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Chapter 0

Abstract
Heegner cycles are higher weight analogues of Heegner points. Their arithmetic inter-
section numbers also appear as Fourier coefficients of modular forms and often belong
to abelian extensions of imaginary quadratic fields. Rotger and Seveso [RS12] propose
a precise recipe for the p-adic Abel–Jacobi images of cycle classes whose existence is
predicted by conjectures of Bloch and Beilinson and which would be a real quadratic
analogue to Heegner cycles. These are the so called Stark–Heegner cycles.

The aim of this thesis is to generalize Darmon–Vonk’s theory of rigid meromorphic
cocycles [DV21] to higher weight, producing a higher Green’s pairing of real quadratic
divisors on the p-adic upper half-plane, which seems to be the real quadratic analogue of
the pairing of Heegner cycles. Computation of these values for “Principal cycles” gives
evidence that they lie in abelian extensions of real quadratic fields. The algebraicity of
certain values of the higher Green’s function is indirect evidence of the existence of al-
gebraic Stark–Heegner cycles.
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Résumé
Les cycles de Heegner sont des analogues des points de Heegner pour des poids plus
élevés. Leurs nombres d’intersections arithmétiques sont aussi des coefficients de Fourier
de formes modulaires et appartiennent souvent à des extensions abéliennes de corps
quadratiques imaginaires. Rotger et Seveso [RS12] proposent une recette précise pour
les images p-adiques d’Abel—Jacobi de classes de cycles dont l’existence est prédite par
des conjectures de Bloch et Beilinson et qui seraient l’analogue quadratique réel de cycle
de Heegner. Ceux-ci sont dénommés les cycles de Stark–Heegner.

Le but de cette thèse est de généraliser la théorie de Darmon et Vonk sur les cocycles
méromorphiques rigides à des poids plus élevés, produisant un couplage en poids élevés
de Green pour les diviseurs quadratiques réels sur le demi-plan p-adique. Ce couplage
semble être l’analogue quadratique réel du couplage des cycles de Heegner. Le calcul
de ces valeurs pour les “cycles principaux” semble indiquer qu’ils appartiennent à des
extensions abéliennes de corps quadratiques réels. L’algébricité de certaines valeurs de la
fonction de Green pour poids élevés est un signe qu’il existe des cycles de Stark—Heegner
algébriques.
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Contribution
This work generalizes Darmon–Vonk’s theory of rigid meromorphic cocycles to higher
weight. We relate rigid meromorphic functions on a p-adic upper half-plane to boundary
distributions. This approach leads to a full classification of higher weight rigid mero-
morphic cocycles beyond the examples in Negrini’s thesis. We introduce a formalism to
describe the evaluation and obstruction to lifting of these higher weight cocycles. We
implemented this evaluation in the computer algebra system SageMath, and provide the
results to our numerical calculations which inform the conjectures we provide on the
values of rigid meromorphic cocycles.

Except for the appendix, the content of this thesis was written solely by the author.
Chapter 2 consists mainly of background knowledge which is available in the liter-

ature, except for Sections 2.6, 2.7 and 2.8 which are the result of the author’s original
work.

Chapters 3, 4, 5 and 6 are the result of the author’s original work.
The appendix: Anti-symmetry of the Green’s function is an excerpt from an ongoing

collaboration with Isabella Negrini and Vinayak Vatsal to which all authors contributed
equally. We obtained permission from Isabella Negrini and Vinayak Vatsal to include this
result in this thesis.
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1
Introduction

Arithmetic Geometry. The point (1, 1) is a rational solution to the equation

E : y2 = x3 − x+ 1.

In fact, the equation E has infinitely many rational solutions which are all recursively
generated from this single solution (1, 1). The problem of understanding and solving
elliptic curves is one of the longest standing open problems in Mathematics. The Birch and
Swinnerton-Dyer (BSD) conjecture, one of the Clay Millennium Prize problems, implies
that this arithmetic behavior of E is encoded in the analytic behavior of its L-function

L(E, s) = 1− 3

3s
− 2

5s
− 4

7s
+

6

9s
+

2

11s
− 5

13s
+ · · · .

The main challenge in the Birch and Swinnerton-Dyer conjecture rests in procedu-
rally finding rational solutions to elliptic curves. The only known procedure generates
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Chapter 1

Heegner points. The construction and properties of these points formed the key input for
the only solved cases of the conjecture in the late 1980s.

The connection between arithmetic objects and the analytic behavior of their L-
function is a central theme in arithmetic geometry. The Birch and Swinnerton-Dyer con-
jecture is the first interesting case in a deep generalization known as the Beilinson–Bloch–
Kato conjecture. It generalizes from solutions of elliptic curves, such as E, to solutions of
any collection of polynomial equations in any dimension.

The higher dimensional nature of the conjecture makes it likely far out of reach of cur-
rent technology. The first serious obstacle is our understanding of higher co-dimensional
algebraic cycles and their relation to the cohomology of algebraic varieties. This is best
encapsulated in Grothendieck’s standard conjectures on algebraic cycles. The second key
obstacle is in finding methods of constructing algebraic cycles on varieties.

The Beilinson–Bloch–Kato conjecture has therefore been studied in few special cases.
These are typically varieties related to Shimura varieties. These varieties have the advan-
tage that they are often equipped with families of special subvarieties, therefore there are
natural candidates for algebraic cycles that account for the conjecture. Furthermore, the
L-functions for these varieties are related to automorphic L-functions, which are often
convenient to work with as they are known to have analytic continuation and a func-
tional equation. The use of automorphic forms is also favorable since analytic tools such
as theta correspondences are often helpful in relating height pairings of algebraic cycles
to special values of derivatives of L-functions.

Complex Multiplication and Higher Green’s Functions. The starting
point of this investigation is the seminal papers of Gross–Zagier[GZ84] and Gross–Kohnen–
Zagier[GKZ87], which investigate the Néron–Tate height pairing of Heegner points on
Jacobians of modular curves X0(N). The archimedean contribution to this height pairing
is realized as a limit of CM-values of automorphic functions:

Gs(τ, σ), s > 1.

For positive integer values of s, the functions Gs(z1, z2) are known as the higher Green’s

2



Chapter 1

functions. These are real analytic functions on H × H which are invariant under the
action of SL2(Z) × SL2(Z) and have a logarithmic singularity along the diagonal. In
[GZ84] and [GKZ87] it is shown that the CM-values of higher Green’s functions appear
as Fourier coefficients of certain higher weight modular forms. Motivated by this obser-
vation, Gross, Kohnen and Zagier made two predictions:

1. The CM-values Gs(τ, σ) have an interpretation as the archimedean contribution to
a global height pairing of some higher dimensional algebraic cycles.

2. The Gross–Zagier algebraicity conjecture. Certain “principal” linear combinations of
CM-values Gs(τ, σ) are logarithms of algebraic numbers.

Heegner Cycles. The first prediction was addressed in [Zha97]. Let π : E → X0(N)

denote the universal generalized elliptic curve. The Kuga–Sato variety, Yk, is the canon-
ical resolution of the (k − 2)-fold fibre product of E over X0(N). Associated to each
CM-point, τ , there is a Heegner cycle

yk,τ ∈ Ĉh
k/2−1

(Yk),

which lies