . 
n€lN 

Note then that 

2 
l+f(-ix ) = L expTTin x = £(o, x) 

nc2Z 

f (x) = * (o, ix) - 1 . 

As we have already seen (in $ 9), recall that 

| f ( x ) [< C exp (-TTX ) as x >co 

| f ( x ) | < C x " 2 as x >0 

Thus provided Re(s) >1, we have: 

M(*(o,ix ) - l ) (*s ) = 2 J ( I exp (-TTn2x)) x* S ^ 
0 ncIN 

Since thi s integral converges absolutely, interchanging the order  of land 

Z gives: 

M( "  ) (|s) - 2 Z ( y exp(-TTn2x) x * s ^ ). 
ncIN 0 
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In the n t n integral, we make the substitution y = rrn x, obtaining 

M( "  M i s ) =2 Z (TTn2) 2 y e x p ( - y ) y * S ^ 

2 T T ^ S( Z n - s ) T e x p ( - y ) y * S ^ 
neIN 0 y 

= 2TT"^ SC(s)r( is) . 

Thus we have the fundamental formul a (for  Re (s) >1): 

- i s ?° Ag Hx 
(*) 2TT  2 C W H i s ) - J (*(o, i x ) - l ) x 2 S 2  . 

0 

Thi s can be used to prove in one step the most well-known elementary 
properties of £(s): 

Proposition 16.1. The Riemann zeta function f(s) = Z n~s, Re(s) >1, 
neIN 

has a meromorphic continuation to the whole s-plane with a simple pole 

at s = 1 and satisfies a functional equation, namely, 

5(s) = 5(1 -s) where g(s) = TT 2 C(s) H i s ) . 

Proof, Recall that we have 

I  > 
*  (o, i/y) = y2 *>(o, iy), y elR . 

We use this in (*) above as follows: 

2TT- 2SC(s)r( is) = | Wo, i x ) - l ) x 2 S- T + j W o , i x ) - l ) x 2 S- ~ . 
1 0 

The firs t integral converges for  all se C and defines an entire function. 

As for  the second: 
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5 <#(o. ix) - 1) ** 8 £ - ( J *%i/2L) xi s £, . ( > . l d x 
0 X 0 x? x Jo 

= ( f#(o, iy )y* ( 1-8 )^)- | ; ( y = l ) 

= (f(*(o.i y)-i)y* (1-8)d/+T y
4(1+%- | 

1 J 1 

2 2 
= entire function - . 

1-s s 

Thus 

5(S) = T T 4 S C ( s ) r ( i s ) - - 1 - j i j + i f ( # ( o . t a ) - l ) ( x K X * ( 1 - , ) ) ^ 

which shows that g(s) is meromorphic with simple poles at s = 0 and 1, 

and is unchanged for  the substitution s i > l - s. Recall that T(s) has 

a pole at s = 0 and hence £(s) is analytic at s = 0# Thi s completes the 

proof of the proposition. 

Dirichle t series: The above considerations can be generalised as follows: 

fi x (for  simplicity ) an integral weight k > 0 and a level n > 1, and suppose 

that f(z), zcH, is a modular  form of weight k and level n. (N. B: we are 

replacing the usual variable T by z here). Then f(z) can be expanded: 

firs t we have 

f(z) = E am exp(2TTimz/n) 
meZ£+ 

because (*  n ) «T and hence f(z+n) = f(z), etc. We associate to f, the 

formal Dirichle t ser ies, defined by 

z ( S ) = E » m i » - " . 

meIN 

Then we have the following: 
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Theorem 16.2(Hecke): The Dirichle t ser ies Z f(s) converges(*) if 

Re (s) > k+1 and has a meromorphic continuation to the whole s-plane with 

one simple pole at s = k. Moreover, there is a decomposition of 

Modk = V + 1C V such that whenever  f e Vfi ( e= * 1), Z (s) satisfies a 

functional equation, namely 

(2^T ) S r ( s ) Zf ( s) = € ^ k " S ^ k - s ^ Z
f ( k - s ) -

Proof. Let us firs t find bounds for  the growth of the coefficients a : 

Lemma 16. 3. There exists a constant C such that 

| a m | <C mk , V m e I N , 

Proof. Let us evaluate the m t n Fourier  coefficient of f by integrating f 

along the line z = x+i/m, 0 < x < n. We have 

n 

J f(x+i/m) exp(-2nimx/n)dx 
0 

= Z l i ? e x p [2 T T i X ( x ^ / ^ ) - 2 T T i m x l d x 

# - 7 7 + n n n 

= n a exp(-2Tr/n) m K ' 

On the other  hand, by Remark 9.4, we have 

|f(x+i/m) | < CQ . mk for  m > 2 ( > 2/ 3*) 

for  some constant C . Thus o 

^  < I exp (2n/n) £ |f(x+i/m)|dx 

< exp (2TT/n) . CQ . mk 

< C. mk , Vm > 1, 

(*) In fact, it converges if Re(s) >k but we won't prove this. 
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as asser ted. 

Proof of Theorem 16.2. The convergence of Zf(s) is immediate for 

Re (s) >k+l (by Lemma 16.3). Now we relate f and Z. by the Melli n 

transform as before: 

CO 

M(f(ix ) -aQ)(s) = £ ( Z am exp (-2TTmx/n) . x1 

0 meIN 

s dx 
x 

co s dx 
= Z am ^ exp(-2TTmx/n) x -$- . 

mcIN 0 
Replacing x by y = 2TTmx/n in the m"1 integral, we find: 

co s 

M(f(ix ) -ao)(s) = I ^ exp(-y) ( j f - ) y s ^ 
mcIN 0 m y 

= <=r>s< ^ a m , n " , > T e x p ( - y ) y 8 ^ 
^ n meIN 0 

= ( ~ ) S Z . ( s ) r ( s)
2 TT I 

(Here we are assuming Re(s) >k+l and we can interchange the order of 

Z and J because the calculation shows that 

CO -D / \ 

Z j a m K exp (-2TTmx/n) x ~x<co^' 
m elN o 

Now since f (z) e Mod, , we see that g(z) e Mod where 

g(z) « ( f ) " k «- | ) 

Z b m exp(2TTimz/n), say. 
m e S+ 

But then we have: 

(Ttr ) S Zf (s) r ( s ) = M ( f ( i x ) " ao ) ( s ) 

= J ( f ( i x ) . ao ) x S f ^ ( f ( i x ) - a o ) x S ^ 
^ s dx r ,.,. x % s dx 
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1 0 

1 1 

Thi s shows that Z f(s) has a meromorphic continuation as asserted. Since 

T(s) has a simple pole at 8 = 0, Z (s) has a simple pole only at s = k. 

Finally , the map f)  >g obviously defines an automorphism of 
(n) (n) 

Mod' of order  2, so decompose Modk into the 2 eigen spaces 

V +1 = { g « f ] and V _ 1 = ( g = - f } 

and the above identity gives immediately the stated functional equation. 

Thi s completes the proof of the theorem. 

Examples of Dirichle t ser ies. What sort of Dirichle t series do we get as 

functions Z f(s) ? Here are 2 simple cases: 

Example 1. (Epstein Zeta function); Let 

f (z) = *(o, z) I exp (TT i (n + . .. + n2k.) z 

V " * n 2 k c 2 Z 

= Z r2k^ m^  e x p TT^ mz

m e 2+ 

We know that f(z) has a functional equation for  T. 2 including z \ >z+2 

and z \ > - ; and upto a root of unity in it s functional equation, it i s a 

modular  form of weight k and level 2, The associated Dirichle t series is 

Z  2 k(s) = I r 2 k ( m ) m - s= Z _ _ i _ . 
*  mClN nv...,n2ke2Z (n f+ . . .+n |k ) 

( a 1 , . . . , n2 k ) ^ ( 0 , . . . f 0) 
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Thi s i s the simplest Epstein zeta function. It i s a particula r  case of the 

zeta functions 

where Q i s a positive definite quadratic form and A is a lattice. 

I t follows from what we have proved that Z 2k^ s^  1S a mesomorphic 

function with a simDle pole at s = k, and has a functional equation for  the 

substitution s | >k-d. 

Example 2. (Dirichle t series associated to Eisenstein series); Let 

f(z) = Ek(z) = Z (mz+n)" k , ke2IN 
m, n$ZL 
(m,n) / (0 ,0) 

Recall that E, is an Eisenstein series introduced in the previous 

section. According to the calculations made there of it s Fourier  expansion, 

we have 

Z F (s) = c, Z ak-i(m) m where at (m) = I d , c =2 . . 
k KmeIN d|m K ( k " 1 )-

On the other  hand, we have 

C(s)C(s-k+l) = Z m~* n'***' 1 

m,neIN 

z 
m,n elN 

Z n "  . (mn) 

Z ok^(l)A S
0 

XelN 

Thus 

Z E k
( s ) = V C ( s) C<s- k + 1 )

We can now state the central theme of the dream referred to at the 

beginning of thi s section: it is to say that the class of Dirichle t ser ies that 
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arise naturall y in arithmeti c (viz., Artin' s L-series attached to finit e 

representations of Gal(Q/Q), Hasse-Weil £ -functions attached to algebraic 

varieties over  ® by considering their  points mod p, and generalisations 

(*) thereof ) is the same as the class of modular  form Dirichle t series Z f 

plus their  generalisations associated tooerfeun types of modular  forms^ 'i 

Now by their  very definition , every arithmeti c Dirichle t series is equal to 

an Euler  product: 

Z(s) = I I (rational function of p" S). 
primes p 

A pre-requisite for  the coincidence of the 2 classes is that ZJs) has an 

Euler  product for  a set of modular  forms f spanning Mod : thi s is the 

main point of Hecke's further  ideas that we now tur n to (in the last 2 sections 

of thi s chapter). 

(*) cf. J. -P. Serre, Zeta and L-functions, Arithmetica l Algebraic Geometry: 
Proc. of a conference held at Purdue University (1962), Harper  &  Row, 
Publishers, New York , 1965. 

(** ) cf. A, Borel, Formes automorphes et ser ies de Dirichlet , Seminaire 

Bourbaki , 1974/75, Exp. 466; Springer  Lecture Notes No. 514,1976. 

As Serre has explained to me, for  the Dirichlet series Zf to be part of this dream, 

one wants to put some restriction on the eigenvalues of the invariant differential 

operators acting on these forms, e.g. most of Maass' non-holomorphic forms are 

not included. 
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§17. Hurwitz maps 

Let us describe abstractly the group-theoretic background to theta 

functions and modular forms: 

(a) for a complex torus, we have: 

(i) lattice A acting on C by translation 

(ii ) the orbit space E = <C/A 

(iii ) functions on <C , such as £(z), automorphic for the action of 

A, i . e ., periodic upto a factor e,(z), \ « A . 

The basic idea in unwinding the function theory of E is to shrink the lattice 

A to AA, vary the function £ (z) to the functions £ \SZ)> giving a n interplay 

of the group-theory and the function-theory. A key fact here is that when the 

automorphic equation 

(*) f(z+X) =e (z)f(z) 

i s required only for XeiA, then g(z) = f(z+^i) for n in the larger lattice 

1-A again satisfies (*) for all X e i A . Shrinking A further, eventually t rans-

lations with respect to all points in $. A a re incorporated in the function-

theory. 

(b) for modular forms, we have: 

(i) SL(2,2Z) acting on H 

(ii ) the orbit space H/SL(2,2Z) 

(iii ) modular forms on H# 

As before, we can replace SL(2,2Z) by the smal ler groups T . Then in place 
n 

of the one Riemann surface H/SL(2, 2Z), we obtain a whole tower of Riemann 

surfaces, namely: 
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I J I 

The group SL(2, 2Z)/T = S L ( 2 , Z / n Z £) acts on H / r  and on the basic 

function-theoreti c entity , namely, the rin g Mod of modular  form s of 

level n. 

However, notice a difference here: we are not enlarging the group SL(2,Z). 

Just as Ac j j . i l , a lso SL(2,Z) c SL(2,Q). Actually i t i s be t ter to think 

of SL(2,2 :) as G L ( 2 , 2 ) + , the elements of G L ( 2 I Z ) wit h posit ive determinant. 

Then SL(2, 2Z) c GL(2,Q)+ i s a bigger  enlargement of "integral "  by "rational " 

e lements. To incorporat e GL(2,Q) int o the picture; note that y€GL(2,Q) 

does not map any H/ r  to i tself unless YT y - F which occurs 

only in the tr iv ia l c a s e s, i . e ., Y (a ) cSL(2, 2Z), a c Q, Instead, what occurs 
0 a 

i s that v r  Y"  c r  if n = (ad-be) m where n m 

Y ( o k '  = (c d> : a . b ' c ' d e Z . ( a .b . c .d) - 1 . 

We therefore get a new map which we call a Hurwit z map: 

T : H / r  > H /v r  v"/ 1 r - ^ H / r 
Y n / T i n Y (canonical ' m 

covering) 
z 1 > Y Z 

acting "sideways"  on our  tower. In view of the elementary divisor  theorem> 
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the new maps are all composit ions of SL(2, TL)/? acting on H/ r  and the 

basic maps 

T #= T : H / I \ > H / r 
t y ' in ' n 

given by translation by y = (n * ) *  * Tl > ^ T# 

Hurwit z studied these in the for m of the "modula r  correspondences", 

i . e# , we have 2 maps: 

hence we can consider  the image 

H/r x »cjec(H/r 1)x(H/r 1) 

Clearl y C £ i s just the image in (H x H)/ ( r  x T J of the locus of points 

(T , X T ) in H x H. It i s called the I modular  correspondence. If H / r 

i s taken as the moduli of complex tor i , then it i s easy to check the following: 

Proposit ion 17 .1. Let T , T e H# Then 

i 3a covering map TT : E ^^ > whose covering 
1 2 

group i s translations on E by a cycl ic group of order  I 
T l 

Currently , the most fashionable approach to thi s new structur e i s to 

consider  the inverse limi t 

#.u»_H/rn 

n 

of all the Riemann surfaces in the tower. Thi s i s not the same as H just 
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as the real lin e 1R i s not the same as the compact abelian topological 

group (Solenoid) 

l i m "R/nZ Z 

n 

i . e ., the induced map H - i s not even bi ject ivej 

The importan t point i s that the Hurwit z map 

T : H/r  , x >H/r 

Y n(ad-bc) ' n 

between different spaces passes up through the tower  and induces a b i ject iv e map 

T of ^ to itself. Thus GL(2,Q) acts on the space T( . 
Appendix: Structur e of the inverse limi t ^y » 

(1) F i rs t ly , Ji has a kind of algebraic structure . In fact, H / r  i s 

canonically an affine algebraic curve: abstractly thi s i s because we can 

compactify i t by adding a finit e set of cusps, and a compact Riemann surface 

has a unique algebraic structur e on it . Concretely, if n = 4m, we consider 

R n the rin g of holomorphic functions 

f /<*oo*0lV 2k '  f e M o d l n > 

which can be character ised as the T -invarian t functions with "finit e order 
n 

jDoles"  at the cusps. Then H / r  i s the maximal ideal space of Rn . If 

n = i m , t h e n Rm , RX<=R . Let 
p ( holomorphic functions f on H invarian t for  some Tn and 1 

(K = U Rn = | \ 
n n ) \ 

( which have finit e order  poles at the cusps. ) 

Then J{ i s isomorphic to the maximal ideal space of ^ , i . e ., Jjf i s 

the scheme Spec 6L - {generic point } , i . e ., Spec (^  minus i t s unique non-

closed point corresponding the prim e but not maximal ideal (0). (Notice 
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that (jf(^  is a "non-Noetherian Dedekind domain M)# 

(2) Adelic interpretation : let us firs t recall the concept of adeles: 

the rin g of rational a d e l e s .̂ is by definition 

the subring of the product E x Q of elements 

> 
P 

p prim e A -
^ ^ ~ ^ (x ; x2, x „ , . , , , x , . . .) such that x cZ for  all 

but a finit e number  of primes p 

where 2Z is the rin g of p-adic integers in the field Q of p-adic numbers. 

Jft. is a topological ring , if a basis of open neighbourhoods of 0 is given by 

U c j [n (p ) r  ((xa>: — V " , l | x « > l < e ' V p n < P ) V p } 

for  various c>0 and sequences (n(p)} of non-negative integers such that 

n(p) = 0 for  all but a finit e number  of p's. We embed Q in A diagonally, 

i . e ., as the subring of adeles (x ; . . , , x , . . .) such that x = x = a/b c Q 

for  all p. Thi s makes Q into a discrete subgroup of J\ because if a /bcQ 

and a/b| is small, then some non-trivia l prim e occurs in the denominator, 

so p-adically a/b t ZZ . 

The adeles frequently arise in studying inverse limits . The simplest 

case is the solenoid mentioned above: 

Proposition 17.2. There is an isomorphism of topological groups: 

(*) : lim B / n Z : « A / Q 

neIN 

Proof. Let n =TTp be the prim e decomposition of n eIN. Define a 
p 

subgroup K(n) of A by 

K(n)={(0 ; . . . , Xp , . . . ) / xp e pn ( p ) 2 Z p , V p 3 . 
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Then K(n) i s compact and OK(n) = (0), hence 
n 

A » l i m A/K(n) . 

Therefore, 

A / Q « lim A / («+K(n ) ) 

<n— 

Now (*) wil l follow once we verify that the map 

(*) : E/nZZ >A / ( Q + K(n)) 

given by 

x i > ( X ; . . . , 0 , . . .) 

i s an isomorphism. Thi s map makes sense and is injective because 

( n ; . . . , 0 , . . .) = ( n ; . . . f n , . . .) + ( 0 ; . . , l - n l . . i ) «Q + K(n). 

Surjectivit y follows immediately from: 

Lemma 17. 3 (Approximatio n for  Q) : Given a finit e set S of primes, integers 

n(p) > 0 and p-adic numbers a €$ for  peS; there exists a rational number 

a eQ such that 

(i) a ^ c p ^ ' a ^ V p . S 

(ii ) ac2Z for  all p^  S. 

The reader  may enjoy checking this. 

Thi s example should serve as motivation for  the more complicated 

adelic interpretatio n of jf£ . For  this we consider 

ft'  =GL(2,Q)\GL(2,A)/K 00 . Z ^ 
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where K and Z ^ are the subgroups of GL(2,A) of matrices 

X M X ^ . ^ X p , . . . ) given by 

cos 0, sin 8 
X € K < X =( . a J and Xn = r Yp 

oo oo - s i ne, cos 0 P 2> K 

and 

X e Z < > X ^ ={Xoo ° ) x e B*  and X =1 Yp . 
00 0 X co P 2' 

00 
Note that determinant gives a map 

det :#' X l f ^ / H *  = A*/**.* " . 

Vsing the unique factorisation of a fraction a /bcQ , namely, 

./b-tti) T T P
n(p) 

p prim e 

where n(p) c 7L and n(p) = 0 for  all but a finit e set of primes, it i s easy to 

see that 

A*/«*.K ^ I T ^* 

p prim e 

which is a compact totall y disconnected space. Now we see that the connected 

components of <fC' are contained in det"  (a), a e<A /Q  R . Define 

GL(2,A) ° = {XcGL(2,A) |detXeQ*. IR > } 

5f£' =GL(2, Q)\GL(2,A)°/K oo.Z (x> = det" 1(l ) 

Then 2£' is in fact connected as a corol lary of: 

Theorem 17.4. $£z $(' and in thi s isomorphism T becomes 

righ t multiplicatio n by 

A
Y

 = (I2 J Y » . . . # Y . - . -) 
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( i . e ., identity on the infinit e factor  and righ t multiplicatio n by y on the finit e 

factors). 

Proof. An easy generalisation of the proof of Prop. 17.2: we need the 

Lemma 17.5 (Strong approximation for  SL(2,<8): Given a finit e set S of 

primes p, integers n(p) and matrices X c SL(2, <J ), p c S; there exists an 

X«SL(2,Q) such that 

l+pn(P>a , pn ( p V 
(i) X = 

/ l V ( P ) a Pn^b p \ 

\ Pn(p) cp , iy (p)d pf xp f o r suitable VVvW»-

(ii ) X €S L ( 2 ,Z ) for  all p { S. 

(For  a proof see Lemma 6.15 in Shimura's : Introductio n to the arithmeti c 

theory of automorphic functions, Tokyo-Princeton, 1971). 

We now analyse Jf '  in a series of steps: 

Step I: The natural map 

(*) SL(2,«>)\SL(2,A)/K a> >GL(2,Q)\GL(2,A)°/K o o.Z oo 

i s an isomorphism. 

I t i s clearly surjective because modulo suitable elements (a'  ) in 

GL(2,Q) and ( °° ) in Z^ , we can alter  any X in GL(2,A)° unti l it s 
*co 

determinant is 1. To see injectivity , say X ,X cSL(2,A) have the same 

images, i . e ., 

X, =AX 0BC for  suitable A €GL(2,Q) , BcK , C eZ . 
1 Z CO ' 00 

But then we get: 
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1 = det A, det C. 

*  > 
On the other  hand, we know that det A cQ , det C elR but these two have 

nothing common in jf\^  . So det A = 1, i . e ., AeSL(2, Q), hence det C = l , i # e# , 

C = ( i ( J J ) ; . . . , I 2, . . .) 

Thus C € K . Thi s means that X and X define the same element in 

SL(2,Q)\SL(2,^)/ K , as required. 

Step II : For  neIN, let n =TTp r  P . Define a subgroup K(n) of SL(2,A) by 

P 

K(n) = C ( I 2 : . . . . X p , . . . )/Xpe SL(2, 2Zp) Vp and 

- pr(p)^p \ 

Then it is easy to check that K(n) i s a compact subgroup of SL(2,A) and that 

0 K(n) = [ 1 } . 
neIN 

Consequently, using (as before) the fact that SL(2,A) = lim SL(2,i\)/K(n) , 
*~n 

we get: 

I**) : SL(2,Q)\SL(2,^|/Koo ^ > lim SL(2,<B\SL(2,A)/Ka). K(n). 
"*  n 

Step HI , The natural map 

: r n\sL(2,IR)/K ot ) >SL(2,Q)\SL(2,^)/KQ0. K(n) 

induced by the natural inclusion SL(2,1R) C—-> SL(2,A) given by 

X I > (X ; . . . , I 2 , . . .) is an isomorphism. To see this: let us writ e 

SL(2,Af) ={X€SL(2,A) |xTO = I 2>, i . e ., the 2X2 matrices formed from the 

"finite "  adeles. Then strong approximation (Lemma 17, 5) says that 
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SL(2,A f ) =SL (2, Q ) . K(n) 

hence the map in (*' ) above i s sur jec t ive. A s for  i t s inject iv i ty : let 

X 1 , X 0 c S L ( 2, R) have the same image, then for  some A c S L ( 2 , Q ), B e IC , 
1 ct CO 

C e K(n) , we have 

(X . ; # , . , l o , # . ») = " ( A  0 , , In  v'Qry' » 2  ' 2'* , # # ' 

' ( A X ^ ; , , , , A C p J „ , ). 

Therefore Vp, we haveAC = I 2, hence A = c"  cSL(2, 7L ) and A M^mo d p r ( p ) ) 

where n = p r ( p r i wit h p f n . Thus A c H S L ( 2 ,2 Z) = SL(2,7L) and hence 
o ' o p P 

A e T . Since X , = AX 0 B _ , X- and X 0 define the same e lement in 
n 1 * <x> l L 

r n \ S L ( 2 , R ) / K a ) as requi red . Final ly : 

Step IV . H « S L ( 2, 1R)/K because SL(2,1R) ac ts t rans i t ive l y on H and K ^ 

i s the s tab i l i ser  of i eH. Thus we get: 

^i  = l i m T \ H S Um T \ S L ( 2, H J / K ^ 
<n~ n ^T "  n 

- l i m SL(2,0j \SL(2,J^)/K O C ) .K(n ) (by (*' ) 

n 

S S L ( 2, <&f^U2,//\)/ K
00 (by (**) ) 

S G L ( 2 . « ) \ G L ( 2 , A ) ° / K o o . Z o o (by (*) ) 

o 

as required . 

Last ly , to check the act ion of T on Jf : i t i s c lear  that i t suf f ices 

xo 
t o check for  the bas ic ones T ^ , i . e ., when y = (0 i) *  J*  IN. Now look at the 

righ t t ranslat ion on jx defined by (. . ) , i . e ., 
o 0 * 
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(X oo;...,Xp,...). ><Xa>:-".y 5 J )—) 

Thi s is the same as 

,1 0 , v , *> ° v ,1 0 xY ,1 0, 

which in thi s form carries SL(2,^) to itself. Restricting thi s to SL(2,1R), 

the action is 

IXooi — V - '  > ( ( o 0
/ - * ) X o ° : - - ' * I 2 " " ) 

and acting on H thi s is the map 

Tf >Jt T , T= XOT(i ) 

defining T^ . 

Thi s comples the proof of the theorem. We give a 3rd interpretatio n of { : 

(3). J\ as a moduli space: we state the result (without proof): 

Isomorphism classes of triple s (V, L , cp) where 

- I V = one dimensional complex vector  space 

L = Lattic e in V 

cp = an isomorphism : — \— >(§;) of "determinan t l " 

To explain "determinan t l "  : note that the complex structur e on V orients V 

and enables us to distinguish "orientatio n preserving"  bases of L , i . e ., those 

bases e , e2 of L such that if iej  = aej+beg, then b > 0. Any two such bases 

e.,^2 and f^f o are related by 

f = ae1+be2 &  f2 = ce^deg 

with ad-be = 1. Any such basis gives us an isomorphism 
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Now cpoqT i s given by a 2 x 2 matr i x ( ) wit h en t r ies in Hom(<tyZ;,Q/Z£ ) 
o z t 

(which i s wel l -known t o be A*, the r in g of f init e ade les ). The requ i rement i s 

that x t - y z = 1. In th i s model of ^ ? , T^ i s the map (V, L , cp) > (V , L*,cp' ) 

where L ' c Q . L *  i s given as the inverse image of <X7L\7L X (0)) in (Q/5Z) 

under  the map 

<fcL
 n a t - " * ? » Q . L / L —->{<H/2Z)2 

and cp1 i s given by 

Q . L / L ^ > (Q/2Z)2 

Q . L ' / L ' 5 > (Q/ZS)2 

§ 18. Hecke operators 

We shall now study the act ion of the Hurwit z maps defined in the prev ious 

sect ion on funct ions. The s imp lest way to define th i s act ion i s to cons ider 

Mod = U Mod^ n) . 
k ne IN k 

These ar e modular  fo rm s of indefinit e level: the rat i o of any two functions here 

i s a function on <j£= l i m H / r  # Now GL(2,Q) ac ts on th i s vec tor  space by 
< n + 

n 

f *—>fY where f Y (T ) = (cr*-d)~ k « ^ g - ) . 

Thus, in the l imi t , we jum p up f ro m having an act ion m e r e ly of a quotient of 

SL(2,2Z), to having one of GL(2,Q) . Th i s act ion has been much studied of 
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late in the context of the decomposition of GL(2, j ^  acting on 

L (GL(2,Q)\GL(2,A)) . Hecke looked however  at the reflection of thi s group 

action on Mod, : take any ycGL(2., 0), » a n v ncIN ; then decompose I^Y ^ 

int o disjoint T left cosets: 

(*) rn Yrn = (rnYl)U(rnY2)U... U(rYt). Y.€GL(2, QJ+ . 

Lemma 18,1. The number  t of the cosets in (*) above is finite . 

Proof, Let I c IN be such that 

and let m = ad-bc. Then we know that yT Y c T , hence yT c^ nY

So if T = U IL ^  6., 6. c l \ , then we have: 
"  l < j S r  n m J 1 n 

r » »r »\ U ' V r j . c U rnY6 
l £ j < r  J l £ j < r  J 

and thi s proves the lemma. 

Lemma 18. 2. Let Y#Y. be as in (*) above. For  feMod , let 
i * 

T*(f) = I fY3# Then T*  (f) e ModJn) (i. e ., T*  is a map of Mod[ n) to 
Y  1 ^ j ^ t Y Y k 

itself, called the Hecke operator  associated to Y cGL(2,Q) ). 

Proof. We have only to check the T -invariance of T (f): so let ft c T , then 

fro m (*) above, we have: 

hence for  some permutation a on { l , . .  , t } and for  some ft. cT , we get: 

T j  i T a ( j ) 

But then we get: 
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(T*  (f))6 = ( I fY3 )'  = S f V =E fV»0> = £ fY0<J> = T *  (f). 
Y i i j  j  Y 

as required. 

Thi s procedure i s best i l lustrate d by the followin g basic example: 

Lemma 18. 3. Let p be a pr ime . Then the followin g 3 sets are the same: 

[ XeGL(2,Q) /X integral &  det X=p] the double coset S L ( 2 , S ) (*  °)SL(2, 2Z) 

~\SU2,ZZ)(P ) U SL(2,2Z)(*  j )((= union of p+1 left cosets) 
L ° 0<j<p-l  PJ 

Proof. Let GL(2,Q) act on row vectors (a,b) by righ t multiplication . Then 

2 2 

an integral X wit h det X"  = p, car r ie s 7L onto a sub-latt ice LC2Z of 

index p. Moreover, 7L .X - 7L #X if and only if 2Z - 7L , (X..X ) or 

X 1X" 1eGL(2,2Z). Since det ( X ^ ' ) = det X /det X o = l ,X 1X <" 1eSL(2, 2Z). 

Thus we have an isomorphism 

SL (2 ,Z ) \ {XeGL(2 ,Q) /X integral &  det X=p) ~ [sub-latt ices L c Z 2 of index p } . 

2 
But such an L necessar i ly contains p2Z , so i t i s determined by a 1-dimen-

2 
sional subspace L of (2Z /pS) . There are p+1 of these and the corresponding 

L' s are the span of 

{(i,o),(o,p)},{(i,i),(o,p)},...,{(i,p-i),(o,P)}&  {(P,o),(o,i)}. 

These ar ise fro m the X' s respect ively given by 

(i \(i b <*  P - 1 ) * ^ ° > . 

O p O p O p 0 1 

Thi s proves the equality of the 1st and 3rd se ts above. On the other  hand, 

for  any L c Z Z 2 of index p, 3Y1eSL(2,ZS) such that L. Y = span of ((1, 0), (0,p)} 
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o 
and hence, if XcGL(2,Q) is such that L = 7L .X, then we get: 

2Z2.X = 2Z2(*  p ) . Y ^ or  X = Y ^ °) Y~* for  some Y2cSL(2,2Z). 

Thus the 1st and 2nd sets are equal. Thi s proves the lemma. 

Thi s lemma enables us to explicitl y compute the Hecke operator 

*  * (1) T - n ( = T for  short) : let f e Mod' , i . e ., f is a modular  form for  the 
(I  U» p K 
0 p' 

ful l group SL(2, 2Z), and let the Fourier  expansion of f(«r) be given by 

f(T) = Z a exp(2TTinT). 
nc2Z+ 

* 
Now by definition of T (cf. Lemma 18.2), we have: 

( T * f ) ( T ) = f ( ( ) 1 ( T ) + Z f ° P ( T ) 
0 * j <p - l 

=f(pT)+p k[f(T/p)+f((T+D/p)+ . . .+f(( l+p-l)/p) ] 

-k 
Z anexp(2mnpT)+[ Z anp . ^ 

neZZT ne2Z 

^  Z exp (2TTinj/p) . exp (2TTin T ) ] 
0< j<p - l 

= L a exp(2TrinT)+p ( Z a exp 2nin T ) 
n e S+ $ n e ^ p n 

p|n 

= Z b exp(2nin T1 
ne2Z+ n 

where 

(*) : b 
p . ap n if pfn 

P1 _ k»pn+ an i f P l n 

P 
An immediate consequence of thi s formul a is the: 

Corollar y 18.4. For  all primes P j ,p 9 , the operators T and T commute. 
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Indeed, if 

(T*  (T*  f))(T) = Z A c exp(2TTin T ) 
P2 Pi  n.e2Z+ " 

then we have 

, P 2 ' \ , „  U* 2<» 
c = ,' 

2 p2 

^ 2 " k p i " k a p l P o n tt  P2 ^ n a n d Pl^ n 
PlP2

r 

' ^ ' k ^ ' k V / a P 2 | - i
) l f P2 ^ » P l ' n 

1 -k # 1 -k \ . 1 -k .r , > 
>2 (Pl  a

P l p 2 „ ) + Pl \ ^  « P2»n- PJ n 

1 P2" k ( Pl" k a
P lP2n + V n} + Pi" '  ap n - _ n _ * W » 

1 2 2
P l

 P l ^  P l P 2 

= symmetric in p and p0, as required, 
1 * 

Therefore, we can expect to find simultaneous eigenfunctions f for  all T # 

In fact, suppose that 

, i ; ' - p 1" k V ' Y p 

Then substituting in our  formul a for T f, we find: 

a a = ^ n 
if pfn 

p n k-1 

ap n + P a a i f P l n 

Clearly , these formulae enable us to solve recursively for  all an as a 

polynomial in the a 's times a , They are best solved by going over  to 

the Dirichle t series 
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Z.(s) = I a n 8 . 
f neIN n 

Mor e precisely, summarising the discussion above, we have: 

Proposition 18. 5. (Hecke): Let feMod with it s Fourier  expansion 

f(T ) = E an exp(2TTin T ) . 
n e Z + 

Then the following statements are equivalent: 

-(k-1) 
(1) f i s a simultaneous eigen function of eigen value a . p for  the 

* 
Hecke operators T ,p prime, 

(2) for  all n eIN, we have 

fapn i f pf n 

a a = ) P n < k-1 .. , a +p a if p n [ pn ^ n K ' 
P 

(3) the associated Dirichle t series has an Euler  product expansion, namely, 

s , K- i -* » " 
. i + D . D ) 
P 

I  annS = Z f(s) = a. . T T ( 1 -a p s + p k ~ \ p 2 S ) 
TKT "  * 1  P 

n eIN p prim e 
(In particular , for  such an f, the Fourier  coefficients a , n > 0, are deter-

mined completely by a«), 

Proof, We have seen that (1) = = = = = =>(2) and it is a straightforwar d 

verificatio n to see that (3) = = = = = = => (1). Assuming (2), (3) follows once we 

show that for  any prim e p and any q c IN, p {q , we have: 

( l - a D p S + p K - \ p Z S ) ( I a ns) = I a 
p nelN,(q,n) = l n

 n eIN, (pq,n)=l 

Let us calculate the expression on the left hand side, i . e ., 
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L a n - I a a (pn) + T p a (p n) 
(q,n) = l n (q,n) = l P n (q,n) = l 

Z an n ' S- Z apan (pn)" S- Z a
p

a n ( p n ) ~ + T P ~ am ( p m ) " S 

(q,n) = l (q,n) = l (q,n) = l m=np P~ 
p{ n p |n (q, m) = l 

= Z an n _ S- I ap n (pn)" S- I (a +pk _ 1aa)(pn)" S+ Z p ^ a ^ p m ) " 8 (by (2)) 
(q,n) = l (q,n) = l (q,n) = l P P (q,m) = l F̂~ 

p f n p )n p |m 

Z a n" S - E a
p n

( p n ) " S 

(q,n) = l (q,n) = l F 

= Z an n"  , as required. 
(pq,n)=l 

F ro m thi s it follows that 

[ T T <i-<y>-' + pk -1.p2' )z f <.). .1. 
I  D Drim e J p prim e 

as asser ted. Thi s completes the proof. 

We do not want to develop Hecke's theory at greater  length but only to 

give a few examples and to state his main result and the dramati c conjecture 

that has been made in thi s connection. For  ful l proofs and detai ls, cf. A . Ogg, 

Modular  form s and Dir ichle t se r i es, Benjamin, 1969, To state Hecke's main 

result , we need some more notation: let 

TT: SL(2,2Z) ->SL(2, TL/nZL) 

be the natural map and let 

T = TT" 1 (Diagonal mat r ices in SL(2, ZZ /nS)} . 
n 

We have 
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T n = ker  TTcr (1) and T^ /Tn = diag SU2,ZZ/nZZ) K fZ /nZ ) * 

i . e ., r / r  is a finit e abelian subgroup of SL(2, S ) / r n and acts on Mod, 

by f | > R
a ( f '  = fY where TT(Y) = a I 2, a e (Zi/n2Z) . Hecke's main result 

is: 

Theorem 18.6 (Hecke): Consider  the operators on Mod*11'  : 

*  a b 
a) T , y = (c H)» a,b, c,de2Z, ad-bc > 0 and gcd (ad-bc, n) = 1, 

b) fi >f6 where 6cSL(2,:Z) and 6 = (*  ) (mod n), at (2Z/nZ)* # 

u a 

Then 

(1) all these operator  commute, 

(2) Mod has a basis ( f } of simultaneous eigen functions for  all of them, 

and 

(3) the Dirichle t series Z has an Euler  product: 
a 

rational function -rn r  _s k-1 -2s -1 

z f > ) = <_*_-s i )  I I d - an P + e(P)p .p &) 
fa ofp-s,pln „ , „  P* 

where 

-(k-1) * * 
a p = eigen value of T = T , rt P B P (1 Ox 

0 p' 

and 

C(p)= eigen value of R(p m o d n ) 

What are these f-'s? The prim e example i s the Eisenstein series: we saw 
in % 16 that k 

Z E (s) = ck C(s)C(s-k+l) where ck - 2 i g l i l . 

= c k 

= ck 

TT ((l-pV^l-p^.pV 1) 
p prim e 

TT <i-aV-1>p' + Pk - 1 . p V . 
p prim e 

- 2 s -1 

Hence, by Prop. 18,5, it follows that 
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T p (Ek } = ( 1V " k ) Efc= (l+P*" 1) p"*" "  Ek . 

In fact, it can be shown that the f 's in the theorem break up into 2 disjoint 

groups: 

(1) cusp forms and 

(2) generalised Eisenstein ser ies 

c (m1 t m 9) 
f a(T ) = Z l Z— 

m n m ^ Z (mT+m 9) k 

(m r m2) / t (0,0) 1 

where the c(m-,m9) ' s depend only on the m.(mod n)# The latter  form s fa 

have Dirichle t ser ies Z f (s) of the type 

Z f (s) = L(x , s) . Lfy ^  s-k+1) 

where L is the Dirichle t L-series (cf. Ogg for  details). In particular , we 

get a direct sum decomposition 

Mod, = (Cusp forms) ©(Generalised Eisenstein series). 

4 
We can use the results of §S 13-16 to fi t * into thi s picture. In fact, we 

saw in $ 15 that 

Z  4 (s) = 8 Z ( Z d)n" S + 24 T ( Z d ) n" 
oo nclN d\n n cIN d|n 

n odd n even d odd 

= 8 Z ( I d ) n " s - 3 2 E ( Z d) (4nf 
nclN d|n neIN d|n 

using the easily verified fact that if n is even 
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Thus 

£ d if 4fn 
/ d l n 

din "  1 S d - 4 I d if 41 n 
dodd L dl "  d l f 

Z (s)= 8(1-4 ) I ( S d ) n ' 
*oo nelNdln 

- 8( l -41" S)C(s) . C( l -s) 

and hence, by Theorem 18.6, we get: 

T p ^ o o ) = ( 1 +P " 1 ) t f 4 ' P °° oo 

2k Unfortunately , the generalisations of Jacobi's formul a to other  powers £ 

are in fact not so simple; e .g ., S, Ramanujan guessed (cf. his collected works, 

paper  18) and Rankin proved (Am. J. Math., 1965) t h a t: 

(subspace spanned by the") 

*oo €" \ f < = = = > k - 4

(JEisenstein series J 

The identification of the eigen functions f of the Hecke operators as poly-

nomials in the functions r\ >&  L (0,nT) seems to be quite hard to describe 
a,b 

except in the case of weight k = 1 or  2, For  example, take the case: 

(4) T space of homogeneous polynomials of 

~ ) degree k in *5 

.4 .4 .4 

M ° d
k =) degree k i n ,,2 #*  #* > degree k in £ , A*  , A modulo 

multiple s of $ - A*. - A' u r oo 01 10 

Then in thi s space, the subspace of cusp forms is the set of multiples of 

2 2 2 
£ A*„  A . But it seems hard to describe in any reasonably explicit and 
oo 01 io 

elementary way the subspace of Eisenstein ser ies, let alone the set of eigen 

functions f . (cf. B. Schoeneberg, Bemerkungen zu du Eisensteinchen 

Reihen und ihren Anwendungen in der  Arithmetik , Abh. Math. Seminar  Univ. 
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Hamburg, Vol . 47 (1978), 201-209; for  some calculations for  small n). In 

the case of degree 1 or  2, i . e ., polynomials in the £ (0,n T ) of degree 2 
a, b 

or  4, the eigen functions f can be more or  l ess found - modulo a knowledge 

of the arithmeti c of suitable quadrati c number  f ields, respect ively quaternion 

a lgebras. Thi s i s because the theory of factorisation in imaginary quadrati c 

fields K and in certain quaternion algebras D al lows one to prove Euler 

products for  suitable Dir ichle t se r ies 

E x(o) . Nm(a ) " S 

a cM 

where M i s a free 7L-module of rank 2 in K, respect ively of rank 4 in D, 

and y i s a multiplicativ e character, just as one does for  the usual Dirichle t 

L -se r ies 

S y ( n ) n ~ s . 
n e Z 

But Nm(a) i s a quadrati c for m in 2 or  4 variables in these cases, and so 

there are Epstein zeta functions. Takin g the inverse Melli n transform , we can 

express these as polynomials in £ , (0,n«r) of degree 2 or  4. For  the case 

of quaternions where everything depends on the so called "Brand t matr ices" , 

cf. M. Eichler , The basis problem for  modular  forms, Springer  Lectur e 

Notes No. 320(1973). 

In connection with Hecke's theorem, we want to conclude by describing a daring 

coniecture which arose from the work of Weil, Serre and Langlands, asser t ing which 

Dirichle t se r ies a r i se fro m modular  fo rms. Their  conjecture i s this: 

Conjecture. Let K be a number  f ie ld , K^ i t s ^p -adic complet ions. Consider. 

the continuous representat ions 

Px: Gal(Q/Q) ->GL(2,K X ) . 
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Suppose for  almost all X, a p, i s given. We say that the p. fs are compatible 

if there is a finit e set S of rational primes p such that 

a) if X lies over  a rational prim e t, p^  is unramified outside S | j { i } , i . e ., 

p*  is trivia l on the p t h inerti a group I c G a l (Q/Q), hence p. (F ), F the 
*  P X p p 

p t n Frobenius element, is well-defined and 

b) for  all X l # X2 lying over  ty J*2 and all p^SUt i j , lj  , 

T r p ^ C F ^ ^ T r p ^ F p ) 

d e t P\ (Fn> = d e t *\ <F J 
K\ P x2 p 

and these traces and determinants are integers in K. We say that a i s odd 

if P»(c) i s conjugate to ( ) where ceGal(Q/Q) is complex conjugation. 

Such compatible families of representations (at least in GL(n), some n) arise 

in great abundance from the theory of etale cohomology of algebraic varieties. 

For  any such family , we can form the Dirichle t series: 

Z° (s) = T T (1-Tr  (F )p" S + det (F )p" 2s) 

W ]
 P* s px p px p 

-1 

We may be able to supply suitable p-factors for  pcS. Now buildin g on partia l 

results of Kuga, Sato and Shimura, Deligne proved the following: 

Theorem. Let f e Mod and suppose that f is an eigen function for  the 

 > o 
Hecke operators T p f n . Let Z be the product of the p-factors in Zf 

" a a 

for  p \ n. Then there exists a compatible famil y tp*  } of odd 2-dimensional 

representations with S = [prime s dividin g n] , such that 

Z° (s) - Z° (s) . 
f a t P x l 
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The case k = 1 is analysed in Deligne-Serre, Formes Modulaires de poids I, 

Annates de Sci. Ecole Norm. Sup., t. 7(1974), 507 - : precisely in this case, all 

the p. 's coincide and come from one 

p : Gal(Q/Q) > GL(2,K) 

with finit e image. The conjecture in question is the converse to this theorem, i. e., 

every series Z« \(s) is Z. (s-m) for  some a , m^ O I 
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Reference s an d Question s 

For  many o f  th e topic s treated ,  especiall y fo r  severa l 

treatment s o f  th e functiona l  equatio n (§7 )  a n eas y plac e t o rea d 

more is : 

R.  Bellman ,  A  Brie f  Introductio n t o Thet a Functions ,  Holt ,  1961 . 

For  a  systemati c treatmen t  o f  th e classica l  theor y o f  ellipti c 

and modula r  functions ,  nothin g ca n surpas s 

A.  Hurwitz ,  R .  Courant ,  Vorlerunge n ube r  Allgemein e 

Funtionentheori e un d Elliptisch e Funktionen ,  Par t  II , 

Springer-Verla g (1929) . 

For  modula r  forms ,  a  goo d introductio n is : 

B.  Schoeneberg ,  Ellipti c Modula r  Functions :  A n Introduction , 

Springer-Verla g (Grundlehre n Ban d 203 )  (1974) . 

We hav e avoided ,  i n thi s brie f  survey ,  th e algebrai c geometr y o f 

th e object s bein g uniformise d ellipti c curve s an d th e modula r  curves . 

Two genera l  reference s are : 

S.  Lang ,  Ellipti c Functions ,  Addison-Wesle y (1973 )  wher e analyti c 
2 

and algebrai c topic s ar e mixe d (bu t  th e serie s  Z exp(-rri n T )  i s 

scarcel y mentioned) ,  an d 

A.  Robert ,  Ellipti c Curves ,  Springer-Verla g Lectur e Note s 

326 (1973) . 
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Ther e ar e man y ope n problem s o f  ver y man y kind s tha t  coul d b e 

mentioned .  I  wan t  onl y t o dra w attentio n t o severa l  problem s 

relatin g directl y t o thet a functions ,  whos e resolutio n woul d 

significantl y clarif y th e theory . 

CD Whic h modula r  form s ar e polynomial s i n thet a constants ? 

More precisely : 

I s ever y cus p for m o f  wt .  n  _> 3  a  polynomia l  o f 

degre e 2 n i n th e function s  *$- b (0,i) ,  a, b e Q? 

(II )  Ca n Jacobi' s formul a b e generalized ,  e.g. ,  t o 

(S)  ̂ vJ(°' T)  =  (cubi c polynomia l  i n /fr 's } 
oZ a  ,  D C  ,  Q 

fo r  al l  a, b e  Q? Similarly ,  ar e ther e generalization s 

of  Jacobi' s formul a wit h highe r  orde r  differentia l 

operator s (se e Ch .  II ,  §7) ? 

(Ill )  Ca n th e modula r  form s  if ,(0,ni )  b e written ,  e.g. ,  a s 

Quadrati c polyn .  i n tr "  J' S 

Linea r  polyn .  i n ijh d ' s 

(IV )  Ca n al l  relation s amon g th e «fcP "  , (0,T) ' S b e deduce d 

fro m Riemann' s thet a relation ,  o r  generalization s thereof ? 

A precis e statemen t  o f  thi s conjectur e i s give n i n Ch .  II , 

§6. 
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Chapte r  II :  Basi c result s o n thet a function s i n severa l  variable s 

§1.  Definitio n o f  ^  an d it s periodicit y i n z . 

We see k a  generalizatio n o f  th e functio n ^ ( Z J T )  o f  Chapte r  I 

wher e z  G  ( E i s replace d b y a  g-tupl e z  =  (z-,*--, z ) € (C g,  an d 

which ,  lik e th e ol d 1? *  ,  i s  quasi-periodi c wit h respec t  t o a  lattic e L 

but  wher e Lc(C g.  Th e higher-diinensiona l  analo g o f  x  i s no t  s o obvious . 

I t  consist s i n a  symmetri c gx g comple x matri x  Q whos e imaginar y 

par t  i s  positiv e definite :  wh y thi s i s th e correc t  generalizatio n 

wil l  appea r  later .  Le t  Kr b e th e se t  o f  suc h Q. Thu s )? v i s a n 

open subse t  i n (C g g  *'  .  I t  i s  calle d th e Siege l  upper-half-space . 

The fundamenta l  definitio n is : 

A9*(Z^ )  =  I expU^nft n +  2i\£n-z) . 

n£E g 

-> - > t + 

(Her e n, z ar e though t  o f  a s colum n vectors ,  s o n  i s a  ro w vector , 
t- > • * n»z i s th e do t  product ,  etc. ;  w e shal l  dro p th e arro w wher e ther e 

i s n o reaso n fo r  confusio n betwee n a  scala r  an d a  vector. ) 

Propositio n 1.1 .  <&  converge s absolutel y an d uniforml y i n z 

and Q  i n eac h se t 

c l max I  I m z .  I  <  75 — an d 
.  *  1  •  2 T T 

I m Q > c 0 I 
-  2  g 

henc e i t  define s a  holomorphi c functio n o n (E g xi . 
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P r o o f; 

expOjri nftrtt-27ri nz) <_ exp(-7rc2(In i )+c12;|ni |) = n e x p f - i r c ^ + c j n. | ) ; 

henc e th e serie s i s dominate d by (  Y  exp(-irc 0n +c.n )  )  an d 
vn>0 l l ' 

Y expC-irc n̂ + c . n) = c o n s t. \ exp| - T T CJ n~2 J wh ich c o n v e r g es 

00 

f 
n>0 " n>0 L 2 T T C2 

l i k e I e 'X d x. Q .E .D. 

Not e tha t  Vfi ,  3 z suc h tha t  \9(z,ft )  7*  0  becaus e 

r TT.i. nftn 2Tri nz „ . £ 0 . .. „ 
> e e i s a F o u r i er e x p a n s i on of \7 , w i t h F o u r i er 

Cr.. . . Tri nftn , ~ 
c o e f f i c i e n ts e  ̂ 0. 

S7 may be w r i t t en more c o n c e p t u a l l y*  as a s e r i es 

$ U r Q> = J.„  exp(Q ( £ ) + £ ( £ )) 
nfcZ? 

wher e Q  i s a  complex-value d quadrati c functio n o f  n  an d £  i s a 

complex-value d linea r  functio n o f  n .  T o mak e thi s serie s converge , 

i t  i s  necessar y an d sufficien t  tha t  R e Q  b e positiv e definite . 

Then an y suc h Q  i s o f  th e for m 

Q(x )  =  -rr i  x-ft-x ,  n  €  -| w 

and an y suc h I i s  o f  th e for m 

£(x )  =  2iri t x-z ,  z  €  (C g 

0 wa s explaine d thi s wa y i n a  lectur e b y Ro y Smith . 
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henc e an y suc h - v (&/Q )  equal s $(z,ft) .  (Thi s give s a  forma l 

justificatio n fo r  th e introductio n o f  -i ^  ) • 

To ft ,  w e no w associat e a  lattic e L  e  (C g: 

L^  =  2 g +  QS g 

i.e. ,  L ~ i s th e lattic e generate d b y th e uni t  vector s an d th e 

column s o f  ft.  Th e basi c propert y o f  ~$ i s  t o b e "quasi-periodic " 

fo r  z  i  >z+a ,  a  €  L Q.  Her e quasi-periodi c mean s periodi c u p t o a 

simpl e multiplicativ e factor .  I n fact , 

§ (z+m,ft) = S (z,ft) 

-$ (z+ftm,ft) = exp(-iritmnm - 2Tritmz)^(z,ft) Vm € Zg . 
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Proof .  Th e 1s t  equalit y follow s fro m th e Fourie r  expansio n 

of  & (wit h perio d 1 ) ;  th e 2n d on e hold s becaus e o f  th e symmetr y 

of  ft: 

exp [Tri nftn+27Ti n(z+ftm)] = exp ( i ri nftn+iri nftm+Tri mftn+2iTi nz) 

= exp[Tri (n+m) ft (n+m)+2iTi (n+m) z-7ri mftm-2iri mz] 

and. as n+m v a r i es o v er 2E, . n does t o o; so 

I exp[TTi nftn+2-rri n(z+ftm)] = exp (-ir i mftin-27ri m z ), £ exp(7?i nftn+27U n z) 

n€ffig n £ 2g 

Q.E.D. 

I n fact ,  conversely ,  i f  f(z )  i s  a n entir e functio n suc h tha t 

f(z+m) = f ( z ) 

f(z+ftm) = exp( -7 ri mftm-27Ti raz),f (z) 

t h en f ( z ) = c o n s t. $* (z, ft) . 

Proof :  Becaus e o f  th e periodicitie s o f  f(z )  wit h respec t  t o 

2Z^  ,  w e ca n expan d f(z )  i n a  Fourie r  series : 

f(z )  =  [  c  exp(2Tr i  nz) ; 

now th e secon d se t  o f  condition s give s u s recursiv e relation s amon g 

th e coefficient s c  : 
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f (z+£l ) = I c exp 2-rri n(z+£l ) = J c exp(27ri nSl)exp(2Tri n*z) 
r€X? 

(ft. = k column of Q) , hence 

exp(-7rift, -27Tiz, )  \c exp(27ri nz) = \c exp(27ri n£l)exp(27ri n*z) . 

Comparin g th e tw o Fourie r  expansion s fo r  f(z+fi, )  ,  w e obtain : 

c+ =  c+ e k  K K e  =  k  uni t  vector . 
n+e,  n  k 

Thus f  i s  completel y determine d b y th e choic e o f  th e coefficien t  c n . 

Q.E.D . 

Thi s resul t  suggest s th e followin g definition : 

Definitio n 1.2 .  Fix  Q €  4 *  .  The n a n entir e functio n f(z )  o n (C g 

— ?<3 — 
i s L^-quasi-periodi c o f  weigh t  SL if _ 

f  (z+m )  =  f  (z )  , 

f(z+ft-in )  =  expC-iriJl̂ m-ft- m -  27ri £ •  tz -m )  .  f  (z ) 

fo r  al l  m €  2 g .  Le t  R« b e th e vecto r  spac e o f  suc h function s f . 

As i n th e previou s Chapter ,  on e o f  th e application s o f  suc h 

function s i s t o defin e holomorphi c map s fro m th e toru s  E?/L0 t o 

projectiv e space .  I n fact ,  i f  f.,-••, f  ar e L Q-quasi-periodi c o f 

th e sam e weigh t  £  an d hav e th e extr a propert y tha t  a t  ever y a  €  (C g, 

f .  (a )  5*  0  fo r  a t  leas t  on e i ,  the n 
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z I  >  (f 0(z),...,f n(z) ) 

define s a  holomorphi c ma p 

* g /L f l  >* n. 

By a  sligh t  generalizatio n o f  $  know n a s th e thet a function s 

v L 3 wit h rationa l  characteristics ,  w e ca n easil y fin d a  basi s 

of  R. .  Thes e ar e jus t  translate s o f  - $ multiplie d b y a n 

elementar y exponentia l  factor : 

S K  (z,ft )  =  expU^af t a +  27ri t a-(z+b )  )-^(z+^a+b^ ) 

fo r  al l  a, D €  ffi g. 

Writte n out ,  w e have : 

x ? [ * ] ( z , n ) = I e x p [ i r i t ( S + a ) f i ( n + a) + 2 f r i t (n+a) (z+S)] . 
L b J n€Ŝ  

The o r i g i n al A9 i s j u st $ n and if a,S are increased by 

integral vectors, \ /L ] hardly changes: 

^ f ! + ! l <z\n> = expU^t-Z) -0[*]<J,n>. 
Lb+mJ L b J 

F i n a l l y , t he q u a s i - p e r i o d i c i ty of ~$tvJ ^ s g i v en b y: 

9\l\(l+m,Sl) = exp(27T it 2 .S) . £[ l ( z , n) 
L b J L b J 

->- ->

$ L (z+ftm,ft) = exp(-2?Ti S-m) 'expC-Tri mfim-2iri m ^ z ) -m l (z, f t ) 
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whic h differ s onl y b y root s o f  unit y fro m th e la w for- 9 .  Al l 

of  thes e identitie s ar e immediatel y verifie d b y writin g the m out , 

but  shoul d b e carefull y checke d an d though t  throug h o n firs t 

acquaintance .  Usin g thes e functions ,  w e prove : 

Propositio n 1.3 :  Fi x ft  e/y .  .  The n a  basi s o f  Br: i s  give n 

by either : 

0 

or 

0 

L£/£ J 

i )  f+(z )  =  - $ [  l(£-z,£.ft )  ,  0  <  a. < I 
a L  o  J  -  1 

r  0  - ,  - , 
ii )  g£(z )  =  A 9 L  (2 /  ) T -ft) ,  0  <  b, < £ 

2 
I f  £  =  k  ,  the n a  3r d basi s i s give n b y 

ra/k- , 
iii )  h + £(z )  =  -$ I  (JUz,fl )  ,  0  < a.,b .  <  k . 

a ' D LK/k J  x  1 

These bases a re r e l a t ed by 

j g = £ exp(27ri £~  a-6)  f+ 
a 

h-> ̂  =  Y  exp(2iri k •  c£)f- > 
a ' b S^ t  mod k  c 

Proof :  A s above ,  w e expan d function s i n R  a s Fourie r  serie s 

i n z .  B y quasi-periodicit y wit h respec t  t o Q  ̂ , w e chec k tha t 

a functio n f  lie s i n R  i f  an d onl y i f  f  ca n b e expresse d a s 
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f  (z )  =  T  x  (n )  ex p {-nil  •  n-fi- n +  2-rr i  n*z ) 
X nez 9 

wher e x  i- s constan t  o n coset s o f  £*Z Z .  Takin g x  t o b e th e 

characteristi c functio n o f  a+kZ g f  become s f-> ;  takin g Y 

X a *  A 

t o be the c h a r a c t er n \ >exp(2ir i£  n*b) , f becomes g^; 
2 

and i f  £  =  k  ,  takin g x  t o b e th e restrictio n o f 
n I  >  ex p (2Tri& ~ •  n*S )  t o a+k«Z g ,  f  become s h- > £ .  QED 

X a ,  D 

Le t  u s se e ho w thes e function s ca n b e use d projectivel y t o 

embed no t  onl y £ g / L n bu t  "isogenous "  tor i  (E g/L ,  L  a  lattic e 

i n L n -Q . 

Firs t  som e notation :  fi x  ft  £h an d identif y IR g x  TR  ̂ wit h 

(Cg vi a ft  b y 

a~:  IR g x  iR g >(E g,  (x,y )  ̂  >  ftx+y  =  z . 

Note then t h at aQ i d e n t i f i es Zgx 2Zg w i t h L~ = Zg + ftZg. 

Define 

e: m 2 g x m 2 g (C*, e (x , y) = exp 2iriA(x,y ) 

wher e A  i s th e rea l  skew-symmetri c for m o n I R g  *JR g 

define d b y 

A(x,y )  =  x x .y 2 -  y i ' x
2 '  x  =  ( x l ' x 2 } '  y  =  ( y l , y 2 ) * 
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I t  i s  immediat e tha t 

e(x,x )  =  1 ,  e(x,y )  =  e(y,x) ~ 

and 

e(x+x',y )  =  e(x,y)e(x',y) . 

Thus e  i s bi-multiplicativ e an d s o w e ca n tal k o f  th e perpendicula r 

V1 o f  a  subse t  V c l g ,  namely , 

V1 =  { x €]R 2g |e(x,a )  =  l,V a €  V} . 

We shal l  b e particularl y intereste d i n th e perpendicular s L 

withi n ffi  g  o f  lattice s L  c  ( Q g ,  i.e. , 

L1= { x €  <D 2g|e(x,a )  =  l,V a €  L} . 

I t  i s  immediat e tha t 

(i )  (2E 2g) X =  2E 2g ,  (ii )  (iffi 2g ) L =  n2Z 2g ,  n  €  K  . 

I n fact ,  mor e generally ,  fo r  lattice s L,L.,L 2 i n Q  g , w e have : 

(^L) 1 =  nL 1 ,  (L 1 ) 1 =  L ,  L x c  L 2 <  >  L ^  £  L ^  ,  etc . 

I n particular ,  i f  L  c  ffi  g  i s  o f  inde x s ,  the n ffi  g  c  L  i s o f 

inde x s .  Further ,  notic e tha t  i n thi s cas e a Q^L^  E  L o =  a o  ̂ ^^ 

i s  als o o f  inde x s  i n L Q.  Le t  a.,b.€ L ,  1  < .  i  < .  s ,  b e cose t 

representative s o f  L  /2 Z g .  Le t  u s cal l  th e se t 
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BQ(L )  =  j z €  CEg|  *&[  1 j  (z,ft )  = 0 ,  1  <  i  <  s}/c^(L ) 

i 

th e se t  o f  "bas e points "  i n th e comple x toru s <E /o u (L )  .  No w th e 

"rationa l  morphism "  t p i s  give n i n th e 
J_i 

2 r a 

Propositio n 1.2 .  Fo r  al l  L  c  2 Z g  o f  inde x s ,  vi a th e 

we hav e a  canonicall y define d holomorphi c ma p 

s- l 
V [* 9An<

L) ]  "  V L )  "  * 

namel y 

cpL(z )  =  (... ,  ^ [ ^ j c z ^ J f  . - • ) . 

We hav e onl y t o chec k tha t  cp T i s  well-defined .  We d o thi s a s 

follows :  le t  (a,b )  € L an d (a',b') € L .  The n b y th e quasi-periodicit y 

Of  * [ £ ] : 

tf-Mcz+ao'a'  ,b' )  ,fl )  =  l^f a]  (z+fta'+b '  ,fl ) 
LbJ "  t bJ 

= exp[27Tita-b,-27r itb-a,~TTi ta, f ia ,~27r ita,z] # [ b ] (z,«) 

= X(a' , b ' , z ) . e ( ( a , b) , (a*  , b ' )) . ^ [ * J <z,ft). 

But e ( ( a , b ) , ( a ' , b ' )) = 1 and X ( a ' / b ' / z) i s independent of a ,b 

and t h i s proves the r e s u l t. 
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The mai n resul t  concernin g thi s ma p i s this : 

Theore m 1. 3 (Lefschetz) :  Le t  L  c  2 E " b e a  lattic e o f  inde x s 

and assum e tha t  L  c  r. L fo r  som e r  €  ISf .  Then : 

(1 )  i f  r  >  2 ,  B 0(L )  =  0 ,  i.e. ,  cp T i s  define d o n al l  o f  (E g/a n(L) , 

(2 )  if _ r  >_ 3 ,  cp i s a n embeddin g an d th e imag e i s a n algebrai c 

subvariet y o f  P  ,  i.e. ,  th e comple x toru s (E g/a 0(L )  i s embedde d 

s- 1 
as a n algebrai c subvariet y o f  P  ; 

(3 )  ever y comple x toru s tha t  ca n b e embedde d i n a  projectiv e spac e 

(or ,  mor e generally ,  whos e point s ca n b e separate d b y meromorphi c 

functions )  i s isomorphi c t o (C g/a Q(L )  fo r  som e Q, £$v an d som e L . 

For  a  ful l  proof ,  th e reade r  ma y consul t  § 3 o f  th e author' s 

book ,  Abelia n Varieties ,  Oxfor d Universit y Pres s (1974) .  Her e w e 

shal l  ski p completel y th e proo f  o f  (3 )  an d outlin e th e proof s o f 

(1 )  an d (2) .  Not e tha t  i t  i s  (3 )  whic h explain s wh y w e hav e focusse d 

attentio n o n th e specia l  typ e o f  lattic e L  i n CCg:  thes e an d 

thei r  sublattice s ar e th e onl y one s whic h lea d t o comple x tor i  whic h 

ar e als o algebrai c varieties .  I t  woul d b e impossibl e t o fin d entir e 

function s f(z )  quasi-periodi c fo r  mor e genera l  lattice s becaus e o f 

thi s result . 

The firs t  ste p i n th e proo f  o f  (1 )  an d (2 )  is : 

Lemma 1.4 :  Le t  f(z )  b e an y holomorphi c functio n suc h tha t 

f(z+fia'+b' )  =  exp(-7Ti t a, fia'-27Ti t a'z )  - f  (z ) 

fo r  al l  (a',b' )  £  L .  The n f(z )  i s  a  linea r  combinatio n o f  th e 

function s 

tf-LMtz.n),  i  <  i  <  s . 
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Thi s i s prove n b y a  variatio n o f  th e argumen t  use d t o prov e 

tha t  1 /  i s  characterize d u p t o a  scala r  b y it s functiona l 

equation :  on e make s a  Fourie r  expansio n o f  f  fo r  th e lattic e 

aQ(L )  f l  S g i n ( E ,  an d expresse s th e remainin g functiona l  equation s 

as recursio n relation s o n th e Fourie r  coefficients .  Thes e leav e 

onl y s  coefficient s t o b e determine d an d it' s  eas y t o se e tha t  th e s 

function s z  i  > \ 7 | .  (z,ft )  ar e linearl y independent .  Th e 2 

ste p i s a  littl e symplecti c geometr y ove r  ffi: 

Lemma 1.5 :  Fo r  al l  L  c  7L g  suc h tha t  L  <= r L ,  ther e i s a  lattic e 

L wit h L  c  L  an d L ,  =  rL7" .  Suc h a n L ,  ha s a  standar d basis : 

( o , e i ) ,  •  •  • ,  (o, e )  ,  (f{,fp,••*,< f g' f " ) 

wit h 

A((o, ei ),(f!,fV) )  =-r-6 i j 

A((f^,fl') /  (f^fV) )  =  0 . 

I n fact ,  w e ca n eve n fin d 2  suc h enlargements :  L  c  L  ,  L  <z L 1 

suc h tha t  L  =  L x n  L ^  an d L  =  rL^ ,  L '  =  rL' 1. 

Thus e,,---, e an d f _ =  Qf'+f",•••, f  =^2f'+f n ar e a  basi s 
1'  g  - 1 1 1 '  '- g g  g 

of  aQ (L. .  )  .  We the n defin e a  linea r  map 

S:  (E g > <E g 

by requirin g that : 

S(e. )  =  (0,•*•,1,•*•,0) ,  th e i  uni t  vector . 

Let 

s(f.i )  =  <« u , - - - ,n g i > . 
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I n matri x notation ,  i f  w e writ e EjF^F "  fo r  th e matrice s whos e 

column s ar e e.,f !  an d f'.' ,  the n th e lemm a say s 

^ . F '  =  r l 

t  t  t 
F'.F "  =  U F"-F '  o r  F'.F "  symmetric . 

Thus S  i s give n b y th e matri x E  an d 

fl'  =  S F 

= S(flF'+F" ) 

= -fo'OF9 + t F'-F" ) 

so Q 1 i s  agai n symmetri c wit h positiv e definit e imaginar y part . 

Not e tha t  th e linea r  map S  carrie s th e lattic e aQ(L  )  t o th e 

lattic e  L Q »# T n e purpos e o f  thi s constructio n i s t o tak e th e 

functio n l9"(z,ft' )  quasi-periodi c wit h respec t  t o th e lattic e L Q, 

and for m fro m i t  th e functio n W'iSz,Q*), quasi-periodi c fo r  a~( L ) , 

We check : 

Lemma 1.6 :  Fo r  suitabl e S  €  Q)  ,  th e functio n 

f(z )  =  ^(Sz+bjA 1 ) 

satisfies : 

a)  f(z+e ±)  =  f  (z) , 

b)  f(z+ftf|+fV )  =  exp( - ^  t f|fif |  -  ̂ i  t f^z)-f(z ) 

fo r  1  <_ i  <_ g .  Therefor e fo r  al l  a. .  ,  •  •  •  , a €  <E 9 suc h tha t 

I a .  =  0 ,  th e function s g(z )  =  n  f(z+a. )  satisf y 
i= l  1  i= l  1 
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a) g(z+e^) = g(z) 

b) g(z+flf|+fV ) = exp( - i r i t f ^ f ^ -2TT i t f : [ z )g (z) , 

fo r  1  <  i  <  g ,  henc e g  satisfie s th e hypothesi s o f  lemm a 1,4 , 

The proo f  i s quit e straightforward .  Withou t  an y b ,  w e us e th e 

functiona l  equatio n fo r  v *  t o fin d th e la w fo r  f ,  bu t  com e u p wit h 

a roo t  o f  unit y i n (b) .  Adjustin g th e b ,  w e ge t  ri d o f  thes e root s 

of  unity .  Th e secon d par t  i s  a n immediat e consequenc e o f  th e first . 

Thi s i s no w Lefschetz' s centra l  idea :  tha t  ther e i s a  relate d 

Of-functio n f  suc h tha t  al l  product s 

f  (z+a 1)  f  (z+a r ) 

(fo r  a-+-«-+ a =  0 )  ar e linea r  combination s o f  th e function s 

^[^(Zffl) . We nex t  sho w that : 

Lemma 1.7 ;  a )  If _ r  >^  2 ,  the n fo r  al l  u  €  (Ê ,  ther e i s a  produc t 

g(z )  a s abov e suc h tha t  g(u )  ̂  0 . 

b)  I f  r  >_ 3 ,  the n fo r  al l  u, v €  (C g wit h u- v ^  a o^ L i ^  '  ther e i s 

a linea r  combinatio n h(z )  =  Ic.g.(z )  o f  product s g.(z )  a s abov e 

suc h tha t  h(u )  =  0 ,  h(v )  ? 0 . 

c)  lf_ r  >^  3 ,  the n fo r  al l  u  €  (E g,  an d tangen t  vecto r 

I  d i  Hz~  ̂ 0,ther e i s a  linea r  combinatio n h(z )  =  £c.g.(z )  o f 

product s g.(z )  a s abov e suc h tha t  h(u )  = 0 ,  \ d .  -r—(u)  ^  0 . 
2 1  oZ. 
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Thi s clearl y finishe s th e proof :  b y (a) ,  B Q ( L )  =  M f  r  >  2 . 

By (b )  ,  i f  x, y €  CC /̂a n(L )  an d tp _ (x )  =  tp _ (y )  ,  the n provide d r  >  3 , 
bl Li Li — 

x- y €  a Q( L /L ) .  Applyin g th e sam e argumen t  t o L 1 an d product s g ' 

constructe d similarly ,  w e deduc e x- y €  a 0(L,'/L )  too .  Thu s x  =  y . 

By (c )  ,  th e differentia l  o f  cp T i s  one-on e i f  r  >  3  too .  Th e proo f 

of  th e lemm a i s no t  difficult :  w e tak e r  =  3  fo r  simplicit y o f 

notatio n an d se e ho w (b )  i s proven .  Fo r  th e othe r  parts ,  w e refe r 

th e reade r  t o [AV ,  pp .  30-33] .  T o prov e (b) ,  tak e u, v €  £ g an d 

assume h(u )  =  0  = > h(v )  =  0 .  The n ther e i s a  comple x numbe r  y 

suc h tha t  fo r  al l  a,b€(E g, 

(* )  f(v+a)f(v+b)f(v-a-b )  =  yf(u+a)f(u+b)f(u-a-b) . 

Thi s i s becaus e th e linea r  functional s whic h carr y th e functio n 

f(z+a)f(z+b)f(z-a-b )  t o it s value s a t  u  an d a t  v  mus t  b e multiple s 

of  eac h othe r  i f  on e i s zer o wheneve r  th e othe r  i s zero .  No w i n 

(*) ,  tak e log s an d differentiat e wit h respec t  t o a .  I f  u ) 

i s  th e meromorphi c 1-for m df/f ,  w e fin d 

Go(v+a )  -  a )  (v-a-b )  =  u)(u+a )  -  a )  (u-a-b) ,  al l  a, b G  (E g. 

Thus a )  (v+z )  -o j  (u+z )  i s independen t  o f  z ,  henc e i s a  constan t 

1-for m 2ir i  £c.dz. .  Bu t  GJ (v+z )  -u )  (u+z )  =  d  lo g f  (v+z )  / f  (u+z )  , 

so thi s mean s tha t 

9 . t + • > 

f(z+v-u )  =  c  e  c * z f  (z ) o 

fo r  som e constan t  c  .  I n thi s formula ,  yo u substitut e z+e .  an d 

z+ftf!+f'. '  fo r  z  an d us e Lemma 1.6 .  I t  follow s tha t 
l  l 
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t c.e i  e E 

^'.(u-v ) 
— =  c -  (flf ±+f  7)mo d 2  . 

Now writ e u- v =  Slx+y, x, y €  3R g.  Tak e imaginar y part s i n th e 

2nd formula ,  t o ge t 

f!.I m Q.x . 
—-  =  c-I m fl-f!,  al l  i . 

r  1 

Hence c  =  x/r .  Puttin g thi s back ,  w e find : 

Thi s mean s tha t  (  —,—)  €  L  ,  o r  (x,y )  €  r L =  L.. .  ,  henc e 

u- v =  ct̂ (x,y )  £ a ( L )  .  Thi s prove s (b )  . 

For  furthe r  details ,  w e refe r  th e reade r  t o [AV,§3] .  Finally , 

what  ca n w e sa y abou t  th e comple x tor i  CCy/a 0 (L )  fo r  L  c  "2, J  suc h 

tha t  L  ̂z f  r L ,  r  >_ 2 ,  o r  eve n fo r  arbitrar y lattice s L  c  Q  g ? 

I n fact ,  w e d o no t  ge t  mor e genera l  comple x tor i  i n thi s way , 

becaus e o f  th e isomorphism : 

(E g/c (̂L )  «  > <E g/a (̂nL ) 

give n b y 
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Becaus e o f  thes e isomorphisms ,  th e theore m ha s th e Corollary : 

Corollary :  A  comple x toru s <E g/ L ca n b e embedde d i n projectiv e 

spac e i f  an d onl y i f 

A(L )  c  fl(D g +  0> g 

fo r  som e g  x  g  comple x matri x A ,  an d som e Q ^-KT • 
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§2.  Th e Jacobia n Variet y o f  a  Compac t  Rieman n Surface . 

I t  i s  har d o n firs t  sigh t  t o imagin e ho w th e higher-dimensiona l 

generalization s o f  / \! r  o f  th e las t  sectio n wer e discovered .  Th e mai n 

resul t  showe d tha t  th e comple x tor i  <Er/LQ an d thei r  finit e covering s 

(E g/L ,  ( L c  L 0 o f  finit e index )  coul d b e embedde d b y thet a function s 

i n projectiv e space ,  bu t  n o othe r  tor i  ca n b e s o embedded .  Thi s 

justifie s afte r  th e fac t  considerin g onl y th e lattice s L Q buil t 

up vi a ft  €$ v .  I f  g  >  2 ,  thes e ar e quit e special :  ft  ha s ^ | — 

comple x parameters ,  wherea s a  genera l  lattic e i s o f  th e for m 

Z g +  ft-2Z g 

ft  an y gx g comple x matri x wit h det(I m ft) ̂  0 ,  henc e i t  depend s o n 
2 

g comple x parameters .  However ,  thes e particula r  tor i  aros e i n th e 

19t h centur y fro m a  ver y natura l  source :  a s Jacobia n Varietie s o f 

compact  Rieman n Surfaces .  Muc h o f  th e theor y o f  thet a function s 

i s specificall y concerne d wit h th e identitie s tha t  aris e fro m thi s 

set-up .  Th e poin t  o f  thi s sectio n i s t o explai n briefl y th e 

beginning s o f  thi s theory .  I n Chapte r  III ,  w e wil l  stud y i t  muc h 

more extensivel y i n th e ver y particula r  cas e o f  hyperellipti c 

Riemann Surfaces . 

Let  X  b e a  compac t  Rieman n Surface .  A s a  topologica l  space , 

X i s a  compac t  orientabl e 2-manifol d ,  henc e i t  i s  determined ,  u p t o 

diffeomorphism ,  b y it s genu s g ,  i.e. ,  th e numbe r  o f  "handles" .  I t  i s 

wel l  know n tha t  th e genu s g  occur s i n a t  leas t  3  othe r  fundamenta l 

role s i n th e descriptio n o f  X .  We shal l  assum e th e basi c existenc e 
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theorem :  tha t  g  i s als o th e dimensio n o f  th e vecto r  spac e o f 

holomorphi c 1-form s o n X  .  A n extensiv e treatmen t  o f  this ,  a s wel l 

as th e othe r  topic s i n thi s section ,  ca n b e foun d i n Griffiths -

Harri s ,  Principle s o f  Algebrai c Geometry . 

The firs t  ste p i s t o analyz e th e period s o f  th e holomorphi c 

1-forms ,  b y us e o f  Green' s theorem .  T o d o thi s w e hav e t o dissec t 

th e 2-manifol d X  i n som e standar d way :  i.e. ,  w e wan t  t o cu t  X 

open o n 2 g disjoin t  simpl e close d paths ,  al l  beginnin g an d endin g 

at  th e sam e bas e point ,  s o tha t  wha t  remain s i s a  2-cell .  The n 

conversely ,  X  ca n b e reconstructe d b y startin g wit h a  polygo n wit h 

4g side s (on e sid e eac h fo r  th e lef t  an d righ t  side s o f  eac h path ) 

and gluein g thes e togethe r  i n pairs,i n particula r  al l  vertice s 

bein g glued .  Th e standar d pictur e i s this ,  draw n wit h g  =  3 : 

*Thes e ar e th e differentia l  form s u> locall y give n i n analyti c 
coordinate s b y co =  a(z)dz ,  a(z )  holomorphic . 
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-homologou s 
to A3 

homologou s 
to B, 
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r©i K 
& 

G, 

'©, 11. 

:h 

X 
K * 

flk 

A. = l e f t s i de of A. 

A? = r i a ht s i de of A. 
1 l 

B"!" = left side of B. 

B. = right side of B. 

ax =  -yAt-yBt+YAT+YB T 

V o -  X -  U A ,  ->>§, • 
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Not e tha t  i f  I ( O , T )  i s  th e intersectio n produc t  o f  2  cycle s <J,T , 

the n 

I(A .  ,A. )  =  I(B.,B. )  =  0 
1 3 l  3 

I(A .  ,B. )  =  6.. . 
i  3  I D 

Theore m 2.1 .  (Bilinea r  relation s o f  Riemann) :  Le t  X  b e a  compac t 

Rieman n surfac e o f  genu s g ,  wit h canonica l  dissectio n 

X =  X Q J L A x i L •  •  •  _1 L A  _1 L B x JL -  •  •  J L B 

as above . 

a)  fo r  al l  holomorphi c 

1 / w •  / n 
i= l  A .  B . 

b)  fo r  al l  holomorphi c 

/  g 

Im I 1 Jo )  • 
V i = 1 A . 

l 

1-form s a) , 

g 

"  1 /« • 
i- 1 B . 

1-form s a) , 

/OJ ) >  0 

B. 
l 

T), 

h 
A. 

l 

= 0 

Not e tha t  i f  w e le t  T(X,f t  )  denot e th e vecto r  spac e o f  holomorphi c 

1-forms ,  an d i f  w e defin e th e perio d ma p 

per :  n x , ^ 1 )  > Hom(H 1 (X ,  2Z) , CC)  =  H 1(X,(C ) 

by 

a)  »  > < t h e c o - c y c l e a  i  >  /a )  > 

the n (a )  ca n b e interprete d a s sayin g tha t  wit h respec t  t o cu p 

product ,  th e imag e o f  pe r  i s a n isotropi c subspac e o f  H  (X,(E )  . 
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I n fact ,  U  o n H  i s dua l  t o I  o n H 1.  Thu s i f  w e associat e 

t o a )  th e 1-cycl e 

g 
d<«> =  ^ ( f . ) .  A ,  -  X(\ „ )  B , 

Bi  A i 

the n d(u> )  satisfie s 

I(d(o)),c )  =  a) ,  al l  1-cycle s C . 

So per(o> )  Uper(n )  i s equa l  t o I  ( d (co )  , d (n )  )  , whic h i s exactl y 

th e thin g whic h (a )  say s i s zero . 

To prov e th e theorem ,  sinc e X_ i s simpl y connected ,  ther e 

i s a  holomorphi c functio n f  o n X n suc h tha t  a )  =  df .  The n f• n 

i s a  close d 1-form ,  s o b y Green' s theore m 

d ( f n) I 
x o 

A . A . B. B. 
i l l l 

- I W +
f n + L f n - 1 +

 fn +1.fn 

if 

[ - ( f on A + ) + ( f on A . ) ] n 

A . 
l 

+ 1 | [ - ( f on B t) + (f on B T ) ] T I

B. 
l 
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As d f  ha s n o discontinuit y o n A .  o r  B. ,  f  o n A .  mus t  diffe r  fro m 

f  o n A .  b y a  constant ,  an d likewis e fo r  B.,B. .  Bu t  th e pat h B . 

lead s fro m A .  t o A .  (se e dashe d lin e i n diagra m above )  an d th e 

pat h A .  lead s fro m B .  t o B. .  Thu s 
^  1  1 1 

0 =  I  J  ( -  I  »  ) n +  I \ ( •  {  „ ) n 
A.  B .  n  A . 

l l  B .  l 

w h i ch p r o v es (a ). As f o r (b) 

J d(fu>) = J fa> = " I [ w J a) + I f a)  f a 

Xn %Xn
 X B. A . 1 A . B . 

0 0 1 1 1 1 

as befor e .  Th e right-han d sid e i s 

2 i  I m f  I  a )  •  a )  j 
A.  B . 

l  l 

and d(fa) )  =  d f  Adf .  Wheneve r  f  i s  a  loca l  analyti c coordinate , 

le t  f  =  x+iy ,  x, y rea l  coordinates .  The n 

df  A  d f  =  (dx-idy )  A  (dx+idy ) 

= 2 i  d x  A  dy . 

Sinc e d x A  d y i s a  positiv e 2-for m i n th e canonica l  orientatio n 

I m [  d f  A  d f  >  0 . 

X ^ ° 
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I f  w e no w introduc e a  canonica l  basi s i n r(X,f t  ) ,  a  matri x 

ft  i n Siegel' s uppe r  hal f  spac e appear s immediately : 

Corollar y 2.2 .  We ca n fin d a  normalize d basi s CJ .  o f  r(X,f t  ) 

suc h tha t 

f  a) .  =  6 .  .  . 
J 3 I D 
A. 

l 

Let  ft. .  =  f  a). .  The n ft. .  =  ft.,  an d I m ft. .  i s  positiv e 13 J  3  1 3 3 1 1 3 c 

definite . 

B i 

st 

Proof :  Th e pairin g betwee n GJ' S o f  1  kin d an d A.' s i s non -

degenerat e becaus e o f  b )  i n 2.1 .  B y applyin g a )  t o u  =  u) .  ,  n  =  w . 

we ge t  ft.. -  ft.. =  0 ;  finally ,  i n orde r  t o prov e that ,  fo r  an y 

a,,... ,  a  real ,  I m T  a .  ft.  .a ,  >  0 ,  w e le t  u> =  Ta.a). .  B y b ) 1 g  .  % l  l k  k  L l  l  J 

1 , K 

0 <  I m J  cu f  I « k ^ k i ) « QED 

We ma y understan d th e situatio n i n anothe r  wa y i f  w e vie w th e 

period s o f  1-form s a s a  map : 

per' :  H 1(X,ffi )  >  Hor n (T ( X ^ 1 )  ,(C ) 

a i  > < th e linea r  ma p GO I -

or ,  i f  w e us e th e basi s u>. ,  •••,(* )  o f  T(X,f t  ) : 
1 9 

I" ) 

per' :  H 1 (X ,Z )  >  <E g 

a »  > 
a 

) 
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Corollar y 2.3 .  Th e map per '  :  H ,  ( X ,  7L) >  (E g i s  injectiv e an d 

it s imag e i s th e lattic e L ~ generate d b y integra l  vector s an d 

th e column s o f  ft. 

The fundamenta l  constructio n o f  th e classica l  theor y o f  compac t 

Riemann Surface s i s th e introductio n o f  th e comple x torus : 

Jac(X )  g- j  a*/L n. 

By Corollar y 2.3 ,  i f  P  i s a  bas e poin t  o n X ,  the n w e obtai n a 

holomorphi c map 

X >  Jac(X ) 

, P P 
P i  > ( f  ^i'""" '  f  "  )  m o d period s 

P P o o 

Thi s i s well-defined :  pic k an y pat h y fro m P  t o P  an d evaluat e 

al l  th e integral s alon g y. I f  y i s  changed ,  th e vecto r  o f  integral s 

i s altere d b y a  period ,  i.e. ,  a  vecto r  i n L fi .  Mor e generally ,  i f 

(K =  I  k.p . 
L i i 

i s  a  cycl e o f  point s o n X  o f  degre e 0 ,  i.e. ,  £  k .  =  0 ,  the n w e ca n 

associat e t o tt a  poin t 

I ((A) €  Jac(X ) 

give n b y 

I(M )  =  C  u )  w  )  mod periods , 
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a a  1-chai n o n X  s o tha t  do = £k.P .  .  Th e ma p ( A »  > I(O t  )  play s 

a centra l  rol e i n th e function-theor y o n X  becaus e o f  th e simpl e 

observation : 

Propositio n 2.4 :  Ijl ^  f  i s  a  meromorphi c functio n o n X  wit h pole s 

d d 
I P .  an d zeroe s £  Q.  (counte d wit h multiplicities) ,  the n 

i= l  X i= l  1 

d d 

i= l  x  i= l 

Proof :  Fo r  al l  t  €  (E ,  le t  D(t )  b e th e cycl e o f  point s wher e 

f  take s th e valu e t ,  i.e. ,  th e fibr e o f  th e holomorphi c ma p o f 

degre e d 

f :  X  >  nP 1 

ove r  t .  I f  P  i s a  bas e point ,  conside r  I(D(t)-d. P )  a s a  functio n 
o o 

of  t .  Becaus e th e endpoint s ar e varyin g analytically ,  s o doe s 

D(t ) 

dP o 

henc e t  »  >  I(D(t)-d P )  i s  a  holomorphi c ma p 

6:  3P 1 > Jac(X) . 

But  n p i s simpl y connected ,  s o thi s ma p lift s  t o 

£:  IP 1 >  (E g. 

Sinc e ther e ar e n o meromorphi c function s o n 3P_ withou t  poles , 

excep t  constants ,  6  an d 6  ar e constant .  I n particula r  6(0 )  =  6  («> ) 

and 6(°o)-5(0 )  =  KyP. -TQ. ) .  QED 
^ 1 ^ 1 
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The beautifu l  resul t  whic h i s th e cornerston e o f  thi s theor y is : 

d d 
Theore m o f  Abel :  Give n cycle s [  P. ,  I  Q•  o f  th e sam e degree , 

i= l  1  i= l  1 

the n conversel y i f  I ( £ P . - £ Q . )  =  0 ,  ther e i s a  meromorphi c functio n 

f  o n X  wit h pole s £p .  ,  zeroe s JQ .  . 

We shal l  prov e thi s i n th e nex t  section . 
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§3 .  & an d th e functio n theor y o n a  compac t  Rieman n Surface . 

We continu e t o stud y a  compac t  Rieman n Surfac e X .  A s before , 

we fi x a  basi s {A.,B. }  o f  H 1 (X,2Z) ,  obtainin g a  dua l  basi s OJ .  o f 

holomorphi c 1-forms ,  a  perio d matri x ft  € & ,  an d th e Jacobia n 

Jac(X )  =  (C g/L Q.  We als o fi x  a  bas e poin t  P C X .  B y th e method s 

of  §1 ,  w e hav e th e functio n 1/(z,ft )  o n (E g,  quasi-periodi c wit h 

respec t  t o L~ .  We no w ask : 

1)  Startin g wit h v^{z,Q.), wha t  meromorphi c function s 

on Jac(X )  ca n w e form ? 

2)  Vi a th e canonica l  ma p 

X >  Jac(X ) 
P 

P i  > [  o j 

P o 

what  meromorphi c function s o n X  ca n w e form ? 

Startin g wit h (1) ,  w e ma y allo w ft  t o b e a n arbitrar y perio d 

matri x i n $v .  The n ther e ar e 3  quit e differen t  way s i n whic h 

we ca n for m L^-periodi c meromorphi c function s o n ( E ,  fro m th e 

L n -quasi-periodi c bu t  holomorphi c functio n 
"f t 

Metho d I :  n  n  _>.  _, . 
n \7(z+a .  ,ft ) 

f(z )  =  i = 1 

n #(z+S .  ,ft ) 
i= l  1 

wher e a .  ,b .  €  (C g ar e suc h tha t  I  a .  =  Tb .  mo d 2Z 9 ,  i s  a 
1 1 * *  l  L l 

meromorphi c functio n o n X~ ,  sinc e th e denominato r  doesn' t  vanish . 
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i d e n t i c a l ly and the cond i t ion £a. = J&. prov ides us wi th 

ft-invariance: 

exp(-7[7ri mftm+27ri in(z+a.)]) 
f(z+nm) = f (z) = f ( z ) . 

exp(-£[TTi mfim+2iTi m(z+b.)]) 
i 

A v a r i a t i on of t h i s method uses t he ta funct ions wi th c h a r a c t e r i s t i c: 

I f a,S,a*  ,&' 6 |zzg , then 

#[§]<Nz,fl) 
i s a meromorphic funct ion on X . 

fr[§](Nz,n) 

Likewise, i f £a. = £a! , \h. = £b! mod ffi n , then 

#[*i](z,fl ) 
1 1 

ntfr*il<z,f l 
i Lg. J 

i s  a  meromorphi c functio n o n X  . 

) 
i 

(the 1st one because 

^[jjj ] (NCz+m+fim') ,Sl) 

£[{Jj (N(z+m+nm') ,8) 

exp(27ritaNm)exp(-2TTitbNrrf) [exp (-TriN2tm*ft m'-^TTi^m' z)] T^t^KNzfl ) 

exp(2iTitaINm)exp(-2Tri1blNm') [exp (-7riN2tm' QmI-2TTiNtm' z) ] l& '̂.KNz ,Q) 

and (a-a ' )N, (b-b')N € ffi g ; s im i l a r ly the 2n d one). 
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Metho d II : 

3z-  8" '  1  =  JL _ ^J^ I+L i U 
a$-(z+a,ft )  #(z+B,o j 3 x i  * V * ( J + 6 , n ) ' 

i s  a  meromorphi c functio n o n X 0 a s i s  -£— log (  ^  " ,  •  - 1 
3 / &Q (z.S), 

( because t he r a t i o of t he 2 l9"'s i s m u l t i p l i e d, by a c o n s t a nt when 

z i s r e p l a c ed by z+ftn+m). 

Method I I I : 

3 z .3z . 3z. 

^ 2 

3 * 
3z. 

3 

i s a meromorph ic f u n c t i on on X 

32 t t ( i t increases by -r r—- l og exp( -7 ri mftm-27ri mz) when z |—>  z+^Hn' and t h is 
d Z  .  d  Z  . 

i s  zero) . 

Thi s i s th e Weierstras s &-functio n whe n g  =  1 . 

Now le t  ft  b e th e perio d matri x o f  th e compac t  Rieman n Surfac e X 

again .  Th e application s o f  XT t o th e functio n theor y o n X  ar e base d 

on a  fundamenta l  resul t  o f  Rieman n wh o compute d th e zeroe s o f 

P 

f(P )  =  -& (z + |  Zf0\ ( Z fixed) . 

po 

Not e tha t  f(P )  i s a  locall y single-value d bu t  globall y multivalue d 

function ,  whic h i s invarian t  aroun d th e A-periods ,  but ,  o n prolongatio n 

aroun d a  B-perio d B ,  f  i s  multiplie d b y 

P 
exp[-uift kk -  27ri (  f  w k +  z k )  ]  . 

Pn 
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Theore m 3. 1 (Riemann )  :  Ther e i s a  vecto r  A  €  ( E ,  suc h tha t  fo r  al l 

P 

z € (Cg, f (z) = v (z + uj/ft) e i t h er vanishes i d e n t i c a l l y, or has 
p o 

g zeroe s Q,,•••, Q suc h tha t 

°i 

J J 
i= l  i 

a)  =  -  z  +  A  (mo d L Q)  , 

po 

Proof :  Thi s i s anothe r  applicatio n o f  Green' s Theorem .  We 

cu t  ope n th e Rieman n Surfac e X  a s before .  We ma y assum e tha t 

Q.  €  X n an d P f i  €  X 0 .  Le t  A .  b e a  smal l  dis c aroun d Q. .  We 

conside r  th e 1-for m df/ f  o n X n~UA. .  I t  i s  holomcrphic ,  henc e 

closed ,  s o 

I '<*§> 
X0-UA. 

J H 
a ( x Q- u A i ; 

- l \ d4 + i I  d4  i J 
3 A .  ^ V ^ k - B k ) 

2 r  d f 
f 

Now f  i s  invarian t  unde r  th e A-periods ,  henc e i t  ha s th e sam e valu e 

on B ,  ,B ,  .  An d f  increase d b y -2iTia )  o n B ,  whic h join s A ,  t o A ,  . 
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Thus th e middl e integra l  equal s 

g 
I  2* i  J uv =  2  ni g 

and th e las t  integra l  i s  zero .  Sinc e —j =  2  7ri(mult .  o f  zer o Q.) , 

thi s prove s tha t  th e numbe r  o f  zeroe s o f  f  i s  exactl y g  (counte d 

wit h multiplicit y i f  necessary) . 

Next ,  le t  oi ,  =  dg ,  wit h g ,  ( P )  =  0  o n X n an d repea t  th e sam e 

argumen t  wit h th e 1-for m g,»—=- : 

| d < 9 v ^> k f' 
x0-uA i 

v f df  x ? f df  x ? f df 

Takin g thes e term s on e a t  a  time : 

f 
°i 

J'k7 = 2 * i  W =  2TT1 } 
3Ai  P 0 

k -

Next  g ,  o n B  i s g ,  o n B  plu s 6 ,  .  becaus e th e pat h A 

lead s fro m B „  t o B  .  S o 

f  d f  _  .  f  d f J  +
g

k - 7 -  6kl " 7 

V V B* 
= 6 ,  (chang e i n valu e o f  lo g f  aroun d B  ) 

* 1 
r / some \" | 

= 6ko 2 -2TT  J u -2TT1Z + 2 T r i ^ i n t e g e r JJ 
P
 ml 
0 

(wher e P ,  i s th e bas e poin t  o f  th e path s B  an d A  ) . 
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Next  g  o n A .  i s g ,  o n A .  plu s (~fy,n )  becaus e th e pat h B  lead s 

fro m A ,  t o A ,  .  S o 

l  +
 g k ^ = L ^k-°k£> (T-2Titti> - ( v ¥ > 

CvA 0 A* 

= -\i J+ ¥ -27ri ^ +
g k ^ + 2* i Q k* f ** 

A£ A *  A& 

(
some v /

i n t e g e rJ - 27ri I g ^ + 2ir i f t k £. A* 

Puttin g al l  thi s together ,  w e find : 
P 

Q.  1 

p o p o A * 

+ ( i a k +  £  0 k* V 
whic h prove s th e theorem .  QED 

To exploi t  thi s theorem ,  w e mak e a  fe w definitions :  le t 

Symm X  b e th e compac t  analyti c spac e constructe d b y dividin g 

X x--- x x  ( n factors )  b y th e actio n o f  th e permutatio n grou p i n 

n letters ,  permutin g th e factors : 

Symm X  =  X  x  •  •  •  x  x/ g 
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Thi s i s  well-know n t o b e a  manifold ,  eve n a t  point s wher e (& i s 

not  actin g freely .  I n fact ,  i f 

( Xl ,---,x n)  €  X n 

and 

1 k  k+ 1 n 

(thi s ca n alway s b e achieve d b y permutin g th e x.'s) ,  the n le t  U 

be a  neighborhoo d o f  P  disjoin t  fro m a n ope n subse t  X n c  X 

containin g x ,  ,,•••, x .  The n Symm X  contain s th e ope n set : 

<uk/<sk) * <x!T ,V6n-k )

Let  £  b e a  coordinat e o n U .  The n coordinate s o n U  /(§. ar e 

give n b y th e elementar y symmetri c function s i n z;  (x n )  ,  *  * *  , C (x, )  , 

k V 

henc e U  /(g ,  i s  a n ope n subse t  o f  (E v.  B y inductio n thi s prove s 

tha t  Symm X  i s a  manifold . 

Point s o f  Symm X  ar e i n 1- 1 correspondenc e wit h so-calle d 

"divisors "  o n X ,  positiv e an d o f  degre e n .  Thes e ar e finit e 

forma l  sums : 

i= l 

of  point s o f  X ,  wit h 

y k . p . 

i 
k,  >  0 ,  I k  =  n . 

1 i= l  x 
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We wil l  usuall y writ e divisor s as : 

n 

i= l  x 

allowin g th e P.' s t o b e equal .  A s i n §2 ,  w e hav e a  canonica l  map 

I  :  Symm n X >  Jac(x ) 
n 

give n b y  p 

I n(Jp i )  =  ( J J  S  m ° d L «) -
P0 

Clearly ,  I  i s  a  holomorphi c map fro m Symm X  t o Jac(X) , 

To exploi t  Riemann' s theorem ,  defin e fe c  Jac(X )  t o b e th e 

prope r  close d analyti c subset : 

P 

£ =  { z O M A - Z +  f  w )  =  0 ,  al l  P  €  x j  . 

P0 

Let  U  =  Jac(X) -  £ .  The n I  claim : 

Corollar y 3.2 :  Fo r  al l  P  ,  •  •  •  , P €  X ,  z  €  (E g: 

P.  P . 

f  u> =  z  mod L  >  1$ *  (A- Z +  ui )  =  0  fo r  al l  i 
1 P  P 

and i f  z  $  fe,  ,  the n th e diviso r  J  P .  i s uniquel y determine d 
"  i 1 

by z  by :  P . 

JU (o =  z  mod L  . 

po 
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Kence 

I  :  Symm g X >  Ja c (X ) 

i s bimeromorphic .  Mor e precisely ,  i t  i s  surjectiv e an d 

re s I  :  i" 1 (U )  >  U 
g g 

i s a n isomorphism . 

Proof :  Le t  W c  Symm g X x  Jac(X j  b e th e close d analyti c 

subse t  define d b y bot h condition s 

P. 
1 

l j s z mod L 0 

po 
and P 

f(P )  =  $ (t-z + \ S ) 

P0 

i s zer o o n J  P. .  Conside r  th e projection s 
i= l  X 

Symm g X Jac(X ) 

By Riemann'stheorem ,  p^TU )  >  U  i s a n isomorphism .  I n particular , 

p2(W)  i s a  close d subse t  o f  Jac(X )  containin g U ,  henc e equal s Jac(X) . 

Thus di m W _> g .  Bu t  p ,  i s  injectiv e becaus e th e P .  determin e z . 

So di m p ,  (W )  >_ g ,  henc e p ,  i s  surjective ,  henc e p ,  i s  bijective . 

Therefor e W i s nothin g bu t  th e grap h o f  I  ,  i.e. ,  th e firs t  conditio n 
g 

implie s th e second .  Thi s i s th e firs t  assertio n o f  th e Corollar y an d 

th e res t  i s  a  restatemen t  o f  Riemann' s theorem .  QED 
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We nex t  investigat e th e functio n 
y 

E (̂x,y )  =  & ( e +  J 

wher e e  €  (E g i s  fixe d an d satisfie s 17(e )  =  0 ,  an d x, y €  X . 

As wit h f ,  E  i s  locall y single-valued ,  bu t  globall y multi-valued , 
e 

bein g multiplie d b y a n exponentia l  facto r  whe n x  o r  y  ar e carrie d 

aroun d a  B-period . 

Lemma 3.3 .  Fo r  an y P C X , 

y 

D =  j e £  (E g/L fi |̂ ( S +  f  2 )  =  0 ,  al l  y  €  x j 

P 

i s a n analytic_subse t  o f  Jac(X )  o f  codimensio n a t  leas t  2 .  Henc e 

fo r  an y finit e subse t  P..,---, ? o f  X ,  there _ i s a n e  suc h tha t 

l>(e )  =  0 ,  f ±(y )  =  #( e +  J  2 )  K  °  fo r  al l 

Proof :  Le t  D  b e a n irreducible^componen t  o f  D  an d le t 

X c  Jac(X )  b e th e locu s o f  point s a) ,  al l  y  £ X .  Conside r 

th e locu s o f  point s a+b ,  a  t D ,  b  6  X  an d cal l  i t  D+ X .  The n 

D+X i s a n irreducibl e analyti c subse t  o f  Jac(X )  containin g D 

and containe d i n th e locu s o f  zeroe s o f  "&  .  Henc e 

di m D  +  X  <_ g-1 .  I f  di m D  =  g-1 ,  i t  follow s tha t  di m D  =  di m (D+ X ) , 

henc e D  =  (D+ X ) .  Bu t  the n D + X + X +••• + X  = D .  B v th e 
P P  P  P 
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Corollary ,  I  i s  surjective ,  i.e. , 

= Jac(X) . 

Togethe r  thes e impl y D  =  Jac(X) ,  whic h i s a  contradiction .  Thu s 

di m D  <_ g-2 .  QED 

Lemma 3.4 :  Le t  e  e  (C g satisf y ^  (e )  =  0 ,  E_ (̂x,y )  f 0 .  The n 
e 

ther e ar e 2g- 2 point s R.,•••, R , S ,--', S e  X  suc h tha t 
A. g  j .  l. g

E_ (̂x,y )  =  0  <?=== > a )  x  =  y 
e 

or  b )  x  =  R . 

or  c )  y  =  Si . 

More precisely ,  includin g multiplicities ,  th e diviso r  o f  zeroe s o f 

E+ i s th e su m o f 
e 

a)  A  ,  th e diagona l 

b)  {R. }  x  x ,  1  £  i  £  g- 1 

c)  X  x{s .  }  ,  1  <_ i  <_ g-1 . 

Proof :  Le t  R  €  X  b e an y poin t  suc h tha t  E_ (̂R,y )  ̂  0 .  The n 
e 

by Riemann' s theorem ,  ther e ar e g  point s y,,•••, y  suc h tha t 

1>1e+ w )  =  0  an d b y th e Corollary : 
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uniqu e unordere d g-tupl e suc h tha t 

(y  ,-• -,y )  =  {  g  y i ^  P o j 
1 g  «•  V  f  m =  A  -  lZ +  f  M )  mod L Q J 

R 

Sinc e to )  =  0 ,  w e ma y assum e y .  =  R .  I t  follow s that : 
*1 

uniqu e unordere d (g-1)-tupl e suc h tha t 

P, 
e 

i= 2 

Therefor e Y7,''',Y depen d onl y o n e :  se t  S .  =  v  •  _- ,  • 

Ther e i s a  finit e se t  o f  point s R  €  X  suc h tha t  (A) )  =  0  . 

R 

To investigat e thei r  number ,  choos e S 0 ^  S-,---, S _ ,  .  The n 

\?( e +  fuS )  =  0  i f  an d onl y i f  x  =  S 0 o r  #  ( e +  |w )  =  0 ,  al l  y . 

But  &{-z) =  l9-(z )  ,  s o 

S0 x 

•#( e +  Jw )  =  $ *  (- e +  fu> ) 

x  S c 

has g  zeroe s b y Riemann' s theorem .  S o ther e ar e g- 1 point s 

R± e  X  suc h tha t  XT'  ( e +  f  u> )  =  0 .  QED 

R. 
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Wit h thes e function s E  ,  w e ca n no w prov e Abel' s Theore m 

(se e §2) :  give n cycle s J  P. ,  I  Q-  o f  t n e sam e degree ,  assum e 
i= l  1  i= l  1 

V Z V = id(ZQi). 

Then w e wan t  t o construc t  a  meromorphi c functio n o n X  wit h pole s 

£p. ,  zeroe s £Q .  .  I n fact ,  w e choos e e  €  (C g s o tha t 

&(e) =  0 

E_>(P i ,y )  £  0 
e 

E^(Q i ,y )  % o . 

e 

Conside r  th e functio n o n X : 

i= l  e (3.5 )  f(y )  -

i- 1 e 

We fi x th e sheet s o f  th e multivalue d function s E  a  littl e mor e 
e 

precisel y a s follows : 

Choose path s a .  fro m P .  t o P. ,  T .  fro m P Q t o Q.  s o tha t 

f  f !  •  f  f 0) 
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Not e tha t  fo r  an y CL ,  T^ ,  b y ou r  assumptio n I^P.^ )  =  I
( j^ Qi^ ' 

th e abov e sum s woul d b e congruen t  mod L ~ *  Henc e alterin g on e 

of  them ,  w e ca n achiev e equalit y i n CC . 

Defin e f  as : 

K #( e +  f  3 ) 

f(y )  -

n 
i= l 
n #( e +  j  2 ) 

p. 
1 

wher e th e path s fro m Q. ,  resp .  P. ,  t o y  ar e —r. , resp .  -a- , 

followe d b y th e sam e pat h fro m P .  t o y  i n al l  integrals .  I f  w e d o 

this ,  le t  u s examin e th e effec t  o f  movin g y  aroun d a  pat h i n X  o r 

of  alterin g th e pat h fro m P n t o y .  I f  th e chang e i s b y A ,  ,  nothin g 

happens .  I f  th e chang e i s b y B ,  ,  f  i s  multiplie d by : 

d r y l 
n exp [ - i r i \ k " 2ir i ( J u>k + ek> j 

d r Y i 
II exp -7r i^k k - 27ri(f u>k + e )̂ 

P. 
l 

a y d y 

exp [ -2,1 ( J ^ j o>k - . ^ | Wjc)] 
Q  P i 
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Thus f  i s  single-valued .  B y Lemma 3.4 ,  it s  zeroe s ar e precisel y 

th e Q.  an d it s pole s th e P. .  Thi s prove s Abel' s Theorem . 

The beautifu l  functio n E_^  play s th e rol e fo r  X  o f  th e 

® 1  1 
functio n x- y fo r  th e rationa l  Rieman n Surfac e P  :  namel y o n 3P , 
ever y rationa l  functio n ca n b e factore d 

f(y )  =  c 
iKy-C^ ) 

TKy-P ±) 

(3.5 )  i s a  generalizatio n o f  th e formul a t o al l  compac t  Rieman n 

surfaces .  E_^  i s calle d th e "Prim e form "  becaus e o f  thi s rol e i n 
e 

factorin g meromorphi c functions . 

We conclud e th e sectio n wit h on e las t  consequenc e o f  Riemann' s 

theorem : 

Corollar y 3.6 :  Fo r  al l  e  £  (E g 

l9(S )  =  0  ^= > 3 P1 ' , P n  e X  suc h tha t 
g_l 

x J 

Proof : 

I I s-
I n fac t  tak e an y P  6  X  an d appl y (3.2 )  t o 

I t  follow s tha t 

P. 
l 

t»i (A - I [  Z) =  o 
i= l  I 
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Conversely ,  t o prov e " = > "  not e tha t  \?(e) =  0  define s a  codimensio n 1 

subse t  o f  Jac(X )  an d th e righ t  han d sid e define s a  close d analyti c 

subse t  o f  Jac(X) .  Moreove r  b y (3.3) , 

y  \ 

&(e +  J  2 )  =  0 ,  al l  y  €  X  J 
po ' 

has codimensio n 2 .  S o i f  w e prov e " = > "  fo r  e' s suc h tha t 

l>(e )  =  0 

y 

3 y  €  X ,  Cr( e ( + |  2  )  V .  0 , 

P0 

i t  follow s fo r  al l  e .  Tak e suc h a n e .  B y th e surjectivit y o f  I  , 

we ca n writ e i t  as : 

P. 

A -  I  J  S . 
1 = 1 P 

Conside r 

f  (y )  =  &le + J  Z\. 
P0 

By (3.2) ,  th e diviso r  o f  zeroe s o f  f(y )  i s  exactl y  I P. .  On 

o.  *  i = 1 X 

th e othe r  hand ,  17'(e )  =  0  s o P f i  i s  a  zer o o f  f(y) .  Therefor e 
some P .  equal s P. ,  an d e *  ha s th e for m require d b y th e Corollary . 

QED 
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Appendi x t o §3 ;  Th e meanin g o f  A 

I n th e precedin g discussion ,  A  come s u p a s a  strang e 

bi-produc t  o f  a n elaborat e Green' s theore m calculation .  We woul d 

lik e t o appl y th e Riemann-Roc h theore m o n X  t o giv e anothe r  poin t 

of  vie w o n th e Corollarie s t o Riemann' s Theore m (3.1) ,  leadin g t o a 

determinatio n o f  A  fro m anothe r  poin t  o f  view .  We nee d som e o f 

th e standar d terminolog y connecte d wit h divisor s o n X : 

Definitio n 3.7 :  2  divisor s D,,D 2 o n X  ar e linearl y equivalen t 

i f  eguivalentl y I( D -D 2)  =  0  o r  3  a  meromorphi c functio n f  suc h 

tha t  D n-D 2 =  (zeroe s o f  f )  -  (pole s o f  f) .  Thi s i s writte n D 1 =  D 2. 

An equivalenc e clas s o f  linearl y equivalen t  divisor s i s calle d a 

diviso r  class .  Unde r  + ,  th e se t  o f  diviso r  classe s i s a  group , 

calle d Pi c X  (thu s th e Jacobia n Ja c X  i s isomorphi c t o th e 

subgrou p o f  Pi c X  o f  diviso r  classe s o f  degre e 0) . 

Definitio n 3.8 :  Le t  u> b e an y meromorphi c 1-for m o n X .  Fo r  al l 

P €  X ,  le t  z  b e a  loca l  coordinat e o n X  nea r  P  an d writ e 

a)  =  z  ̂ » u (z )  -d z 

wher e n  €  ZZ ,  u(z )  i s  holomorphi c an d u(0 )  ? 0 .  The n th e diviso r 

of  a )  is : 

(u> )  =  I n  -P . 
P€X p 

Not e tha t  i f  W,  ,w 2 ar e 2  suc h Informs ,  OK/GO^ =  f ,  a  meromorphi c 

functio n o n X ,  s o 

(a)  )~(c o )  =  diviso r  o f  f  =  0 . 
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Thus thes e divisor s (u) )  al l  li e i n th e sam e diviso r  clas s K  ,  calle d 

th e canonica l  diviso r  clas s o n X . 

Definitio n 3.9 :  Th e se t  Z o f  diviso r  classe s D  suc h tha t 

2D B K x 

i s  calle d th e se t  o f  thet a characteristic s o f  X . 

Not e tha t  Z i s  a  principa l  homogeneou s spac e unde r  (Pi c X )  ~ ,  th e 

grou p o f  2-torsio n i n Pi c X  (i.e. ,  V  D 1 ,D ? €  Z, ther e i s a  uniqu e 

E €  (Pi c X ) 2 suc h tha t  D  =  D 2 +E) ,  henc e card .  L =  card .  (Pi c X ) 

Moreover ,  al l  D  €  (Pi c x )  o  hav e degre e 0 ,  s o 

(Pi c X ) 2 =  (Ja c X ) 2 =  | L Q / I ^  =  (Z5/22Z) 2g
 f 

and bot h £,(Pi c X ) 2 hav e 2 2 g elements . 

The mai n resul t  o f  thi s appendi x is : 

Theore m 3.10 :  Le t  G  c  <E g/L Q b e th e analyti c subse t  define d b y 

^ ( z ^ )  =  0 .  We conside r  al l  translate s e+ 0 o f  th e subse t  0 

by a  poin t  o f  CCg/L^ .  Then : 

a)  Th e ma p 

Di > f locus of po in ts I(P1+_#+P ,-D) \ c CEg/L 

fo r  al l  P  ,.., P €  X 

Q 

i s  a n isomorphis m 

se t  o f  translate s e+ 0 whic h ar e 

I  — = — > I symmetric ,  i.e. ,  invarian t  unde r  J 

z »  > - z 
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b) The map 

locus of zeroes of\ 
( n»> '  *  (  «  n '  -  )  c  "  / L n 

i s a n isomorphis m 

,  ~  0  /Se t  o f  translate s e+ 0 whic h l a2g /zz 2g _ * _ _ £ 
Iar e symmetri c 

Proof :  Not e tha t  iJ'(-z )  =  ̂ (z )  (thi s i s immediat e fro m th e 

formul a definin g i9 -  )  ,  s o 0  itsel f  i s  symmetric .  Bu t  V[ n „3(z )  =  0 

n 

i s  th e translat e o f  0  b y ftn'+r)"-  I f  n'»n "  €  J72^' t n e n 

ftTT+n"  €  G g/ L i s  o f  o r d e r  2  a n d a  translat e o f  a  symmetri c subse t 

of  a  grou p b y a n elemen t  o f  orde r  2  i s symmetric .  I n fact ,  a 

translat e o f  a  symmetri c subse t  0  b y a n elemen t  a  i s als o 

symmetri c i f  an d onl y i f  0  i s invarian t  b y translatio n b y 2a : 
-(0+a )  =  0+ a «=s > 0+2 a =  0  . 

Thus t o prov e (b) ,  w e nee d t o chec k tha t  0  0+e ,  fo r  al l  e  ̂  0 . 

Thi s i s prove n similarl y t o Lemma 1.7 :  sa y e  €  G  satisfies : 

#<J )  =  0  « = *  #(z+e )  =  0 

and w e mus t  sho w e  e L^ .  Conside r  — - :  th e zeroe s o f 
a 4G) 

numerato r  an d denominato r  cance l  out* ,  henc e thi s i s a  nowher e 

zer o holomorphi c functio n o n ( E .  I f  f(z )  i s  it s  logarithm ,  w e hav e 

Not e tha t  b y (3.6) ,  u(z )  =  0  i s a n irreducibl e analyti c subse t 

of  G g/ Lo an< 3 tha t  b y (3.1) ,  1 /  vanishe s t o 1s t  orde r  o n it : 

otherwis e th e f(z )  i n (3.1 )  woul d alway s hav e multipl e root s an d 
by (3.2) ,  w e ca n tak e th e P.' s distinc t  i n genera l  position . 
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"&  (z+e) = exp f (z) # (z) . 

I n t h i s s u b s t i t u te z+ftn+m for z and use the f u n c t i o n al equa t i on for 

$* on both s i d e s. We f ind t h at 

exp(- i r itnf in-2Tr i tn-(z+e) + f (z)) . 1̂  (z) 

= exp (f (z+fin+m) - iri nftn-27ri nz) v ( z) 

hence 

(* )  f(z+ftn+m )  -  f(z )  =  -2-rr i  n e +  27i i  •  (integer ) 

fo r  al l  z  €  (C g.  Therefore ,  3f/3z .  i s  invarian t  b y z  I  > z+ftn+m , 

i.e. ,  i s  a  holomorphi c functio n o n (C g/L 0.  Bu t  the n 3f/3z .  mus t  b e 

a constant ,  henc e f  i s  a  linea r  function .  I f  f  (z )  =  c  +2-rr i  c*z , 
o 

the n (* )  say s 

^fi- n =  -Si- e +  (integer )  ,  al l  n  €  ZZ g 

c- m =  (integer) ,  al l  i n €  Z g . 

By th e 2n d formula ,  c  £  Z g ,  henc e b y 1s t 

e =  -fi- c +  (integra l  vector ) 

e V 
Thi s prove s (b) . 

To prov e (a) ,  w e us e th e followin g consequenc e o f  th e Riemann -

Roch theorem :  Fo r  al l  divisor s E  o f  degre e g-1 , 
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3Pl '" ' Pg-l€ X S - t ' 

*=- p i 
3Ql'"'°g-i e X S ' t * 

K x-E . I  Q. 

There fo r e i f D € Z, V P , ? ,€ X, 3 Q, ,«* ,Q ,6 X such t h a t 
l  g- i  l  g"* i 

2D -  ( P ^ - . + P ^ )  E  Q ^ . ' + Q ^ 

K P , + " + P „  ,-D )  =  »I(Q 1 +  --+Q „  , - D ) . 1 g- l  1  g- l 

Thi s prove s th e symmetr y o f  th e locu s i n (a) .  B y  (3.6) ,  thi s locu s 

i s a  translat e o f  0 .  Finally ,  Z  ha s 2  g  element s i n i t  an d b y 

par t  (b) ,  ther e ar e 2  g  symmetri c (0+e)'s .  Thi s prove s (a) . 

QED 

Corollar y 3.11 :  A  =  I( D -(g-l) P )  fo r  som e D  €  Z . — o  o  o 

Proof :  Le t  D  €  Z  ma p unde r  (a )  t o 0  itself .  Compar e 3. 6 

and 3.10 :  i t  follow s tha t 

<  locu s o f  pt s I( P +--+ P ,- D )[ = -{locu s o f  pt s I  ( P +--+ P ^ - ( g - D P )-l\ 

Therefor e translatio n b y X+I((g-l) P - D )  carrie s 0  t o itself , 
o o 

henc e i s 0 .  QED 

Corollar y 3.12 :  Le t  D  €  Z  an d i^l) €  -^Z2q/7Z2q correspon d 

t o th e sam e symmetri c translat e o f  0  i n (3.10) .  The n 
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(̂ [ n, ,
l ]  (0,ft)= o ̂ *=^(i3'(fin , +n,, ,fi)=o )  < = > (3ie1, •  •  / ? ^  X  suc h that > 

Proof :  Immediat e fro m 3.10 . 

The se t  o f  thet a characteristic s ha s a n importan t  2-value d for m 

define d o n it : 

Definitio n 3.13 :  Fo r  al l  £  =  (JJ,' )  €  |s 2 g /2Z 2 g ,  defin e 

e*<c )  =  (- D ^  ^  . 

For  al l  c  =  ([!) ,  n  =  (Jjl )  €  |z 2g /2Z 2g ,  defin e 

e2( Cf n)  -  (-l) 4<V.n"-V.4" > . 

We wan t  t o thin k o f  e *  a s th e exponentia l  o f  a  quadrati c for m 

on (E/2E )  g  wit h value s i n 2L/27Z, an d o f  e 2 a s th e exponentia l  o f  a 

skew-symmetri c for m (2/2E )  g x(2Z/2ZZ )  g  >S/2ZZ .  Sinc e + 1 =  - 1 

i n 7L/27L, a  skew-symmetri c for m i s als o symmetri c an d thes e 2  ar e 

relate d by : 

The importanc e o f  e *  rest s o n 

Propos i t ion 3.14: For a l l £ € j f f i 2 g/ZZ2g 

l ( -z , f l ) = e^ (c ) - l 9 - [ ^ ,
1 ] ( z , f i ) . 
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Proof :  Thi s i s a n eas y calculation : 

i S ' l J i j ( - z ,B) = I e x p t T T i S n + c ' W n + c ' ^ T r i ^ n + c ') ( -z + c " ) l 
^ n € 2Zg 

, I exp[?ri (m+c1 ) ft (m+£ ' )+2TTI (m+c ' ) ( z - c " )] 
m€ ZZ-

i f m = -n - 2c1 

= e x p ( 4 7 r it c , . C , , ) - 1 > [ ^ J (z,ft) . QED 

Corollar y 3.15 : 

e#(c )  =  + 1 < = 

For  al l  c  €  | s 2 g / S 2 g 

^th e diviso r  $ [£ ]  (z,ft)= 0 does N / 0 doe s no t  contain x /tii e aivibu r  ̂  L  c ,  J  vz/«;= u aues v «« / U aoe s no t  contdin v 
(no t  contai n 0 ,  o r  els e ha s J  f  Qn'+n "  o r  els e ) 
^a poin t  o f  eve n mult ,  a t  0  ' ^ha s a  poin t  o f  ' 

eve n mult ,  ther e 

e * U )  =  - 1 * = > /th e diviso r  *&[£,)  (z,ft)= 0 v 
f  contain s 0  an d ha s a  poin t  J 
xof  od d mult ,  a t  0 

/ 0 contain s ftn'+n" 
(an d ha s a  poin t 
^o f  od d mult ,  ther e 

Her e a  diviso r  D  o n a  comple x manifol d i s a  locu s define d b y on e 

equatio n f(z_, #, , z )  =  0  i n loca l  coordinates ,  an d 0  i s a  poin t  o f 
k l  k 2 k n multiplicit y k  i f  al l  term s (az ]  z 2 --- z )  i n f  o f  tota l  degre e 

k 1 +•• + k  <  k  vanis h whil e a t  leas t  on e ter m i n f  o f  tota l  degre e 

k_ +•• + k  =  k  doe s no t  vanish .  Th e Corollar y come s fro m th e fac t I n 2 

tha t  i f  f(-z )  =  f(z) ,  al l  term s i n f  hav e eve n tota l  degree ,  whil e 

i f  f(-z )  =  -f(z) ,  al l  term s i n f  hav e od d tota l  degree .  Th e 

Corollar y show s tha t  0  alway s passe s throug h al l  od d point s o f 

orde r  2 :  i.e. ,  fin'+11"  €  yL Q/L 0 suc h tha t  e^(n )  =  -1 .  On e ca n 
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coun t  ho w man y point s o f  orde r  2  ar e eve n an d ho w man y odd ,  b y 

inductio n o n g .  Thu s the y divid e u p lik e this : 

g=l : 

g=2 : 

g=3 : 

genera l 
genus : 

4 

16 

64 

22g 

= 

= 

= 

_ 

eve n 
pt s 

3 + 

10 + 

36 + 

2g- 1(2 g+l )  + 

odd 
pt s 

1 

6 

28 

2 ^ 

Thi s i s a  nic e exercise .  Fo r  larg e g ,  ther e ar e nearl y hal f 

of  eac h kind . 

Usin g th e Theorem ,  w e likewis e divid e u p £  int o eve n an d 

odd parts :  I U£_ .  Th e middl e line s i n (3.15 )  sho w tha t  thi s 

divisio n o f  E  doe s no t  depen d o n th e choic e o f  A.,B .  an d al l  th e 

rest :  i t  depend s merel y o n th e multiplicit y a t  0  o f  th e locu s o f 

point s I(P.+---+ P i-D )  i n Ja x X .  I n particular ,  i f  D € E _ ,  i t 

follow s tha t  D  E P .  +  ---+ P _ ,  fo r  som e P .  €X .  I n fact ,  E + an d 

I _ hav e a  simpl e meanin g i n term s o f  th e functio n theor y o n X , 

whic h w e describ e withou t  proofs .  Thi s depend s o n a  furthe r 

theore m o f  Rieman n whic h complement s (3.6) : 

Theore m 3.16 :  Fo r  al l  P ,  ,  , P . .  €  X ,  le t  e  =  A  -  V  co . 
I  g _x  L j 

p o 

Let  j£(IP. )  b e th e vecto r  spac e o f  meromorphi c function s o n X  wit h 

at  mos t  simpl e pole s a t  P.,•••, P _ ,  (o r  highe r  pole s i f  severa l  P.' s 

coincide ,  th e orde r  o f  pol e bounde d b y th e multiplicit y o f  P . ) .  The n 
g- 1 /multiplicit y o f  th e zer o of x 

di m im #  J  *i > =  (  #$) a t  t =  2 
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Corollar y 3.17 :  Fo r  al l  D  €  Z 

D €  Z <*= > ( eithe r  2  P.,--, P . ,  €  x  suc h tha t  D  =  P n +  -«+ P _ \ 
+ i  1  g- 1 — 1  g-1 1 

x o r  i f  suc h P .  exist ,  di m £(P.+«»+ P , )  i s  eve n ' 
l  l  Q- l 

D e  z /  3  P .  ,««, P n 6 X  suc h tha t  D  E  P.+..+ P \ 
I  i  g; i  i  g-i ) 
x an d di m ^(P-^-'+ P  i s od d ' 

For  "almos t  all "  X ,  i t  ca n b e show n tha t  i n fac t  i f  D € Z  ,  th e 

P.' s don' t  exis t  an d i f  D € Z _ ,   ̂ ( P +««+ P )  contain s onl y 

constants ,  henc e i s 1-dimensional . 

Corollar y 3.18 :  D  an d henc e Z  ca n b e determine d fro m th e functio n 

theor y o f  X  b y th e property : 

V E  €  (Pi c  X ) 2 ,  le t  1(E )  =  ftn•+n",  n',n "  €  | s g .  The n 

(* )  di m ^  ( D Q+ E)  =  4 t ri '  -n "  (mo d 2 )  . 

Proof :  I n th e bijection s o f  3.10 ,  w e have : 

( D + E )  <  >  zeroe s o f  VH n „ ] (z ) 
o n 

so w e hav e jus t  expresse d i n (* )  tha t  eve n an d od d element s shoul d 

correspond .  Thi s characterize s D  becaus e i f  a 1,a "  €  y^ g an d 

4 t (n'+a')•(n"+a" )  = 4 t n'-n "  (mo d 2 ) 

fo r  al l  n',n" ;  the n on e see s tha t  a',a "  €  S g i n fact .  QED 
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§4 .  Siegel' s Symplecti c Geometry . 

The othe r  directio n i n whic h th e theor y o f  thet a function s 

develop s i s th e analysi s o f  iJ(z,Q) ,  esp .  1^(0,ft) ,  a s a  functio n o f  ft. 

Befor e describin g thes e results ,  however ,  w e mus t  understan d th e 

Siege l  uppe r  hal f  spac e ^ v better .  I t  i s  convenien t  t o vie w ĵ v 

i n severa l  ways ,  e.g. ,  bot h a s a n explici t  domai n i n (C g g  * an d i n 

a coordinate-fre e abstrac t  wa y too .  We bas e ou r  analysi s o n a 

ver y usefu l  elementar y lemm a i n linea r  algebra : 

Lemma 4.1 :  Le t  A :  JR g  x  n  g  > JR b e th e skew-symmetri c 

for m 

A( (x 1 , x 2 ) ,  (y 1,y 2) )  =  t x 1 ' y 2 -  t* 2'
Yi' 

Then th e followin g dat a o n M g  ar e equivalent : 

a)  a  comple x structur e J :  JR g  > JR g  (i.e. ,  a  linea r  ma p 
2 

wit h J  =  -I )  suc h tha t  A  =  I m H ,  K  a  positiv e definit e 

Hermitia n for m fo r  thi s comple x structure .  (Th e existenc e 

of  H  i s equivalen t  to : 

A(Jx,Jy )  =  A(x,y )  al l  x, y €  lR 2g 

A(Jx,x )  >  0  aJL L x  €  3R 2g-  (0)) , 

b)  a  homomorphis m i :  2 Z g  > V ,  V  a  comple x vecto r  space , 

plu s a  positiv e definit e Hermitia n for m o n V  suc h tha t 

I m H(ix,iy )  =  A(x,y) , 

c )  a  g-dimensiona l  comple x subspac e P  c  I  g  suc h tha t 

A^tx.y )  =  0 ,  al l  x, y €  P 

i A (x,x )  <  0 ,  al l  x  G  P-(0 ) 

( A =  comple x linea r  extensio n o f  A ) , 
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d)  a  g  x  g  comple x symmetri c matri x ft  wit h I m ft  positiv e 

definite . 

The link s betwee n thes e dat a are : 

a —> a  H(x,y )  =  A(Jx,y )  +  iA(x,y ) 

a —» b  i :  S 2 g c  (JR 2g,  J )  =  V 

a —>  c  P  =  locu s o f  point s i x -  J x 

b —> a  i  induce s b y ®  JR :  1R g  >  V ,  henc e a  comple x 

structur e o n 3 R g 

b —> c  i  induce s b y ®  (E :  ( E "  ^ > v  wit h kerne l  P 

b —> d  Coordinatiz e V  s o tha t  ife+k )  uni t  vector )  = 

k uni t  vector .  The n k  colum n o f  ft = 

i  ( k uni t  vector) . 

2c 
c —> a t he complex s t r u c t u re on 1R -' comes from 

3R2? c (E2g >> ( E2 g/ p 

and i i ^ 

c - > b 2Z 2 g c (E2g » (E2 g/P 

c —> d ft i s d e f i n ed by (0 ,  .  , 0; - f t . , , - f t . 0 *  - , - f t . J € P 
.1-n . 1 i. 1 z l y 

i1-11 spot 

d —> c P = s et of p o i n ts (x, ,-ftx.. ) 

d —> a t he complex s t r u c t u re on 3R g i s i n d u c ed by 

r e q u i r i ng x = ftxn + x? t o be complex c o o r d i n a t es 

H ( ( 0 , x 2 ) , ( 0 , y2 ) ) = t x 2 - (Im ft)~1-y2 . 

d —>  b We may s et V = (Eg 

i ( n1 , n2 ) = Qn1 + n 2 . 
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The reade r  i s advise d t o stud y thi s lemm a unti l  th e differen t 

facet s o f  thi s structur e ar e quit e familiar .  Th e proof s o f  th e 

equivalence s ar e easy . 

I t  i s  clea r  fro m a ,  b  o r  c  tha t  th e symplecti c grou p 

Sp(2g,H )  act s o n thi s se t  o f  equivalen t  data .  Thu s i f 

Y 6  Sp(2g,]R )  ,  the n y  carrie s 

J i  >  J f  =  yJy" 1 

(V,i )  i  > (V,i' )  wher e i 1 =  ioy ~ 

P l  >  P 1 =  y(P )  . 

Now w e ca n writ e suc h a  y  as : 

y =  ( r  n )  /  A,6,0, 0 n x n rea l  matrice s 

suc h that : 

Therefor e 

tJs)t;3Gs)- (-;;). 

x x e  a* } »  - *»> - {(c  ? )u ; ) | 
r/ Ax,-Bfix.v I  n ^ 

- {(cx^)|* i *' g }

( y \ 

n1 =  ( D fi  -c )  (- B a +A)"" 1. 

Thi s define s therefor e a n actio n o f  Sp(2g,]R )  o n & ,  .  Not e tha t 

ever y symplecti c matri x ( r  n j  act s b y a  bi-holomorphi c ma p 
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so 

We ma y mak e th e formul a loo k mor e familia r  i f  w e compos e 

wit h th e automorphis m y  i  > y o f  Sp(2,]R) .  I n fac t 

v 1  (.; ;>e -s) 
V- B A  / 

Thus afte r  composin g wit h thi s automorphis m o f  Sp(2g,3R) ,  th e 

actio n is : 

ft  I  > ft' =  (Aft+B )  ( C f l + D ) " 1 . 

I n particular ,  thi s show s tha t  (Aft+B)(Cft+D )  i s symmetric . 

Anothe r  wa y o f  phrasin g th e resul t  i s  this : 

Lemma 4.2 :  Le t  i :  2 Z g  >  V  b e dat a a s i n (b )  abov e correspondin g 

t o Q i n (d )  .  Le t  e. .  ,  • • •  ,e ~ b e th e uni t  vector s i n 2 Z ̂  an d le t — — 1  2 g 

e!  =  >A..e .  +  >B..e._ , 
l  ^  i ]  ]  L I D D+ g 

e '  =  )C .  .e .  +  YD .  .e. ^ 
l+ g L  i ]  ]  I D D +<3 

be a  ne w symplecti c basi s o f  7L g .  Le t  i '  b e th e compositio n 
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2Z2g >  E 2 g — >  V 

e .  i -
1 

Then i' :  E 2 g > V  correspond s t o (Aft+B )  (Cft+D )  "~ 1. 

We reprov e thi s t o ge t  anothe r  handl e o n th e situation : 

we may le t  V  =  CCg an d le t  i  b e 

i(n 1,n 2)  =  fin 1+n2. 

Then 

i(e!) ,  =  T  A .  .Q, .  +  B. . 
1 k  h 1 3 kj l k 

= (A£HB) i k 

by th e symmetr y o f  Q .  Likewise , 

i (e ! + g ) k =  (OHD) i k . 

Therefor e 

i '  (n lf n2)  =  J(n 1) i (Afl+B) i k +  (n 2>±(CG+D) iR . 

We chang e th e identificatio n o f  V  wit h (C g b y composin g wit h 

th e automorphis m (Cft+D) ~ : 

( z l f - - . , z g )  I  > (  I  (Cfl+D)"^,--- ,  I  (Cft+D)"^) . 
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Composing ,  w e fin d 

i , ( S 1 , n 2 ) k =  ^ (n 1 ) i [ (AQ+B )  ( C ^ + D ) ~ 1 ] i k +  ( n 2 ) k . 

Becaus e o f  th e symmetr y o f  (Afi+B)(CQ+D )  ,  prove n above ,  thi s ca n 

be wr i t te n 

i *  ( n ,n 2 )  =  (Afi+B )  (Cft+D )  - n +  n  . QED 

Her e i s a  diagra m tha t  summarize s i n term s o f  matr ice s th e 

si tuat io n relat in g i  an d i '  constructe d vi a ft,fi f : 

(x 1 , x 2 )  H 

7Z 2g 

(4 3  *$l) D - C 
K-B A} '  (Cft+D ) 

2g 
zz 

(x 1 , x 2 )  I -

J2x 1 + x 2 

t (C^+D )  =  -ft'C+ A 

9,'  x 1 +x ~ 

fi'  =  (Aft+B)(Cft+D ) -1- te°) € Sp(2g,ffi ) 

f  We veri f y 

a) 

f  J  bein g symplecti c mean s 

ar e invers e t o eac h othe r  becaus e 
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b)  tha t  t (Cfi+D)"" 1 =  -8'C+ A becaus e t fi I  =  Q '  s o thi s mean s 

t (Cfi+D)"" 1 =  - t (Cfi+D)" 1- t (Afi+B). C +  A 

whic h reduce s t o 

fc AC =  fc CA an d fc DA -  t BC =  I 

g 

whic h i n tur n follo w immediatel y fro m (*) . 

The commutativit y i s straightforward .  J 

We not e fo r  late r  us e th e followin g consequence : 

Propositio n 4.4 :  Th e grou p Sp(2g,]R )  act s o n th e spac e 

G9 xhjt b y th e maps : 

(z,fl )  I  >  ( t (Cfi+D)~ 1-z /  (Afl+B )  (Cft+D)" 1) . 

Proof :  Fo r  element s o f  Sp(2g,2Z )  ,  th e fac t  tha t  thi s i s a 

grou p actio n follow s fro m diagra m (4.3) ,  b y puttin g togethe r  th e 

diagram s fo r  i  an d i' ,  i 1 an d i" .  I n fact ,  th e sam e diagra m hold s 

i f  2 Z i s replace d b y 3R ,  b y th e sam e argument ,  s o w e nee d no t 

restric t  t o element s o f  Sp(2g,E) .  QED 

We ca n us e th e actio n o f  Sp(2g,JR )  o n <ffa t o giv e a  purel y 

group-theoreti c definitio n o f  ^  a s a  cose t  space .  I n fact : 

Propositio n 4.5 .  Sp(2g,]R )  act s transitivel y o n X\ ,  an d th e 

stabilize r  o f  i l  i s  isomorphi c t o U(g,(E) ,  embedde d i n Sp(2g,]R ) 

to 
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/  R e X  I m X ^ 
X »  >  ( 

V-I m X  Re XJ 

Thus  <fo =  Sp(2g,]R) /  U(g,(E )  . 

Proof :  Th e transitivit y i s checke d quickl y b y introducin g 

2 elementar y subgroup s i n Sp(2g,]R) : 

,K 0  v 

(I )  Y  =  U  V" 1) '  A  €  G L <g, l O • 

,1 B x 
(II )  y  =  I  )  /  B  an y g  *  g  rea l  symmetri c matrix . 

^0 I ' 

I n fact ,  y  a s i n I  act s b y (x. .  ,x ?)  i  >  (Ax 1 ,  A  x 2)  ,  an d 

A(  (YX 1 ,YX 2 )  ,  (Yy 1/YY 2)  )  =  *  ( Y ^ )  "  (YY 2)  "  (Y* 2)-fyy ^ 

= t ( A x 1 ) - ( t A " 1 y 2 )  -  t ( t A ~ 1 x 2 ) . ( A Y l ) 

t  t 
X1 ' Y2 "  X 2 " Y1 

= A ( ( x l f x 2 ) , ( y 1 , y 2 ) ) , 

wh il e Y  a s i n I I  act s b y (x..,x 2)  i  >  ( x  + B x 2 , x 2 ) ,  an d 

A( (YX l f Yx 2 )  ,  (Yy JL/YY 2) )  =  t ( x 1 + B x 2 ) . y 2 -  t x 2 . ( y 1 + B y 2 

= txi'Y2
 + t x 2 t B y 2 ~ t x 2 # y l ~ x 2 B y 2 

= A ( ( x 1 , x 2 ) , ( Y 1 * Y 2 ) )

^ g ' 
Actin g o n 4£ L ,  thes e map s carr y 

ft  I  > Af l^ A 

and ti I > ft+B. 
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Hence togethe r  the y carr y i l  t o i(A « A )  +  B .  Sinc e an y 

positiv e symmetri c matri x ca n b e writte n A *  A ,  thi s give s an y 

elemen t  o f  ^ v .  Thi s prove s transitivity . 

The stabilize r  o f  a  poin t  o f  * v i s mos t  easil y identifie d 

i n versio n (a) ,  lemm a 4.1 .  Her e (J R ,J )  i s  a  comple x vecto r 

spac e an d A  =  I m H ,  H  positiv e definit e Hermitian .  Th e symplecti c 

automorphism s o f  TR ̂  tha t  als o commut e wit h J  ar e th e complex -

linea r  automorphism s o f  (3 R g ,J )  .  Sinc e A  =  I m H ,  thes e mus t 

preserv e H .  S o thi s i s th e grou p o f  unitar y automorphism s o f 

(] R g ,J,H )  .  I n particular ,  i f  ft =  i l  ,  the n z ,  =  i(x,) ,  +  ^ x2^k ' 

1 <_ k  <_ g ,  ar e comple x coordinate s o n JR g ,  so : 

Then 

VC D 7 X C D ' 

i f  an d onl y i f  A  =  D ,  B  =  - C an d a s 

A B \  /n, \  /  An,+Bn n ( ) F1) =  ( An l +Bn2 \ 
^- B A 7 ^nj ^-Bn 1+An2

7 , 

i t  carrie s in,+n 2 t o i(An,+Bn 2)  +  (-Bn,+An 2)  =  (A+iB )  (in..+n« )  . 

Thi s prove s tha t  th e stabilize r  o f  i l  i s  a s claimed .  OFD 
g - — 

One ca n no w procee d t o buil d u p a  detaile d "symplecti c 

geometry' •  o n -̂ y  :  firs t  on e define s a  metri c o n Jhr whic h i s 

invarian t  b y th e actio n o f  Sp(2g,2R) .  I n thi s metric ,  on e ca n 

describ e geodesies ,  comput e curvature ,  investigat e totall y 

geodesi c subspaces ,  etc .  A  goo d referenc e i s 
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Siegel ,  Symplecti c Geometry ,  Academi c Press ,  1964 . 

Thi s i s a  generalizatio n o f  th e non-Euclidea n metri c o n th e 

upper-hal f  plan e K ,  whic h i s SL(2 ,  1R) -  invariant ,  henc e ha s 

constan t  curvature .  Ou r  interes t  howeve r  i s i n th e actio n o f 

th e subgrou p Sp(2g,2Z )  o f  Sp(2g,]R )  o n &  .  Becaus e 

a)  Sp(2g,ffi )  c :  Sp(2g,JR )  i s discrete ,  i.e. ,  3  a  neighborhoo d 

U =  { X X..-6. .  <  1 } 

of  th e identit y meetin g Sp(2g,ffi )  onl y i n Iy , 

zg 

and 

b)  Th e stabilize r  o f  a  poin t  o f  -wy i s  a  compac t  Li e group , 

c)  Sp(2g,S )  act s discontinuousl y o n -far :  (1 )  V  x  €  J2 v 

S =  { y €  Sp(2g,ffi )  yx =  x }  i s  finit e an d 3  a 

neighborhoo d U  o f  x  whic h i s stabl e unde r  S  suc h tha t J x  x 

V Y  €  Sp(2g,2Z )  : 

Y UX n  u x f 0 <*= > Y
 e  s x . 

and (2 )  ,  v  x, y €  yqra suc h tha t  x  ̂  Y Y f ° r  an y 

Y E  Sp(2g,ffi) ,  ^  neighborhood s U  , U o f  x, y suc h tha t 

U flY U =  0 ,  al l  Y  €  Sp(2g,ZZ) . 

Proo f  o f  c  :  Becaus e U(g,€ )  i s compact , 

TT:  Sp(2g,3R )  >  S p (2g^)/ U (g,(C )  -^— > £ v 

i s proper ,  i.e. ,  th e invers e imag e o f  a  compac t  se t  i s  compac t 

(i n fact ,  i n thi s case ,  w e ge t  a  sectio n b y considerin g Y' S o f 
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for m ( 0 )( Q A -l )  ;  A  positiv e definit e symmetri c -se e proo f 

of  4.5 -  henc e a s a  topologica l  spac e 

Sp(2g,]R )  =  U(g,(C )  x  [S p (2g ,  3R)  /  U  (g,(E )  ]  . ) 

Let  b e a  relativel y compac t  neighborhoo d o f  x :  the n 

TT ( U )  i s  compact ,  henc e 

i s compact .  Henc e th e intersectio n W f l  Sp(2g,ffi )  i s  compac t 

and discrete ,  henc e i s finite .  Bu t  thi s i s th e sam e a s th e se t 

F =  { Y €  Sp(2g,ffi )  jy(U )̂ n U ^  ? 0 }  . 

Now F  =  S  U F ,  wher e i f  y  e  F  ,  the n yx ? x .  Fo r  al l  y e  F .  , 

open neighborhood s o f  x , 

( n ( u n  Y"\))nu ^  . 
 Y  Y  /  x 

le t  U  , V b e disjoin t  ope n neighborhood s o f  x ,  yx. Le t 

X Y€F X 

(2 )  (2 ) 
One check s tha t  y U ' n  U  ^ 0 onl y i f  yx =  x .  Th e sought-fo r 

U ca n b e take n t o b e x 

u(3 )  =  n  yd2) . 
yes x 

Thi s prove s (1) .  We leav e th e proo f  o f  (2 )  t o th e reader .  QED 

One the n consider s th e orbi t  spac e 

a g  =  ^- g /S P(2g,S ) 
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By definition ,  a  subse t  o f  C? i s ope n i f  it s  invers e imag e i n 

A i s  open .  B y (c) ,  eac h o f  th e loca l  quotient s U  / S i s a n ope n 
^Q g  x x 

subse t  o f  Ot  an d th e induce d topolog y i s immediatel y see n t o b e 

th e quotien t  topology .  Eac h o f  thes e loca l  piece s i s a n ope n se t 

i n CEg g  '  modul o a  finit e grou p o f  analyti c automorphisms , 

henc e i t  i s  a n analyti c space .  Togethe r  thes e giv e a n analyti c 

structur e o n Q  .  Q i s  calle d th e Siege l  modula r  variet y 
g g  2  i. 

— a  ver y specia l  bu t  mos t  interestin g space .  (c2 )  tell s  u s 

tha t  (3 2 i s a  Hausdorf f  space . 

We conclud e thi s sectio n b y tyin g (JL togethe r  wit h th e 

theor y o f  projectivel y embeddabl e comple x tori ,  generalizin g th e 

idea s o f  Ch .  I ,  §12 » We nee d som e preliminarie s o n cohomology . 

For  ou r  purposes ,  w e wil l  us e DeRha m cohomology :  o n an y oriente d 

compact  manifol d M, 

TTk  ix, ™\  ~  spac e o f  close d exterio r  k-form s 
H (M,3R )  =  —*-  2  -r -r i  i — z spac e o f  exac t  exterio r  k-form s 

and i n thi s isomorphism ,  th e followin g subspace s correspond : 

/spac e o f  close d k-form s co wit h \ 
\integra l  period s aroun d al l  k-cycles J Hk (M,E) /  torsio n 

exac t  form s 

I n particular ,  i f  V  i s a  rea l  vecto r  spac e an d L  c  V  i s a 

lattice ,  the n fo r  an y k  element s  X , » * » ,\. €  L ,  w e ge t  a 

k-cycl e a(A.,•••,A ,  )  o n V/ L consistin g o f  th e imag e o f  th e 

k-dimensiona l  cube : 
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r k i 1 
< I  t . A . € V O £ t . £ l , f o r  a l l i ^  > V /L . 
l i = l  1 x I J 

Then takin g period s o n a  (A,,•••,A ,  ) ,  w e ge t  a n isomorphis m 

,  r multi-linea r  alternatin g forms ^ 
HK(V/L,E )  -^- > |  kj g | 

A:  Lx -  •  •  x L >  7L 

On th e othe r  hand ,  fo r  comple x projectiv e spac e P  : 

, 0 i f  k  od d o r  k  >  2 n 
Hk (P n,ZZ )  =  [ 

2Z i f  k  even ,  0  <  k  <  2 n 

wher e i f  k  i s eve n th e identificatio n i s give n b y integratin g ove r 

linea r  subspac e L  c  p  ,  di m L  =  k/2 .  Fo r  ou r  purposes ,  w e nee d 

onl y t o hav e a n expressio n fo r  a  2-for m u  o n P  representin g 

th e generato r  o f  H  (P n,ZZ) .  Th e simples t  is : 

4-  I  a
 3

a_ lo g f  X | z , | 2 )  dz .  A  d 
2* i j a s 0 aZ iaz. Vi£o' l ! / x 

z . 

(wher e z n,--», z ar e homogeneou s coordinates :  i.e. ,  coordinate s 

i n ( C wit h th e canonica l  map 

IT!  <C n+1 -  (0 )  >  IP " 

and wha t  w e hav e writte n her e i s TT w )  . 
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Now i f  fl  €# v ,  le t 

l :  Z Z 2g 

be dat a (b )  associate d t o Q a s i n Lemma 4.1 .  Expl ic i t ly ,  w e 

may se t  V  =  (E g,  i( n ,n~ ) 

latt ic e LQ, an d 

Qn-,+n«.  The n Imag e (i )  i s  th e 

V/ i (2Z 2 g ) 
*f i  • 

Moreover ,  th e alternatin g for m A :  ZZ g  *  Z Z g 

as w e hav e jus t  explained ,  a  clas s 

ZZ give s u s , 

[A ]  €  IT( X ,E )  . 

Not e tha t  i f  a n elemen t  y  €  Sp(2q ,  ZZ )  act s o n fi ,  the n i(2 Z g ) 

i s  unchange d an d th e alternatin g for m o n i(Z Z - )  i s  unchanged . 

Thi s give s u s a  wel l -def ine d map : 

V»: a, 
se t  o f  pair s (X,[A]), J 

X a  comple x torus , 

[A ]  €  H 2(X,ZZ ) 

modul o holomorphi c 

isomorphism s p re -

servin g th e cohomolog y 

classe s 

We ca n easi l y prov e tha t  y  i s in ject ive : 

le t 

- > X -

Q. 
be a n isomorphis m suc h tha t  <| > ([A ? ] )  =  [A..] .  Wri t e X ~ =  (E J/L ( 

an d lif t  cf > t o a n isomorphis m o f  universa l  coverin g spaces ,  an d o f 

fundamenta l  groups : 
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) :  CC J < c g , 

wher e 

(* ) >(z+a )  =  £(z )  +  4>*(a) ,  al l  a  e  L ^ 

Then fo r  al l  i , 

34) 
dz. (z+a ) 8z. 

1 

(z ) 

Hence -— i s  a  holomorphi c functio n o n (Ê ,  periodi c wit h respec t 

t o L n ,  henc e bounded .  The n -^ — mus t  b e a  constant ,  s o $ i s 
al. .  d Z . 

linea r  plu s a  constant .  We may thro w ou t  th e constan t  withou t 

affectin g (* )  .  Not e to o tha t  <J>*  ([A J )  =  [ A ]  implie s 

A2 ((f>*x,<{)*y )  =  A x (x,y ) 

Thus w e hav e isomorphisms : 

S 2 g ^  >  <E g 

Z5 
29 ti > <,* 

wher e <f> *  i s symplectic .  Thi s mean s exactl y tha t  a n elemen t  o f 

Sp(2g, S )  carrie s (CC g,i )  t o ((E g,i') ,  henc e Q, t o ft' Thus y 

i s injective .  T o describ e th e image ,  w e mak e th e followin g 

definition : 
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2 
Definitio n 4.6 .  Le t  X  b e a  comple x torus ,  [A ]  G  H  (X,Z )  .  The n 

[A ]  i s a  principa l  polarizatio n o f  X  ̂ f 

a)  Expresse d a s a  skew-symmetri c integra l  matrix , 

det[A ]  =  1 , 

b)  ther e i s a  holomorphi c embeddin g 

f :  X *  >  p n 

suc h tha t  i f  [co ]  6  H  ( P ,2Z )  i s th e positiv e generator , 

the n 

f*[w ]  =  N.[A] , 

some N  >_ 1 . 

Theore m 4.7 .  Th e map \x i s  bijectiv e betwee n Q  an d th e se t 

of  isomorphis m classe s o f  principall y polarize d comple x tor i 

(X,[A]) . 

Havin g describe d th e projectiv e embedding s o f  X Q i n §1 , 

we ca n easil y sho w tha t  [A ]  i s  a  principa l  polarizatio n o n X  . 

We shal l  omi t  th e proo f  tha t  al l  principall y polarize d tor i  ar e 

isomorphi c t o a n X  :  i t  i s  a  varian t  o f  Theore m 1.3 ,  par t  (3 ) 

and,  lik e tha t  result ,  i s  prove n i n th e author' s boo k Abelia n 

Varieties ,  §§ 2 an d 3 . 

To prov e [A ]  i s a  principa l  polarization ,  w e embe d X n i n 
2g " 

P n b y th e metho d o f  §1 : 

zt > (  ,  #  M (n?,ft) ,  ) 
L i J 
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wher e [ ,  1 ]  ru n ove r  coset s o f  E  g  i n — 7L g  an d n  a  fixe d 

integer ,  n  >_ 2 .  (Thi s i s th e embeddin g o f  § 1 fo r  (E g/nL ~ 

adapte d t o <E g/L Q b y th e remar k a t  th e en d o f  §1. )  We hav e a 

diagra m o f  maps : 

2g 

- > < r •(0 ) 

xn c ~ ^ 
-> i^-i 

Thus TT*f*[co ]  i s  represente d b y th e 2-for m o n (C ^ 

'3 

11 = 2? I J^¥T i o g ( l l ^ [ ^ ] ( n 2 ^ ) |2 ) dziA dz. 

We need o n ly compute t he p e r i o ds of n t o c o m p l e te t he p r o o f. 

Lemma 4 . 8. n 2 _ , t_ __ _ t „ 

a(f in,+n2,ftm..+m J 
n ( n , - m0 - n »mn) . 

1 1U2 " 2 " V 

P r o o f: The f u n c t i o n al e q u a t i on f o r ^ L 1 ] shows t h at 
i 

t t 2 
,, a. l o / ~27T n.. . Imftn.,-4TT n, (Im z K n . a. ,2 

tf^1] (Mz+ f i r ^+ r ^ ) ) 2 = (e ) ^ [ b 1 ] ( n * 
i z ) | 

hence 

(* ) l og H &[.  ] (n (z+ f ln ,+n?) ) = 2irn ( n,  Im ft-n1 + 2 n , - I m z) 

I a. 12 
+ l og l\ VL2-]  (nz) 

i . b i 
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We se t 

< =  5 ? I  ai r  io g(lj^[^ i ]( nS)| 2)dz i  . 

Then d £ =  - n (th e -~ — term s cance l  ou t  i n d £ ) ,  an d writin g 
I 

I m z  =  (z-z)/2i ,  w e find : 

afr<Im z) = -h 

henc e differentiatin g (*) : 

2 , t 
C ( z +  fin +  n 2 )  =- n (  n..-dz )  +  £(z ) 

Now the r e c t a n g le a i s 

fi  mi+m2 fi(ni+mi)+(ii2+m2) 

fini-hi2 

so by G r e e n 's t h e o r em 

-C> = J n = J c-c> = J ( - 0 + J ( - c ) 

2 f t , _,_ 2 f t = n J m.*dz + n J n, dz 

= n2 [ t m1*  (-f tn1-n2) + tn1 ] 

2 ,t t x 

= n ( n1 - m 2 ~ n
2 ' m i ^ * 

QF.D 
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§5 .  1 7 a s a  modula r  form . 

We wan t  t o conside r  no w th e dependenc e o f  th e functio n 

v(z,fi )  o n ft.  A s i n th e one-variabl e theory ,  th e fundamenta l 

fac t  i s  a  functiona l  equatio n fo r  \r fo r  th e actio n o f  Sp(2g,2Z ) 

on bot h th e variable s z  an d ft .  A s before ,  ther e i s a  rathe r 

trick y 8  roo t  o f  1  i n thi s equation .  Withou t  workin g thi s out , 

we ca n stat e th e functiona l  equatio n as : 

^(Ncft+D)"" 1-? ,  (Aft+B )  (Cft+D)"" 1) 

(5.1 ) 
= C  •det(Cft+D) 1/  -exptTTi^ .  (Cft+D )  1 C-  z ]  •  &  ( z ,ft ) 

wher e £ Y =  1 ,  an d 

Y = {*  I) €  Sp(2g,5Z ) 

satisfie s 

diagona l  (  AC )  eve n 

diagona l  (  BD)  even . 

Thi s se t  o f  element s o f  Sp(2g,ffi )  may b e describe d a s thos e y 

suc h that ,  modul o 2 ,  y preserve s th e orthogona l  for m 

Q(n l f n 2 )  =  t n 1 . n 2 G  ( E / 2 E ) 

as wel l  a s th e alternatin g for m A :  se e th e Appendix .  I n particula r 

thi s i s a  group ,  whic h w e cal l  T 1 ~  followin g Igusa . 

I n th e appendix , a  se t  o f  generator s o f  r l  2
 i s foun d an d 

usin g these ,  w e ma y prov e (5.1 )  i n 4  steps : 
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a)  Showin g tha t  i f  (5.1 )  hold s fo r  Y-,/Y 2
 G  Sp(2g,2Z )  ,  the n i t 

hold s fo r  Y-,Y 2' 

b)  verifyin g (5.1 )  fo r  £  t °__ 1V A  6  GL(g,S ) 

c)  verifyin g (5.1 )  fo r  (  Q  J ,  B  symmetric ,  eve n diagonal , 

d)  verifyin g (5.1 )  fo r  (  J 

We ma y chec k (a )  b y a  direc t  matri x computation ,  bu t  perhap s a  mor e 

interestin g wa y i s t o reformulat e (5.1 )  i n term s o f  a  closel y 

relate d functio n v  a  whic h i s the n t o b e show n t o b e 

Sp (2g ,  7L) - invariant .  Sinc e invarianc e b y y- ,  a n ^  Y o obviousl y 

implie s invarianc e b y Y-iY? '  ( a)  become s obvious .  Th e advantag e 

of  thi s approac h i s tha t  th e ne w functio n XTa mus t  hav e a  certai n 

importanc e du e t o it s invariance :  thi s wil l  b e explore d i n 

Chapte r  IV . 

To prov e (5.1 )  fo r  al l  z ,  i t  certainl y suffice s t o d o s o fo r 

z =  ftn,+n 2,  n .  €  Q g .  S o a s a  firs t  step ,  w e substitut e 

Qn,+n 0 fo r  z  an d rewrit e (5.1 )  fo r  \9 "  [  ]  (0,ft )  .  We clai m tha t 1 z n ~ 

(5.1 )  i s equivalen t  to : 

Dn -C n 
# X  (0 ,  (Aft+B )  (Cft+D )  X ) 

L-Rn+An .  - I -Bn,+An 2 

(5.2 ) 

= C^det fOHD) -̂ exp (-TriSi^ tBD-n1+2TTi tn1
tBCn2-Tri tn2

tACn2W [ n
1] (0,ft) 

J, not on n^,n2,Q.) 
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Thi s calculatio n goe s lik e this :  yo u substitut e ftn..+n 2 fo r  z , 

us e th e fac t  tha t 

t (C^+D)'" 1(fin 1+n2)  =  ^ , (Dn 1 -Cn 2 )  +  (-Br̂ +Ar̂ ) 

by (4.3) ,  an d the n us e th e definitio n o f  &[  ](0,fi) .  (5.2 )  follow s 
n 2 

excep t  tha t  on e ha s a  mess y exponentia l  factor ,  viz .  ex p o f 

Tri( t n1^+ t n2)  (CQ+D)" 1C(^n 1+n2) 

• t  r, 0  . t 
-  i n n ,  ftn.. -  2TT I  n,n 2 

+ 7Ti( t n1
t D- t n2

t C)  (Aft+B )  (Cf t  +  D )  ~1 (Dr̂ -Crij ) 

+ 2iTi( t n1
t D- t n2

t C)  •  (-Bn 1+An2)  . 

I n this ,  yo u separat e th e 4  term s ir i  n 1 .  (  )n .  ,  ni n,« (  )  n
2 ' 

TT± n 2* (  ) n ,  Tr i  n 2- (  )n 2 an d simplif y eac h one ,  usin g th e basi c 

A B 
fact s o n ( r  n )  expressin g tha t  i t  i s  symplectic : 

t D- A -  t B- C =  I 
g 

t D- B =  t B-D ,  ^X- A =  ^ - C . 

For e x a m p l e, t a ke t he f i r s t . I t i s 

TTi tn1{  QC^+^)~1((CQ+D)-D)~ Q +  tD(A^+B) (C^+D)_ 1D - 2t DB}n 1 

TTi tn1{^-f i(Cfi+D)~ 1-D - ft+ tD(Afi+B ) (C^+D)"1D - 2t DB}n 1 

TTi tn1{  (- Q+ fcDAQ + fcDB) (Cfi+D) " 1D - 2tDB}n , 

7 r i t n1 {  (tB-Cfi + tBD) (CQ+D)"1D - 2t BD}n 1 

T r i ^ { - tBD}- n . 

The o t h e rs a re s i m i l a r. 
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However ,  i f  w e examin e th e abov e calculatio n w e se e tha t  i t 

woul d hav e com e ou t  eve n simple r  if ,  instea d o f 

n, 
l H n ]  (0,fl )  =  exp[ir i  n 1^n 1+27rin 1n2]  i9 ,(fin 1+n2,fi ) 

we us e a  modifie d v  tha t  w e wil l  cal l  17 a : 

Writte n out , 

(£/3 0 ^ t n 1 ] ^ )  =  J  g exp[7Ti t (n+n 1)^(n+n 1)+2TTi t (n+^)-n 2] 

I f  w e us e v a instea d o f  v  ,  th e "mess y exponentia l  factor "  i s 

rather : 

7ri( t n1^+ t n2)  {CQ +D )  ~ 1C (ftn-̂ n ^ 

. t  0  . t -  TT I  n  Qn 1 -  TTi  n 1n 2 

+ 7ri( t n1
t D- t n2

t C)  (Aft+B )  (Cft+D )  ~ 1 (Dr̂ -Cr̂ ) 

+ iTi( t n1
t D- t n2

t C)  .  (-Bn 1+An2)  , 

which ,  treate d a s before ,  turn s ou t  t o vanis h identically ! 

Thus th e functiona l  equatio n becomes : 

Dn - C n i 
(5.4) ^ L n . + A n J ((Afl+B)(OHD) X) [ un, -1 

-Bry 

n, 
C d e t ( O H D ) 1 / 2- £a [ -1] ( f i ) . 
r  " 2 
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1/ 2 
How abou t  th e facto r  det(CJHD )  ?  Thi s to o ca n b e "eliminated * 

i n a  sense .  Le t 

w =  t(CQ+D) 1 . z . 

Then 

dw,  A--"Ad w =  det(CSHD )  -dz,A - "'Ad z . 1 g  1  g 

Hence (5.4 )  says : 

Dn^Cn, 

L-Rn.+An _ J 
|((Aft+-B )  (Cft+D )  ) .  /d w A "  '  'Ad w 

-Bn 1+An2
J g 

L a r  1 , 
e . # [ n l(ft) .  /d Z l A...Adz c 

2 

Propositio n 5.5 :  Le t  Sp(2g,ffi )  ac t  a s follows : 

a)  o n ffi  g ,  b y ( n ,n 2)  i  >  (Dn..-Cn 2 ,-Bn,+An 2) 

b)  o n -b, ,  b y ft i  > (Aft+B )  (Cft+D)"" 1 

c )  o n (E g,  b y z  •  >  t {CQ+D)"1-z. 

Then th e functiona l  equatio n fo r  v  assert s that ,  u p t o a n 8  roo t 

of  1 , 

# a [ n ](fl) .  /d Z;L A---Ad z 
2 g 

i s  invarian t  unde r  r. .  ?  <= Sp(2g,E) . 

Next ,  t o prov e th e functiona l  equation ,  w e mus t  conside r  th e 

3 generator s o f  r i  9 . 
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,A 0 
Case I : Y = (Q t A ~ l ) , A G GL(g,2Z). 

Then (5.1) reduces t o: 

^ ( A ? , A.fi^A ) = z, d e t ( A ) "1 / 2 &{z,a) 

which i s immediate , w i t h £ a 4 r o ot of l , i n f a c t: 

l9(Az, A^A ) = I exp tT r i ^A^A-n + 27ritn-A«z] 

= I exp[7 i it ( tAn)f i ( tAn) + 2Tr i t ( tAn)z] 
n € Eg 

= I expt i ri mftm + 27ri mz] 
m£Zg 

= ^(z,f t ) 

and sinc e de t  A  =  +1 ,  det(A )  '  i s  a  4  roo t  o f  1 . 

I  B 
Case II :  y  -  ( 0 T ) /  B  symmetric ,  eve n diagonal . 

Then (5.1 )  reduce s t o 

l9-(z,ft+B )  =  C-  #(z,ft )  . 

Her e w e may tak e £  =  +1 ,  becaus e i n fac t 

t9*(z,ft+B) = J exp[ir i tn(f i+B)n + 27ritnz] 
n€2Zg 

I exp tui nBn]-exp[TTi nftn + 2TT1 nz] 

because nBn i s always an even i n t e g e r. 
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Case III ;  y =  ( j  Q )  . 

Then (5.1 )  reduce s to : 

(5.6 )  #  (f t  1 z,~^" 1)  =  c-det(ft) 1/2 -exp[TTi t z.ft" 1z]  •  ̂ (z f ft )  . 

1/ 2 0  ̂ "' ^ 

I n fact ,  thi s i s tru e wit h c«det(ft )  ' replace d b y det(" ) 

wher e th e branc h o f  th e squar e roo t  i s use d whic h ha s positiv e 

valu e whe n ft  i s  pur e imaginary . 

We coul d prov e (5.6 )  alon g th e line s o f  th e proo f  o f  Chapte r  I , 

but  instea d w e wil l  giv e a  differen t  proo f  base d o n th e Poisso n 

Summatio n Formula : 

(5.7 )  f  a  smoot h functio n o n ]R g,  goin g t o zer o fas t  enoug h a t  ° °  t 

f  it s  Fourie r  transform : 

i f ( U = I f ( x ) e x p ( 2 T T it x . £ ) d x1 - - - d x c 

t h en 

l f ( n ) = I f ( n ) . 
n € 2y n € Sy 

We a p p ly t h i s w i t h f (x) = exp(7ri xftx + 2-rri x * z ) . Then 

I  f(n) = # ( z , f t ) . 
n€ZZJ 

To c a l c u l a te f, we need t he f o l l o w i n g i n t e g r a l: 

Lemma 5 . 8: For a l l ft €& . , z € (Eg, 

exp ( i ri xftx + 2iri x . z ) d x , « « « dx = ( d et ft/i) exp ( -7 ri zft z) , 
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Proof :  Rewrit e th e integra l  a s 

exp(-Tri zft z) exp(Tri (x+ft z) ft(x+ft x 

As bot h side s o f  th e equalit y t o b e prove d ar e holomorphi c i n ft 

and z ,  i t  suffice s t o prov e the y ar e equa l  whe n ft  an d z  ar e pur e 

imaginary .  Therefore ,  w e ma y assum e 

ft  =  i  A- A ,  A  rea l  positiv e definit e symmetri c 

z =  i y ,  y  real . 

Then th e integra l  becomes : 

exp(-7ri t zft~ 1z)  J  exp[-7r t (x+( t AA)~ 1y) t A«A (x + ( t AA)  ̂ y ) ]  d x ^  •  «d x 

Replacin g x  b y x+ (  AA )  y ,  thi s i s 

exp(-Tr i  z  ft  z )  exp[-i T x  A» A x]dx,««'d x . 

K g 9 

Substitutin g w  =  Ax ,  thi s become s 

e x p ( - i ri zft z) exp[-TT w w ]  ( d et A) ' 

+00 2 

t -1/2 g f _ 7 T Wi 
^A-A ) x /  n e dw. 

i = l  J 1 

+00 _ 2 
t - 1 +  _i /-> 9 

exp (- i r i zft z) ( det 

= exp( -7 r it z f t 1z) ( d et ft/i)  1/2 . QED 



197 

We may now c a l c u l a te f: 

f ( £ ) = exp ( i ri xftx + 2iTi x - z )exp (2 iTi x« ^ ) d x1 ^ 
J a  J 

* * 

= (de t  fl/i)  1/2 exp(-7ri t (z+C) « 1 (z+^)) . 

Therefor e 

J f(n )  =  (de t  Q/i)~ 1/2 exp(-7ri t z«~ 1z )  £  ex p (-TTî Q -1 ! !  ~27ri t n^"' 1z) 
n€ZZg n€ZZ g 

= (de t  fi/i)~ 1/2 exp(~7ri t zfi" 1z)  a9'(fi~ 1z,-̂ " 1) 

(replacin g n  b y - n i n th e su m i n th e las t  step) .  Thi s i s (5.6 )  . 

Thi s complete s th e proo f  o f  th e functiona l  equation .  A 

Corollar y o f  ou r  proo f  whic h i s usefu l  i s  that : 

(5.9 )  I f  y  6  r 4 ,  i.e. ,  y  =  1  ̂ (mo d 4 ) ,  the n i n th e functiona l 

equation ,  c  =  ±1 -

Proof :  I n fact ,  b y th e Appendix ,  T. i s  containe d i n th e grou p 

generate d b y matrice s 

(o 2\)'  Gc i)'  B ' c symmetric. 

For  th e firs t  o f  these ,  th e functiona l  equatio n hold s wit h 

C =  +1 -  Bu t 

V-2 B 1 /  \ I  0 /  .\ 0 lj[ l  OJ 

so th e 8  roo t  o f  unit y C  involve d i n th e functiona l  equatio n fo r 

(  _ )  cancel s out ,  an d C  =  ± 1 i n th e equatio n fo r  (_ 2R T ^  ^ we 

canno t  sa y £  =  + 1 unles s th e appropriat e branc h o f  /det(C°.+D ) 

i s  chosen) .  QED 
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We no w introduc e th e genera l  concep t  o f  a  modula r  for m o n 4  ̂ : 

Definitio n 5.10 :  Le t  r  c  Sp(2g,Z )  b e a  subgrou p o f  finit e index . 

Then a  modula r  for m o f  weigh t  k  an d leve l  r  i n g  variable s i s a 

holomorphi c functio n f  o n Siegel' s uppe r  half-spac e Jky suc h tha t 

fo r  all , 

Y -  ( c D )  €  r 

we hav e 

f((Afl+B)(Cfi+D)" 1)  =  det(Cft+D) k.f(fi) . 

I f  g  s  1 ,  w e pu t  a n extr a boundednes s hypothesi s o n th e 

behaviou r  o f  f  a t  th e "cusps" .  I f  g  >  1 ,  i t  turn s ou t  tha t  thi s 

boundednes s i s automati c (th e "Koeche r  principle") :  fo r  example , 

f  wil l  b e bounde d i n th e ope n se t  o f  fi's  suc h tha t 

I m ft  >  c. I 

fo r  som e constan t  c  >  0 .  I f  r  =  r  ,  the n f  i s  sai d t o b e a 
n 

modula r  for m o f  leve l  n .  I f  g  >  2 ,  the n b y a  resul t  o f  Mennick e 

(Math .  Annalen ,  15 9 (1 9 65) ,  p .  115) ,  an y suc h r  contain s som e 

subgrou p r  ,  s o a  modula r  for m o f  leve l  r  i s  a  modula r  for m o f 

leve l  n  fo r  som e n .  Th e functiona l  equatio n fo r  -\) state s the n 

tha t  -j )  (0,ft )  i s  a  modula r  for m o f  weigh t  1  an d leve l  4 .  Mor e precisely , 

i f  w e introduc e followin g Igus a th e intermediat e level s (n,2n )  b y 

Tor ,  C  r r .  On C r ~ 

2n n,2 n n 

wher e n  i s assume d eve n an d v  €  r  0 ~ i f 

'  n ,  2 n 

Y -  ( C D> =  X 2g m o d n 
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and 2 n divide s th e diagonal s o f  B  an d C ,  the n w e prove : 

Corollar y 5.11 :  Le t  n  b e even .  The n fo r  al l  n  ,n 2, m , m €  - 2 g , 

n,  m 1 

# L ± ]  ((>,«)•#[,/ ]  (o,n ) 
n 2 m 2 

2 2 
i s a  modula r  for m o f  weigh t  1 ,  leve l  ( n ,2 n ) . 

Proof :  Thi s follow s immediatel y fro m (5.2) . 

I n fact ,  Igus a ha s show n tha t  th e rin g o f  al l  modula r  form s 

2 2 

of  leve l  ( n ,  2 n ) ,  o f  al l  integra l  weights ,  i s  jus t  th e integra l 

closur e o f  th e subrin g generate d b y thes e theta s an d tha t  the y hav e 

th e sam e fractio n field .  Thi s i s th e fina l  resul t  i n hi s boo k Thet a 

functions ,  Springer ,  1972 .  I t  i s  a n ope n problem ,  however ,  o f  considerabl e 

interes t  t o understan d exactl y wha t  subrin g o f  th e rin g o f  modula r 

form s i s generate d b y th e thetas .  Geometrically ,  w e ca n procee d 

as i n Chapte r  I  an d defin e a  holomorphi c mapping : 

Mn*., B2> 
PN" 1 

vn ,2 n ) ' 

by „ a a 

fli  > (  ,-£ [  a](0,Q).&[  a](0,fi) ,  ) 
n 2 m 2 

1 1 
wher e (  a), (  a )  run s throug h al l  set s o f  4  element s i n a  syste m o f 

n 2 m 2 
cose t  representative s o f  - S g modul o 2 g .  Th e mai n resul t 

n 
geometricall y i s tha t  thi s i s a n isomorphis m o f  th e analyti c spac e 

-$y  /L 2 2 i  w ^ t h a  " c ! uas i "P r o J ec ' t i ve "  variety ,  i.e. ,  a  subse t  o f 
y g ( n ,2 n ) 
N~l 

P define d b y polynomia l  equation s minu s a  smalle r  se t  o f  th e sam e 

type . 
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Corollar y 5.1 1 suggest s tha t  w e exten d th e definitio n o f 

modula r  form s t o half-integra l  weight s a s follows : 

Definitio n 5.12 .  Le t  r  c  r .  2  b e a  subgrou p o f  finit e index .  The n 

a modula r  for m f  o f  weigh t  k  €  =50, an d leve l  r  i s  a  holomorphi c 

functio n f  o n JL ^  suc h tha t 

f((Afl+B)(Cft+D)- 1)  =  f(fl ) 

fo r  al l  ( £ ® )  €  r . 

Wit h thi s definition ,  w e ca n eve n exten d 5.1 1 a s follows : 

Corollar y 5.13 :  Fo r  al l  n ! ' n
2

 e  ® 9 '  £ e z ' l 1 1 ' 

i s  a  modula r  for m o f  weigh t  1/ 2 fo r  a  suitabl e leve l  T. 

Proof :  Conside r 

f(fl )  =  -# [  1 ] ( 0 ^ Q ) / / 9 [ Q ]  (0,n )  . 
n2 

Subs t i t u t i n g (Aft+B) (CSHD) ~ for  o, and using ( 5 . 2 ), i t fo l low s that 

i f  n i / n 9 e l / n 2 g , n even, and 

/ A £Bv 

l.-v J€v f S ^ C D 

then 
f ((Afl+B ) (Cft+D) -1) = + f ( f l ) . 
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The sig n e (  )  give s a  homomorphis m 

^ ^ r 1 - ^ - o ] — > ™

Let  r  b e th e kernel .  The n r  i s  a  leve l  for d I 1 (0,Afl) .  QED 

Anothe r  wa y t o describ e th e situatio n i s this : 

le t 

8( ® )  =  §  vecto r  spac e o f  function s f :  Q g >( C 

suc h tha t  fo r  som e k, £ >^  1 

f(a )  = 0 i f  a  $  ^2Z g 

f(af£ )  =  f  (a )  i f  £  €  £  Z g 

( £ i s als o calle d th e spac e o f  Schwart z function s o n th e grou p A g , 

A f  bein g th e finit e adeles) .  Defin e 

\9[f ]  {m) =  J  f  (n)exp(TTi t n^n ) 
n"GQg 

Then 

f  I  >$ [f ]  Ufl ) 

i s  a  ma p 

w£ :  S(Q g)  >  { v .sp .  o f  modula r  form s o f  wt .  —,  an y level }  . 

The imag e i s th e sam e a s th e spa n o f  th e modula r  form s A/ [  1 ](0,£^) / 

al l  n 1 ,n 2€CDg becaus e -$[f ]  become s - $ [ ni ]  i f  f  i s  take n t o b e 

th e characteristi c functio n o f  a+Z g time s th e characte r  define d b y h 

w.  i s know n a s "th e Wei l  ma p associate d t o th e 1-variabl e quadrati c 

for m lx2". 
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Appendi x t o §5 :  Generator s o f  Sp(2g,2Z ) 

I n th e las t  sectio n an d i n th e nex t  Chapter ,  w e nee d a t 

variou s place s lemma s assertin g tha t  variou s subgroup s o f 

Sp(2g,Z )  o f  finit e inde x ar e generate d b y suc h an d suc h elements . 

We grou p togethe r  al l  th e result s o f  thi s il k  tha t  w e need .  Ther e 

i s nothin g ver y difficul t  i n an y o f  these .  First ,  th e subgroup s 

we shal l  conside r  are : 

Tn =  {y e Sp(2g,E )  y E  I  mod n } 

and als o a n intermediat e subgrou p r. .  ~ : 

F2 C  r i  2 C r i  =  SP( 2<?'2Z )  . 

I n fact ,  i f  Sp(2g,ffi )  act s b y reductio n mod 2  o n (S/2ZZ )  g ,  i t 

preserve s th e skew-symmetri c for m 

A((x 1,x 2)  ,  (y 1,y 2) )  =  x 1«y 2 -  2̂'Y1 

which ,  becaus e th e characteristi c i s 2 ,  i s  als o symmetric .  I n 

fact ,  ove r  7L/ 2TL ,  conside r  th e quadrati c for m 

Q((x 1,x 2) )  =  x i * x 2 ' 

Then 

A(x,y )  =  Q(x+y )  -  Q(x )  -  Q(y)(mo d 2) . 

Therefore ,  th e orthogona l  grou p ove r  2Z/ 2 2 Z (th e map s preservin g Q) 

i s a  subgrou p o f  th e symplecti c grou p ove r  Z5/2Z Z (th e map s 

preservin g A ) !  Le t 

r i, 2 =  { y  e S P ( 2 9 ^ ) |  Q(Y X)  =  0(x )  mod 2 }  . 



203 

We res t  ou r  sequenc e o f  generatio n assertion s o n on e dealin g 

wit h th e fewes t  generators : 

Propositio n A.l :  Le t  T cSp(2g,2Z )  b e th e subgrou p generate d b y 

th e element s 

. 1 2B X ,  I  O x „  _  .   ̂ .  .  . 
( 0 -,- )  ,  ( 2C j )  /  B * c integral ,  symmetri c . 

Then r 4 c  r  c  r 2-  I n fac t  r  i s  th e grou p 7 o f  ( ^  p ) 

wher e 4|A- I  ,  4|D- I  ,  2|B ,  2|C . 

Proof :  We us e 

Lemma A.2 :  Le t  n, m €  2Z ,  no t  bot h zero .  Le t  d  =  (n,m) .  The n a 

sequenc e o f  th e elementar y transformation s 

(x,y )  i  >  (x±2y,y )  an d (x, y ±  2x ) 

carrie s (n,m )  t o eithe r 

(d,0),(-d,0),(0,d) ,(0,-d )  o r  (d,d) . 

Proof :  Sinc e everythin g preserve s divisibilit y  b y d ,  w e 

may a s wel l  divid e b y d  an d prov e thi s fo r  d  =  1 .  Give n (n,m) , 

eithe r  |n |  <|m| /  |n |  >  |m |  o r  |n| = |m |  .  I f  0^ |  n  |  <  |m |  ,  mak e th e map 

(x,y )  •  > (x,y+2x )  o r  (x,y-2x ) 

so as to dec rease |m |. I f | n | > | m | ^ 0, make t he map 

(x,y) i > (x+2y,y) or (x-2y,y) 

so a s t o decreas e |n| .  I f  |n |  =  |m| ,  the n n  =  ± m an d sinc e 

(n,m )  =  1 ,  |n |  =  |m |  =  1 .  I f  (n,m )  =  (-1,1 )  o r  (1,-1) ,  on e o f  th e 

elementar y transformation s carrie s i t  t o (1,1) .  I f  (n,m )  =  (-1,-1) , 

we nee d 2  o f  them : 
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(-1,-1 )  .  >  (-1,+1 )  I  >  (+1,+1 ) 

(x,y )  I  >  (x,y-2x ) 

(x,y )  *  >(x+2y,y) .  QED 

To prov e th e Proposition ,  le t  y €  f .  Conside r 

y(l,0,"',0;0,...,0) )  =  (a 1,...,a g;b 1,...,b g)  . 

Her e 4 I  a,-l,a~,•••, a , 2 b.,•••, b an d g.c.d .  (a. .  ,  •  •  •  , b )  =  1 . 1 1  '  2 '  g  |  1  g  ^  1  g 

We shal l  follo w y  b y  a  sequenc e &^  o f  elementar y 

transformation s ( Q ),( ,  )  unti l 

V N - 1 " "  S 1Y(l'0r---'0;0f-'0 )  =  (1,0,...,0;0,...,0) . 

Not e tha t  w e may hav e a t  ou r  disposa l  th e transformations : 

a.,b .  »  >  a.±2b.,b .  ,  othe r  a ,  ,b .  lef t  alon e 
1 1 i l l k k 

a. , b. I > a. . 
i '  I i '  I  I ' 

a . , a . , b . , b. I > . , b. , b . , 
i j i j i 3 D 1 1 3 

a . , a . , b . , b. 1 > , " " 
i j i D 1 3 ' 1 3 3 1 

We procee d i n stage s lik e this : 

Ste p I :  Le t  d  =  (a , , ^ ) .  Not e tha t  d  i s od d becaus e a ,  i s  odd . 

Appl y (a 1,b 1)  1  >  ( a ^ b ^ b ^  o r  ( a ^ b ^ a ^ . 

By th e lemma ,  w e eventuall y achiev e 

a l  =  ±d '  b i  =  °  • 
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(Th e othe r  possibilitie s ar e exclude d becaus e d  i s od d an d 

b,  alway s remain s eve n a t  eac h stage. ) 

Ste p II :  We wan t  t o decreas e |a 1 | .  I f  a ,  \ b .  fo r  som e i ,  w e 

appl y 

a,,a.,b.,b .  \ >  a  +2b.,a.±2b n,b.,b . 
1 1  1  1  1  1 '  1  1 1 1 

or  a,,a. ,  b  +2a .  ,b .  ±2a. ,  . 
1'  l  _ 1 l i  1 

Agai n becaus e a ,  i s  odd ,  b .  i s  even ,  i f  d '  =  g.c.d.(a.,b.) *  w e 

eventuall y reac h 

 =  ± d \  b ± =  0 . 

Ste p III ;  Repea t  Ste p I I  unti l  a. .  |b .  ,  al l  i .  We als o ma y repea t 

a,  ,b. .  i  > a ,  ,  b  +2a 1 unti l  b. .  =  0  again .  We wan t  t o decreas e 

|a, |  further .  I f  a ,  ](  a .  ( i  >_ 2 )  ,  w e firs t  appl y 

a l ' a i ' b l , b i  *  > a
1 ' a i ' b

1
+ 2 a i ' b i + 2 a

1 

so tha t  b ,  become s 2a. ,  the n repea t  Ste p I .  I n thi s way ,  w e 

decreas e la ,  I  unti l  a ,  |a.,b. .  The n a s g.c.d .  (a.,b. )  =  1 ,  a ,  =  ±1 . 1 1 '  l ' i ' i  ^  I ' I  ' 1 

Ste p IV :  Kil l  b 2,---, b b y map s 

a l , a i ' b l ' b i  '  >  a 1 ,a i ,b 1±2a i ,b i ±2a 1 . 

Make b ,  =  2  b y map s 

al , bl ' > a1 , b1 1 . 

Step V: K i l l a9 , * » » ,a by maps 
Z. g 

a , , a . , bn , b . i > a +2b. , a. w b_ , b. . 
1 i l l l i i 1' 1 I 
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(Thes e don' t  affec t  a. ,  becaus e b .  =  0 ,  i  >  1 ;  an d sinc e 4|a. ,  i  >^  2 , 

a.  i s  a  multipl e o f  2b. .  . )  Finall y kil l  b. .  b y 

a l ' b l *  > a i f b i ~ 2 a i ' 

Next ,  conside r 

6*, 6 N N-
^•••6.^(0,--^D;!,*),•••,() )  =  ( Cl ,---, c  ,d l f - - - , d ) 

Becaus e 6  •  •  - y i s  symplect ic ,  an d map s (1 ,  •••/) )  t o (1 ,  ••• , ( ) ) ,  w e 

must  hav e d ,  =  1 .  Moreover ,  a s 6  ••• y €  T, w e hav e 

2|c,,*»*, c ,  4|d ? ,«««, d .  We choos e mor e elementar y t ransformat ion s 

6.  unt i l 
l 

6„•<$*/ ,  ,  •••6 T,6 1. T , • • •6, 7 M M- l  I M N- l  1 ' 

f ixe s (1,«««,0 )  an d ( 0 , • • • , 0 ; 1 , • • • , 0 ) . 

Ste p V I :  Ki l l  c 2 ,**«, c an d mak e c ,  =  2  b y map s 

( c 1 , c i , d 1 , d i )  <  > ( c 1 ± 2 d i , c i ± 2 d 1 , d 1 , d i ) . 

Ste p V I I ;  Ki l l  d 2 ,«««, d b y map s 

( c 1 , c i , d 1 , d i )  i  > (c 1 ,c i ,d 1±2c i ,d i ±2c 1) 

and finall y kil l  c ,  b y 

( c ^ d ^  |  >  (c 1 -2d 1 ,d 1 ) . 

The Propositio n no w follow s b y inductio n o n g ,  becaus e 

(6 •••y )  preserve s th e direc t  su m decompositio n 
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ffi 2g [2(1,0 ,  •  ..,0;0, .  . .  ,0) 1 9  Unirn2) |  ( n ^  =  ( n ^  =  0 

U 2Z(0 ,  •  ..,0;l f .  •  •  ,0) J I 

and i s th e identit y o n th e firs t  piece .  O n th e 2 n piece ,  w e hav e 

an elemen t  o f  Sp(2g-2,E) .  QED 

Ther e ar e 2  usefu l  way s t o ge t  generator s o f  T2: 

Propositio n A3 :  T~ i s  generate d b y eithe r  o f  th e following : 

a)  ( o 2 ?Kc l)C V 1 ) '  ^^  A  S  V"* *  2) 

or 

b)  th e transformation s 

b, )  x  i  > x+2A(x,e .  )  «e .  ,  1  <_ i  <_ 2 g 

b 2 )  x  i  >  x+2A(x,e.+e. )  (e.+e. )  ,  1  <_ i  <  j  <_ 2 g 

wher e e .  €  ffi  ̂  ar e th e uni t  vectors . 

I 

Proof :  Bot h o f  thes e contai n th e generator s o f  A l  f  i n (b) , 

us e th e map s b ,  an d b 2 wit h 1  <_ i  <  j  <_ g  an d g+ 1 <_ i  <  j  <_ 2 g J , 

henc e generat e a  subgrou p containin g T .  O n th e othe r  hand , T2 /r 4 i s  a n abelia n group ,  whic h ma y b e describe d a s 

A B 

V r 4 "  J 2g +  2 {(c °  D ° ) m o d 2  |  B 0' C0 s y™et r i c ,  D Q =  - % } 

(Chec k thi s b y examinin g th e conditio n 

A(  (I+2X)x ,  (I+2X)y )  =A(x,y ) 

modul o 4 ) .  I t  suffice s t o chec k tha t  th e generator s i n (a )  an d (b ) 

generat e r ?/f ,  i.e. ,  contai n element s 
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/I+2A „ 

I 1- 2 A . . ) 
mod 4 

fo r  ever y gx g integra l  A n .  I n (a) ,  tak e uppe r  an d lowe r  triangula r 

A' s wit h +l' s  o n th e diagonal .  I n (b )  ,  w e pu t  th e map s b ? i n matri x 

form .  Thu s i f  i  =  1 ,  j  =  g+1 ,  i t  i s 

3 1 . 

0 

2 

0 

0 

' 1 

0 

0 

- 2 

0 

- 1 ! 

0 

°\ 
0 

0 

J 

so tha t  i f  j  =  g+i ,  w e ge t  diagona l  A  's .  An d i f  i  =  1 ,  j  =  g+2 ,  w e 

get 

1 -2 

0 1 

0 

0 0 

0 -2 

0 

0 

1# 

1 

0 

0 

2 0 

0 0 

0 

1 0 

2 1 

0 

0 

0 

0 

" ' I , 

These giv e off-diagonal s A n' s QED 

Propositio n A  4 .  r. .  9  i s  generate d b y 

i: :). c vo. c 5 
a l l A € GL (g ,E ), synimetxic i n t e g r al B w i t h even d i a g o n a l. 
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Proof :  I t  suffice s b y A  3  t o prov e tha t  T, 2 /^ ? "*" s 

generate d b y image s o f  thes e elements .  Thi s mean s tha t  w e nee d onl y 

sho w tha t  a n orthogona l  ma p o f  (ZZ/2ZZ )  g  t o (S/2ffi )  g  i s  compose d 

of  maps : 

a)  V " ' ' X g ' y l ' " * ' y g '  > y l ' - " ' y g ' x l ' " # ' x g 

b)  x.,x.,y.,y .  •  > x. ,  x.+x.,y.+y.,y .  othe r  x ,  ,y ,  fixe d 
i ' 3 1 3 i 3 l J i 3 3 k , j r k 

c) x . , x . , y . , y . » > x . , x . , y . + x . , y . + x . " 
l 3 1 3 1 3 1 3 3 1 

d) x . , x . , y . , y . 1 > x . +y . , x . + y . , y . , y . " 
1 3 1 3 1 3 3 1 1 3 

Thi s ca n b e don e exactl y a s i n th e proo f  o f  Al .  Le t  y b e a n 

orthogona l  ma p an d sa y 

) = ( a x , a , b 1 , b ) ( n o t e: a ^ b / s a re 0 o r 1) 

First ,  us e ma p (a )  t o ensur e tha t  no t  al l  a.' s  ar e 0 .  Us e map s (b ) 

t o mak e onl y on e a .  equa l  t o 1 ,  an d the n t o mak e i n fac t  a. .  =  1 , 

a =... -  a  =  0 .  Us e ma p (c )  t o mak e b « =•• •  =  b  = 0 .  The n becaus e 

Q(l,0,---,0;0,••-,() )  =  0 

we hav e Q(a..,»**, a , b ,  •  •  •  , b )  =  0  too ,  s o i n fac t  a t  thi s stag e 

b1 mus t  b e zer o too ,  i.e. , 

6N6N_1...6 17(l,0 / ..-,0;0,--.,0 )  =  (1,0,••-,0;0, -  -•,0 )  . 

Next  loo k a t 

6N---7(0,---,0;l,(),•• •  ,0 )  =  (c^-- -  ,c g;d 1,---,d g)  . 

Becaus e it s inne r  produc t  wit h (1 ,  •  •  •  ,  0  ; 0  ,  • •  •  ,  0 )  i s  1 ,  d. .  =  1 . 

Use map s (b )  t o kil l  d o , , , 0 , d an d map s (d )  t o kil l  c 0,***, c , 
z g  z g 
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whil e no t  movin g (1,0 ,  •  •  -,0,0 /  *  •  * , 0 )  .  The n becaus e 

Q(c ,  ,  •  •  •  , c ;d ,  ,•••.< !  )  =  0 ,  w e fin d c ,  =  0  too .  Thu s 1'  g  1  g  1 

V M - I , , , V N - I , , , Y 

fixe s (1,•••,0;0,•••,0 )  an d (0,•••,0;1,•• •  ,0) .  A s i n Al ,  usin g 

induction ,  thi s prove s th e result .  QED 

Finally : 

Propositio n A5 .  Sp(2g,Z )  i s generate d b y 

(-i IJ> (O v 1 ) , Q P 

al l  A  €  GL(g,ffi )  ,  B  symmetric ,  integral . 

Proof :  We prov e thi s exactl y a s w e prove d A4 ,  excep t  tha t  a t 

th e 2  point s wher e w e use d th e invarianc e o f  0 ,  w e us e instea d map s 

e)  x i ,y ± »  >  x i / y i +x i  ,  othe r  x k ,y R fixe d 

or  f )  x ±,y i  I  >  X i +Yi ' y i  ' 

derive d fro m diagona l  B's .  QED 
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§6.  Riemann' s Thet a formul a an d thet a function s associate d t o a 

quadrati c form . 

We hav e describe d ho w th e function s  \/[ 1](z,Q) ca n b e use d 
112 

N i )  fo r  fixe d Q, z  variable ,  t o embe d comple x tor i  i n I P 
» N 

ii )  fo r  z  =  0 ,  variable ,  t o embe d ̂ v /I \  i n I P . 

Sinc e thes e map s ar e no t  surjective ,  ther e mus t  b e polynomia l 

identitie s betwee n th e variou s function s  vI 1 ](z,fi) .  Wit h onl y 
n2 

a fe w exceptions ,  al l  identitie s tha t  I  kno w o f  ar e deduce d fro m 

th e thet a identitie s o f  Riemann .  Thes e ar e generalization s o f 

th e Rieman n identit y give n i n Ch .  I  fo r  th e one-variabl e case . 

We wil l  conclud e thi s chapte r  b y describin g these . 

We star t  wit h an y rationa l  orthogona l  h* h matri x T . 

Theore m 6.1 .  (Generalize d Rieman n thet a identity) : 

h h V h 

expfcri tr(tAfiA+2 tA(a.+B))] TT^(z.+fia.+6.) 
i= l j=l  x3 3 A / B € K i = 1 i i i 

(z,a, $ g x l  colum n vectors ,  A  =  (a. .  ,  . .  .  ,a, )  ,  B  =  (B.,.,.,3, )  gx h 

matrices ,  Z l g '  =  grou p o f  integra l  g* h matrices , 

K =  n{*' h) .?/Z{*' h) -Tl\m{*' h) , an d d  =  [ofV 1 :  T"^ hnzz h] ) 
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A i _i _ i \ 
The mai n exampl e is :  h  =  4 ,  T  =  - H 1  _  . .  J  ,  s o tha t 

\ l  - 1 - 1 1 / 

T = t T = T 1 = t T 1 .  Not e tha t 

T 2 1' a2' a^' a4 

a i € 2 Z 

a.+a. G S 
i  D 

a,  +  cu+a^+a„ e 2Z Z 1 l + a 2 + a 3 + a 4 

4 4  4 so tha t  cose t  representative s fo r  T2 Z n  a  i n T 2 ar e 

(0,0,0,0 )  an d (o"/o"/o"/y )  ?  t n e identit y become s 

(R) 
^ ( x + ^ u + v ) ^ ( x + y " u " v ) » (x - y ; u " v ) ^ ( x - y - u + v ) 

= 9- 9 n r = 2 ^  ^ — ^ -  ex p [47^^^+271 1 t a(x4y+u+v2#^a^W ^ 

B € —— a € ^ — 
7Zg 72? 

The exponentia l  facto r  simplifie s i f  w e us e I?'-function s 

wit h characteristics : 
r  h 

«&> IT* 
c n i= l 

h 

I  t .  .6 . 
j= l  ^  3 . 

(it..,.) 

= [ T _ 1 E h : T ~ 1 S h n E h ] _ g . 

h 

^ , - , B h o , - A h i = 1
 LPI  I J 
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We ca n deriv e thi s fro m (6.1 )  a s follows : 

"E t ^Y , 

y*iy ji <».*> 1 ^ t i j 6 : 

= T7Texp( iT it (Z t i j Y j ) f i (E t i j Y j )+27r it (E t i j Y j ) ( ^ . ( Z j + S j ) ))

i j ( z j + f t Y j + 6j ) ) 

= e x p Ui tr[ tCfiC+2tC(Z+D)])TTi?*(^t i . (z.+f lY .+6.)) 

because T*T = I ; now apply the theorem to ^ ( Z t . . (z.+tty- + ; 

i l l exp(7ri tr[ tCfiC+2tC(Z+D)])exE/!ri tr [tA^A+2tA(Z-»QC+D+B) ] ). 

TTT9'(z i+^Y i
+5i

+fia i
+B i ) 

_ f I j I j;exp(iri t r (t(A+C) ft (A+C) +2fc (A+C)(Z+B+D)) exp (-7ritr(2tC-B)TI^(-«) 
L J A B i 

a i + ^ i n 
= [ ] I £exp(-27ri t r t C B ) n 5 'f * ^ ( z i 

L J A B i L 3 , + 6 .J X ) . 
j -L 

i ' w i 
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Thus i n th e mai n exampl e 

a+b+c+d a - b - c +d 
2 1 /x+y+u+v\ . . . # f 2 

c+g+h]V 2 ' l e - f - c 
2 2 

<Rch> 

a +a T rd+a i . ra-i-a -I  Ar a i" al 
2 " g I exp (-2711 3̂ ( a + b + c + d ) ) - # [e +6 J (x)  . 1 j [ h + B j  (v) 
o^pe Jsg/2zg 

Thi s i s th e formul a use d i n mos t  applications . 

Proo f  o f  th e Theorem ;  Le t  Z  =  (z .  ,  •  •  •  ,2^ )  €  ( C g '  b e a  comple x 

gxh matri x variable .  The n 

LHS = + I + exp(7ri I  ^ . f r n . + 27fi I ) 
n l / # ' , n h e S i i , j 

£ exp^ir i t r ( t N « N) + 2ir i t r ^ N - Z ^ T ) ) 

N € 2 Z ( g ' h ) 

N € 7L 

I  expf i r i t r  (t (NT)-fi.NT ) + 2fr i t r  ( t (N-T)  Z) ) 
.(g,h) V ' 

I  exp(iTi tr^MflM ) + 2iTi t r ( t M - Z ) ) 

M € 2 Z ( g ' h ) - T 
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. r e 
RHS L J B j . . . , ^ o j . . . ^ r y . . ^ V i i ^ 

e x p Ui J ^ . f t n . + 2-ni £ t n . (z^+fta.  ) 

= [ ] " | I I exp(iTi I t ( n . + ai ) ^ ( n i + 5 ) + 2TT1 J fc ( i ^+c^) ( z " i + l i ) ) 
L J 5 . a. n ^ i i / 

1 1 1 

I I I I / M e x p Ui t r ( t (N+A)f i (N+A ) + 2iTi t r (fc (N+A)  (Z+B) )) 
L J R A NPffi  ( g ' n j v / 

where A and B a re summed o v er 2ZT3' J T / Z Z ( g ' j TO ZZ ( g ' . C o l l e c t i ng 

t he sum o v er A and N t o g e t h e r, we g et 

= I I I expf-ni t r( tMfiM)+2i T i t r ( f cM-Z) ^ 

^ 3 ( g ' h ) , T M € ( 2 Z ( g ' h W g ' h ) ) ^ ; 

zz(g' h>Trm (g' h) 

i t r M-B] . 

Note t h at 

B » >exp[2 iTi t r S l - B] 

i s a c h a r a c t er of M € E ( g ' h ] T + Z Z ( g , h ) t r i v i a l on S ( g ' h ? T, and a l l 

such c h a r a c t e rs o c c ur f o r some B. Thus 

£exp (2 i ri t r S l - B) = 0 
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unles s t r ^ M ' B K TL fo r  al l  B€ZZ (g ' h<?T,  i.e. ,  unles s M 6  ZZ (g ' h jT . 

I f  M €  7L g '  \ T ,  al l  thes e character s ar e 1  an d w e ge t  th e orde r  o f 

2 Z (g /h) T / 2 Z (g ,h) T n ffi (g,h)  ̂  T h u s t h e g u m r e d u c e s t o : 

I exp(ir i  tr( t MfiM )  +  2-rr i  trfSf-Z) ) 

M€E( g ' h ) . T 

= LHS .  QFD 

The reade r  wil l  notic e tha t  th e proo f  o f  Riemann' s thet a 

relatio n i s muc h shorte r  tha n th e statemen t  an d it s rearrangemen t 

int o it s variou s forms !  I n fact ,  a s ofte n happen s i n suc h a  case , 

i f  w e generaliz e i t  eve n further ,  th e proo f  wil l  becom e reall y simpl e 

and transparent .  Th e natura l  settin g t o whic h thes e idea s lea d u s 

i s tha t  o f  thet a function s associate d t o quadrati c forms .  I t  i s  i n 

thi s settin g tha t  al l  th e multiplicativ e propertie s o f  thet a function s 

ar e bes t  studied .  T o start ,  suppos e w e decid e t o rewrit e a  produc t 

of  h  thet a function s a s on e series .  What  happen s i s this : 

^ V*  h 
T\d(z fQ) = /LA exp( £ (TTi tn.rfi.+27Ti ^ . . z . )) . 
i= l 1 ^ , . . . , ^9 i i i i i 

In terms of 

N =  ( n l f — , n h )  b e th e gx h matri x wit h column s n . 

Z =  (z l f -.- f z 2)  "  '  J .  . 
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This is 

T$(z.#rt = L-Jr  M expdri tr( tN.fl-N)+2Tr i tr(Vz) ) . 
i=l *  r£ZK<3'n) 

A natura l  generalizatio n o f  thi s is : 

(6.2 )  $ Q(Z,ft )  =  2-4 h )  exp(7r i  t r  ( tN-ft-N-Q)+2Tr i  tr^N-Z) ) 

wher e Q  i s a  positiv e definit e rationa l  h/ h matri x an d th e variabl e 

Z lie s i n £C "' ' ( g h  comple x matrices )  ,  an d ft  lie s i n fy\ . 

^)  may b e reduce d b y th e ol d v 9 i f  w e defin e a  map 

fi  i > Q ®  Q 

\ > ^ h g 

wher e ft®Q  i s  th e ghxg h matri x give n b y 

(f28Q) ih +j,kh +A "  °i+l,k+l Qj* '  O i i ^ < g ,  l < j , * < h . 

I f  w e rewrit e Z  a s a  column : 

vec(Z) ih+ j  -  Z i+l, j  0  <  i  <  g ,  1  < j  <  h 

the n i t  i s  immediat e tha t 

9̂Q(Z,fi )  =  $(vec(Z) ,  QQQ) 
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Under  th e sam e map ,  th e thet a function s wit h characteristic s giv e us : 

-#Q £] (Z ,a) = ^-r *  ^expOrr i tr( t(NfA)fi-(N+A)-Q ) + 2-rri tr( t(NfA ) (Z+B))) B tfcZ^/h ) 

A,B € Q ( g ' h ) . 

Settin g Z  =  0 ,  on e ma y thin k o f  th e function s 

n I  >  $Ql$ (o,n ) 

as bein g a  natura l  basi s o f  th e vecto r  spac e o f  al l  function s 

£Q[f](ft )  =  I ,  .  .f(N).exp(ir i  tr^NftNQ) ) 
N€Q(g/h ; 

f a^'h)). 

Thus al l  ou r  previou s idea s generaliz e t o thi s setting .  I n thes e 

terms ,  w e ma y generaliz e (6.1 )  a s follows : 

Theore m (6.3) :  Th e function s - $ (Z,ft )  satisfy : 

i )  i £ Q  =  (§jfe )  .  the n 

^ Q(z,^ )  =  ^ Ql (z 1# f i) -  A9° 2 (Z 2 , ^ ) 

wher e Z  =  (Z ,  , Z ) . 

ii )  if _ Q 1 =  ^ -Q- T wher e T € Q ( h , h ) ,  Q'/ Q bot h positiv e 

definit e hx h rationa l  symmetri c matrice s 

(RT' Q)  _$ Q'(Z-T,ft )  =  d " 1-  2 *  exp(Tr i  tr( tÂ AQf2 tA-(Z+B)))- 19
Q(Z+ilA(>fB,fi ) 
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wher e 
K = = 2 ; ^^ ) . t T / 4(g ,h) # t T n  z (g,h ) 

K2 -•^ h >.T- 1 A( ^ h ) .T- 1 n« ( «' h ) 

d =  #K 2 . 

I n particular ,  i f  Q  =  Q 1 =  I h ,  (R a ' Q)  reduce s t o (R T) .  The 

proo f  i s exactl y th e sam e a s tha t  o f  (6.1) .  A  cleare r  wa y t o 

stat e (6.3) ,  perhaps ,  i s vi a th e function s  ~$Q [f] (Q).  Not e tha t 

t o prov e (6.3 )  fo r  al l  Z ,  i t  certainl y suffice s t o prov e i t  fo r 

Z =  ftAQ+B,  A, B e  Q  g '  ,  henc e (R T' Q)  reduce s t o provin g 

correspondin g identit y 

«&Q> ^ ^ ' ^ . ^ ^ Z ^ ^ ^ i t r  W,^:](Z* , 

fo r  al l  A, B bu t  wit h Z  =  0 . 

When Z  =  0 ,  i t  i s  simpl y th e explici t  for m ,  i n term s o f 

standar d base s o f  g( Q g '  )  o f  th e formula : 

(R nat }  ^ Q , [ f  ](^ )  =  $ Q[f](fl ) 

wher e f  •  (N )  =  f  (N^T )  . 

At  thi s point ,  th e proo f  reduce s t o th e totall y obviou s calculation : 

>9Q [ f ] ( f i ) = I , , , f (N)-exp(t N^NQ ) 
N € 0 Tg ' n ; 

f H j . O .N. T _ 1n « . T _ 1 ^ I  , , , f (N)-exp(T : N.^-N. i : T"- L Q ,.T ) 
N € Q l g ' n ; 

I  i , x f ( M . S) t M-f i .M.Q' ) where M = N-V" 1 

M € Q ( g ' h ) 
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(6.3 )  ha s th e importan t  Corollary : 

Corollar y (6.4) .  i )  Fo r  al l  Q  an d f ,  §Q [f] (Q) i s  a  modula r 

for m i n ft  o f  weigh t  h/ 2 an d som e level . 

ii )  Fo r  eac h Q 

f  I  > ^9 Qtf ] 

i s  a  map 

w :  &(C D " '  )  >{v .  sp .  o f  modula r  form s o f  wt .  h/2 ,  an y level } 

calle d th e Wei l  mappin g associate d t o Q,  an d th e imag e depend s onl y 

on isomorphis m typ e o f  th e rationa l  quadrati c for m x.Q. x ir i 

h variables . 

0*1 O iii )  Unde r  multiplicatio n o f  modula r  form s ,  i f  Q  =  (i ; \ , ) ,  the n 

Image(w_ )  =  Imag e ( w , ) •  Imag e (w„ )  . 

Proof ;  (iii )  i s  a  restatemen t  o f  (6.3.i) ,  an d th e 2 — hal f 

T 0 of  (ii )  i s  a  restatemen t  o f  ( R ':* )  .  No w an y Q  ca n b e diagonalize d 

ove r  Q ,  an d th e produc t  f -i/ f ? of modula r  form s o f  wt .  n..,n 2 i s  a 

modula r  for m o f  wt .  n,+n 2.  S o (i )  follow s fro m th e fac t  tha t 

$ [ f  ]  (IQ) i s  a  modula r  for m o f  weigh t  1/ 2 fo r  al l  I >_ 1 .  QED 

The 2  fundamenta l  problem s i n th e analysi s o f  thet a function s 

as function s o f  Q ar e th e descriptio n o f  th e imag e an d kerne l  o f 

w .  Fo r  example ,  on e migh t  as k whethe r 

Ker( w )  =  spa n o f  th e difference s f-f , 

wher e f  •  (N )  =  f  (N^T )  , 

T e orthogona l  gp .  fo r  Q  ©vev -  (Si 



221 

T O so tha t  ( R '?*) give s th e ful l  kernel ? I  don' t  kno w i f  thi s i s tru e nat 

or  not .  Also ,  on e migh t  as k whethe r  Im( w )  (o r  ImCWj  ) )  contain s 

al l  "cusp "  form s i f  h  i s bigge r  tha n som e simpl e functio n o f  g . 

As function s o f  z  fo r  fixe d ft,  however ,  w e sa w i n § 1 ho w t o 

produc e fro m v  base s fo r  th e vecto r  space s R*  o f  quasi-periodi c 

function s i n z  o f  eac h weight .  Wit h Riemann' s thet a relation ,  w e 

can g o furthe r  an d wor k ou t  explicitl y  th e multiplicatio n tabl e o f 
v ft 

th e rin g I R 0 i n term s o f  thes e bases .  T o d o this ,  w e appl y 
I * 

<RcnQ) W i t h 

= / n1 + n2 0 \ 
\ 0 n j i^n i+ i i j ) J 

1 ~ (n]L +n2) [l - 1 ) 

T O (R ' v )  work s ou t  t o par t  (i )  o f  th e followin g Proposition : 

Propositio n (6.4 )  i )  Fo r  al l  n - j / n
2 >. * » 

5 [ 0 J^r^-^L o J (z 2' n: 2ft ) 

n,d+a+ b 

§\ ni+R2 I  (VZ 2' (V n2) f i ) -d€Zg/(n1+n2)Zg L 0 J L Z L Z 

J n1n23+n2a-ni£ 1(n_z.-n_ z0 , n . ru (n,+nJn_) 
<H  n ,n , fm+n,) 2 1 1 2 1 ^ 1 2 !_ nm2(n i+n2) j 

0 
i i ) For a l l n > 1, l e t 

f | n ) (z) -^[%n](nzfnQ) 

be th e basi s o f  R f i  Of  §1 .  Then : 
n — 
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_ ^  "* *  i t 

a b  3€x9/(n 1+n2)!z g L  0  J  1  2  1  2  l  n^a+ b 

Proof ;  (ii )  follow s fro m (i )  b y settin g z. .  =  n..z ,  z  =  n  z . 

Thes e identitie s i n th e cas e n..| n hav e bee n applie d b y 

Koizum i  (Math .  Annalen,^ ,  1979 ,  p.U7 )  .  Howeve r  th e cas e whic h ha s 

been applie d mos t  i s whe n n ,  =  Y\  2  •  I n thi s case ,  usin g th e simpl e 

identit y 

(6.5 )  ^  Z- J -\ 9 [  n  1  (nz ,  n2Q) =  9 N  (z,n ) 

eez^/nz g L  o  J  l oJ 

(6.4.i )  reduce s t o th e ver y simpl e classical : 

[ a/n- i  r̂b/n- i 
(z r nn). ^  Q  ( z  ,nfl )  = 

4-  ^ F 2 n lcz.+z, ,  2nfi).̂ [ 2 2n l(z r z_ ,  2nQ) 
d(EZ g/2Z g L  0  J  !  2  I  o  J  X  2 

We giv e 2  application s o f  this .  I n th e first ,  w e assum e 

n i s eve n an d n  >_ 2  and ,  followin g §1 ,  embe d th e toru s E g/ L 

int o 3 P "  ,  N  =  n g ,  by : 

-(•••- ,  ̂ n ]<n?,na, . . . ) a£Z9/nz 9 ' 

N-l 
Then (6.6 )  give s u s a  simpl e se t  o f  quadrati c equation s i n I P 

whic h vanis h o n th e image .  Le t  n  =  2m.  Substitut e a+me fo r  a , 

6-me fo r  6  i n (6.6) ,  multipl y b y exp(7r i  e.J )  an d su m ove r 

e €2 g /2Z g .  Thi s gives : 
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T p a + e b e 

2 -1 a c p d r i ^ - i ^ ^ ^ z ^ ) - ^ ] 1 1 " 5 ] ^ ! ^ 
e€Zg/2Zg 

- ^ 3 + a+b , 3 t a-b 

Settin g z .  =  z .  =  nz ,  an d writin g 

fl n) (z )  =  ^ r n ] ( n z , n f i ) ,  <e,l> =  expCiri^-t ) 
a 0 

we fin d the i d e n t i t i e s 

... i r ( n ) , . _ ( n) X,. <L>  <e,t> f - l n^(z) . fA n^(z) 
1 gezg/2zg a + me b + me 

2 e€X /̂22; g c + m e d + m e 

wheneve r 

a+6 E  c+ 3 mo d n2Z g 

? €  Z g /2Z g 

wher e th e constant s ar e give n by : 

* i = + £ < g , W22> (o) 
1 e€ZS/2Zg c -a+ne 

2 -Z%/22 g a-b+ne eezy/2zg 

he homog e 

labelle d X-)- ,  a  €  Z g /nZ g ,  the n th e tori  E g /L 0 i n IP®'1 satisfie s 

N- l 
Thi s mean s tha t  i f  th e homogeneou s coordinate s i n I P ar e 
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(6.7) A.,7 <e,?> X-*-, +.Xr>- + = X0Y <e,?> X+ ->.X^, -> 
1^ ' a+me b+me 2L ' c+me d+me 

for a l l a+S = c+3, ? e zP/2Zg- (A. . , X2 as above). I n f a c t, i t i s 

proven i n Mumford, Inv. Math., v o l . 1, 1966> PP- 341-349, that these 

q u a d r a t ic equa t i ons a re a complete s et of equa t ions for the image 

of t he t o r u s .* 

k k 

As a  secon d application ,  i n (6.6 )  tak e n = 2 , z . = z ( ? =  2 z 

and conside r  th e base s 

, k fi 2 >(« )  = ^ [ a / 2 k ]  (2 k
2 / 2^ ) 

of  R  ,  .  I n term s o f  thes e bases ,  w e ge t  a  ver y simpl e an d 
2 K 

beautifu l  multiplicatio n tabl e 

(6.8 )  fi^.fX 2") ^  I  f l ^ . f ^ W ) . 
a b J,desg/f+]zg c a 

H3* 
c-dab 

Thi s implie s th e identit y 

(6.9.a )  f| 2 ) (0 )  .fi2 }  (O )  =  _> _ I  v+ 1 „  ̂  '(O).^ 2 '(0 ) 

on th e modula r  form s f-i 2 )  (o )  =  $  [ a£2 ](0,2 kfi) .  I n fact , 

any solutio n o f  thes e identitie s plu s th e furthe r  identities ; 

(6.9.b )  f| 2 >(0 )  =  _ .  I 4 2 '(0 ) 
a S € Z g / 2 K +^ g .  D 

S=2S mod 2 k + 1 Zg 

( a specia l  cas e o f  (6.5) ) 

*Mor e precisely ,  th e idea l  the y generat e equal s th e ful l  idea l  o f  (C g/ L 
i n sufficientl y larg e degrees . 
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(6.9c )  f| 2 }  (O )  =  f[ |  ) (O ) 

comes fro m som e Q o r  a  "limit "  o f  ft's.  Thi s i s prove n i n 

Mumford ,  Inv .  Math. ,  3 ,  l̂ t'7 ,  £(0- I  I  ,  wher e a  complet e 

descriptio n o f  th e "limiting "  value s o f  th e f- > (0 )  i s als o 

given .  I n term s o f  invers e limits ,  a s i n Ch .  I ,  §17 ,  w e ca n 

restat e th e resul t  as : 

V K « 2 *  CUsp S J 
(6.10 ) 

Projff i f - ' - f ^ J / l a l l k > 1 / ident i t ie s 6 .9 .a ,6 .9 .b ,6 .9 

L ' tgp/2w / with 4 2 ) (0) r ePl a c ed 

* Y k , S 

Ther e i s anothe r  interpretatio n o f  th e "data"  {f- V (0 )  }  an d 

th e identitie s 6.9.a,6.9.b,6.9. c whic h i s quit e beautiful .  Not e 

t h a t  01 -^/o2k 

?2kv rtra/2 d2 >(0) = ^ [ ^ J(0,22k«) 

+ Lk_o a \ e x P ( l r i > 

w h i l e 
, 92 k + l . 

f i ' (0) = J e x p Ui n-2ft .n) . 

Equivalently ,  w e ma y defin e 2  measure s u, v o n Q ^  by : 
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(6.11) 

y(U) = 1 i exp(iri n*ft-n) 
neure; £ ]g 

v(U) = I , expUi n-2ft-n) 
n€Un» [ | ] g 

1 

fo r  al l  ope n set s U  c  Q g.  The n 

U (2 k«|  +  \ )  =  f f  >  (0 ) 

6.9. b i s subsume d unde r  th e fac t  tha t  y  an d v  ar e measures ,  an d 

6.9. c say s the y ar e eve n measures : 

y(-U )  =  y(U) ;  V(-U )  =  v(U) . 

A littl e calculatio n wil l  sho w tha t  6.9. a say s tha t  y  an d v 

ar e linke d a s follows : 

l e t £ : ffi g xffi g > 0)2 * Q? be 
( 6 . 1 2) 2 2 

C(x , y) = ( x+y, x - y ) . 

Then 

Thus ( 6 . 1 0) can be r e s t a t ed a s: 

\k/v , U cer ta in! ~ 
V *  r 2 k cusps S 

f pai r s y ,v of even measures on Qg \ 

*  sa i ts fy ing 6.12 mod scalars J 

(6.13) ' *  C U S PS 

(See Mumford,l«v . rtert..^^  p . | l 4 } . 
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§7.  Thet a function s wit h harmoni c coefficients . 

Startin g wit h th e functiona l  equatio n fo r  7(z ; fi) ,  w e hav e see n 

i n § 5 tha t  w e ca n defin e a  larg e spac e o f  modula r  form s o f  weigh t  1/ 2 

by 

-#[f]Uft > =  ^fCnJexpUi^n-fl-n) ,  f  €  «Q g )  . 

The function s -\9ffHfcft )  ar e al l  linea r  combination s wit h elementar y 

exponentia l  factor s o f  th e function s 

-#(Qa+£ ,  £ft )  ,  a, £ €  Q g 

obtaine d b y restrictin g z  t o a  poin t  o f  finit e orde r  mod L  .  We 

ask :  ar e ther e othe r  way s o f  gettin g modula r  form s fro m S(z,Q)7 

I n fact ,  anothe r  wa y i s b y differentiatin g -Q- wit h respec t  t o z 

and the n settin g z  =  0 ,  o r  mor e generall y z  =  fta+b.  T o illustrat e 

this ,  loo k again  a t  th e one-variabl e case : 

j~d [£](z fT ) l  =  I ~  exp(TTi(n+a) 2
T +  2iTi(n+a )  (z+b)) | 

= 27ri ° £ n»exp(iTin T+2-ninb) . 
n €S+a 

I f  w e differentiat e th e functiona l  equatio n 

.  2 
TTiy z 

(wher e ( a p  €  SL(2,Z )  i s i n a  smal l  enoug h congruenc e subgroup) ,  wit h 

respec t  t o z ,  an d se t  z  =  0 ,  w e se e tha t 
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-or- <°- ?££> = c(/7^)3/2- - ^ I O , T ) ( 

i.e. ,  &*[?J/<f e i s a  modula r  for m o f  weigh t  3/2 .  Bu t  i f  w e 

differentiat e th e functiona l  equatio n twice ,  w e see ,  fo r  instance , 

tha t 

^ [ b ] 2 v 2 2 

3z 
2 ~ - ( 0 , T) = -4ir "  J n exp (7rin ZT+27rinb ) 

n GZ+a 

i s  no t  a  modula r  form .  Bu t  persevere !  A  longe r  calculatio n wil l 

sho w yo u tha t 

|  •  ^ - ( 0 , T )  •-£!£,HO,T )  -  -y-E-to.T )  •  3—<0,T ) 

i s agai n a  modula r  form ,  no w o f  weigh t  4 .  Th e poin t  i s  tha t  th e 

Xz2 

functiona l  equatio n introduce s a  facto r  e  an d w e nee d t o for m 

combination s o f  th e z-derivative s a t  z  =  0  whic h ar e invarian t  unde r 

substitution s $(z )  - I  >  e  z  -«$(z )  .  Writte n out ,  thi s las t 

modula r  for m i s 

2 2 
,~ .x 4 v TW \ ffi(n  4m) T 2^Tinb4mb, 

(2TTI )  2. P(n,m)e . e 
n€Z4- a 
mez+a' 

2 2 
or  (i n term s o f  thet a serie s fo r  th e quadrati c for m X  + Y ) : 

1 ,[S£' . ]«" i ' -2>' ^ zr z2= 0 
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wher e 

1 3 2 
P(n,m )  =  Y 11 "  n m 

Not e tha t  P  i s a  spherica l  harmoni c polynomial .  Fo r  severa l 

variables ,  th e situatio n i s o f  cours e mor e complicated ,  a s w e 

hav e g  partial s 3/3z. .  I n fact ,  th e natura l  thin g t o expec t  t o 

fin d ar e vector-value d modula r  forms . 

Her e i s wha t  happens : 

Definitio n (7.1) :  Le t  T :  GL(g,(c )  >GL(N,(E )  b e a n N-dimensiona l 

polynomia l  representatio n o f  GL(g,(E )  o r  a  2-value d representatio n 

give n b y T(A )  =  T n(A)«Vde t  A  wher e T n i s  a  polynomia l 

representation .  The n a n N-tupl e ?  =  ( f  ,•••, f  )  o f  holomorphi c 

function s o f  ft  i s  calle d a  vector-value d modula r  for m o f  leve l 

T,  typ e T  if ^ 

n 
I T ( O H D ) .  . f  .  (fi ) 

j= l  1 3 3 
f.((Afi+B)(Cft+D )  1) 

fo r  al l  1  £  i  £  n ,  ( £ ®) € r . 

Definitio n (7.2) :  Le t  X  G  CE (g '  '  b e a  matri x variable .  A 

polynomia l  P(X )  i s calle d pluri-harmoni c i f 

h 3 2 p 

E 3X. V9X. V
 E  ° '  X  1  ̂  £9 -

k=l  l k  3 k 
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We shal l  denot e b y IH .  th e vecto r  spac e o f  al l  p lur i -harmoni c 

po lynomia l s P  whic h ar e homogeneou s o f  degre e SL .  Not e tha t  i f 

P(X )  i s p lur i -harmonic ,  P'(X )  =  P(A-X-B )  i s als o p lur i -harmoni c 

fo r  al l  A  £  GL(g,(C) ,  B  €  0(h,(E) .  Thu s GL(g,(E )  xO(h,(E )  act s 

on mv 

Def in i t io n ( 7 . 3 ) :  Fo r  al l 

>(g,h ) P €  JH. ,  Q  rat iona l  p o s .  de f .  hx h symmetr ic ,  f  G  5( Q ^ '  ' ) , 

le t 

§ P > Q[ f ] (^ )  =  I . M f(N).p(NVQ)-exp(TT i  tifN-fi-N-Q)) . 
N€Q^g , n j  V  / 

Th e mai n resul t  i s  th i s : 

Theore m 7.4 :  Le t  V  <= m b e a  subspac e invar ian t  unde r 

GL(g,(E )  ,  le t  { P }  b e a  basi s o f  V  an d le t  GL(g,(C )  ac t  o n V 

v i a th e representat io n T : 

VA-X) = Ke( A ) -V x )-
P 

r  P  , Q - J 
The n fo r  al l  Q, f ,  th e sequenc e o f  funct ion s « $ a  [ f  ]  > i s  a 

vector-value d modula r  for m o f  typ e xQde t  '  an d sui tabl e r 

A wor d abou t  th e h istor y o f  thi s resu l t :  Hecke ,  Maas s an d 

other s hav e invest igate d var iou s type s o f  thet a ser ie s w i t h 

harmoni c coef f ic ient s an d prove d thi s Theore m i n man y cases . 

Kashiwara-Vergn e (Inv .  Ma th . ,  £ £ (1978) )  worke d ou t  ver y 

complete l y thes e resul t s fro m a  representat ion- theoret i c po in t 
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of  vie w an d als o decompose d 3H ,  a s a  representatio n o f 

GL(g,(E )  xO(h,(E )  .  Theore m (7.4 )  i n it s ful l  generalit y wa s prove n 

independentl y b y Freita g (Math .  Annalen ,  25 4 (1980 )  ,  pp .  27-51 ) 

and T .  Od a (Thet a serie s o f  definit e quad ,  forms ,  t o appear) . 

The approac h tha t  w e us e i s base d o n th e idea s o f  Barsott i 

(Considerazion i  sull e funzion i  theta ,  Symp .  Math, ,  3^  (1970) , 

p.  247 )  analyzin g thet a function s fro m a n algebro-geometri c 

poin t  o f  view .  We wil l  describ e bot h Kashiwara-Vergne' s result s 

and Barsotti' s  i n mor e detai l  i n Ch .  I V an d conside r  onl y th e 

purel y classical-analyti c result s i n thi s Chapter . 

The theore m coul d b e prove n usin g generator s fo r  r ,  ~  a n d 

allowin g a  transformatio n o n Q,f ,  followin g th e idea s o f  §5 . 

However  w e ca n also ,  followin g Barsotti ,  dra w a  proo f  directl y 

out  o f  th e idea s o f  th e example s above ,  i.e. ,  b y differentiatin g 

th e functiona l  equatio n fo r  $ (Z,ft )  wit h respec t  t o Z .  T o d o 

thi s w e nee d firs t  t o se e clearl y wh y pluri-harmoni c polynomial s 

come in . 

Put  a n inne r  produc t  o n th e polynomia l  rin g ( C [ "  •  *  ,  Z  .  . , • • • ] , 

1 £  i  £  g ,  1  < j <  h ,  b y 

<P,Q> =  (P(--- ,  3/3Z ±.,...)Q)(O) . 

Not e tha t  2  monomial s Z a,Z ^  ar e perpendicula r  i f  a  ̂  B  an d 

<Z ,Z P> i s a .  positiv e integer ,  henc e <, )  i s  positiv e definit e 

Hermitian .  Le t 
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71 =  (idea l  i n <E [••• ,  Z  ..,•• •  ]  generate d by ] 

I  h  J 
w.  .  =  >  z. ,  z. ,  . 

Then w e have : 

Propositio n 7.5 .  i )  <E [••• ,  Z  ..,•• •  ]  =  3 H ©f l  an d 3H ,  f ]  ar e 

perpendicula r  wit h respec t  t o th e abov e inne r  product , 

ii )  Le t  <D =  rin g o f  analyti c function s o n 

(C (g ' h)  nea r  0 ,  an d fo r  al l  P  €  (C [  •• •  , Z . . - • - ] ,  defin e 
ID 

6 : <D ><C 
P 

by_ 6 ( f ) = ( P ( - - f 3 / 3 Z i j f - - ) f ) (O) . 

Then P i s plur i-harmoni c i f f 

(7.6 )  6  (f )  =  6  (e t r  Z ' C ' Z . f ) ,  al l  symmetri c hxhC . 

Proof :  T o prov e (i) ,  not e tha t 

k i k j k 

2 

{ (R (K7T > °  S 3z*az .  > p ) ( 0 )  "  ° '  a1 1 R 

13 i k 3 k ' 

( R ( l l r : ) P )  (0 )  =  ° '  al l  R  €  7 7 
I D 

*  P  eft 1. 
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To prov e (ii )  ,  not e tha t  i t  suffice s t o tak e f  t o b e a  polynomia l 

N becaus e 6 p(f )  depend s onl y o n f  £(0/B ,  som e N ,  an d polynomial s 

N map ont o <D/fl t  .  Moreover ,  w e ar e askin g invarlanc e w.r.t .  a 

gru p s o 

6n ha s invarianc e (7.6 )  < = > ^ -  S^ie* Z * C* Z'f ) 
P 3 Cpq P = 0, a l l f,p,q 

0 0 

«=*  P<lb> ( j ^  ZpkZqk* f)(0) = °'  a11 f ' P' q 

<=s> P b ~ - ) f (O) = 0 , a l l f € Yl 

<=> P C ? } 1 

<==> P E E . QED 

C o r o l l a r y ( 7 , 7 ): I_f P i s p l u r i - h a r m o n i c and Q i s a r e al p o s i t i v e 

d e f i n i t e hAh symmet r ic m a t r i x , t h en P* (X) = P(X. i /§) s a t i s f i es 

" I  . 

Proof :  Substitut e Z  =  W*  * Q m (7.6) . 

To prov e th e Theorem ,  not e firs t  tha t  th e spa n o f  th e $ ' [f ]  '  s  fo r 

fixe d Q ,  depend s onl y o n th e rationa l  equivalenc e clas s o f  Q  becaus e 

^ p , ' Q , [ f ]  =  £ P' Q[f ] 

i f  Q'  =  ^QA ,  f'(N )  =  f(N- t A) ,  P'(X )  =  P(X(v^ T" "  ^A-^Q)) . 
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,  " I  t  r-

Her e A  €  GL(h,Q )  (an d not e tha t  VQ' •  A'/ Q i s orthogona l  s o 

tha t  P "  i s agai n pluri-harmonic) .  Therefor e w e ca n assum e 

Q. .  =  £.6. .  an d w e may als o assum e f  =  f,$•• *®f*  ,  f .  €  £  (Q^) . 
13 1  i ]  2 1  h '  1 

Then 

(27ri)H a'  I f  1(0 )  =  [p*(---^,---)(TT^[fJ(z i ^^)) ] 
L a  9z i ; j  i = 1 1 1 1 J^ Q 

*  1—wher e P  (X )  =  P  (X"/Q) ,  Z .  =  ( z .  , — ,  z  . ) .  On th e othe r  hand , 
ot  e x  1  1 1 g i 

th e functiona l  equatio n fo r  Riemann' s thet a functio n tell s  u s tha t 

TT^ [f iH t (C^D)" 1*z i/ Jl i (Afi+B )  (OHD)" 1)  = 

[ +det (Cfi+D)]h/2exp(7Ti I t z . (CftH))" 1^^-^1) T T ^ [ f i ] <V* i f i ) 

for (£ ^) i n a s u i t a b le T. Apply P̂  (  ,3/3 z  ., ) to t h i s 

i d e n t i ty and s et z. = 0 , a l l i . By (7.7) t he LHS g i ves us 

(+det (Cft+D) ) h / 2 . (P*  (  f^~r '  )TT^ If , ] Cz. ,lfi))\ 
a ij  x x 1 IZ=0 

wh i l e t he RHS g i ves us 

J TUCft+D)'1) ft(P*(..f-~— ,- - ) lTx9[ f \ ] (z . ,A. f i ) ) I 
a 3 B feij  1 1 1 | Z = Q 

0 p a ' Q 

Combinin g these ,  w e ge t  th e functio n equatio n fo r  W [f]} . 
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At  thi s point ,  w e hav e produce d a  grea t  quantit y o f  ne w 

modula r  forms ,  eve n ne w scala r  modula r  forms .  Th e mos t  importan t 

outstandin g proble m i s t o fin d identitie s amon g them .  Th e onl y 

non-trivia l  exampl e i s Jacobi' s identit y (Ch .  I ,  §13 )  fo r  g  =  1 , 

and it s generalization s t o highe r  g  (Fay ,  Nachr .  de r  Akad .  Gottingen , 

1979 ,  N — 5  ;  Igusa ,  On Jacobi' s derivativ e formula ,  t o appear) . 

Even fo r  g  =  1 ,  ther e mus t  b e man y furthe r  identitie s (e.g. , 

becaus e man y modula r  form s ca n b e represente d a s thet a serie s i n 

many way s wit h differen t  P,Q's :  cf .  Waldspurger ,  Inv .  Math. , 

50 (1978) ,  p .  135) .  I s ther e a  systemati c wa y o f  derivin g thes e 

fro m Riemann' s thet a formula ? 

I n anothe r  direction ,  on e o f  th e mos t  interestin g application s 

of  thes e vector-value d thet a modula r  form s i s t o construc t 

holomorphi c differentia l  form s o n th e Siege l  modula r  variet y 

/Sp(2g,Z )  (mor e precisely ,  o n a  smoot h compactifie d versio n 

of  it) .  Thi s ide a i s du e t o Freita g (Math .  Ann .  21 6 (1975) ,  p .  155 ; 

Crell e 29 6 (1977) ,  p .  162 )  an d ha s bee n develope d b y Anderso n 

(Princeto n Ph.D .  thesis ,  1981 )  an d Stillma n (Harvar d Ph.D .  thesis , 

1983) .  We refe r  th e reade r  t o thei r  paper s fo r  mor e details . 

h 


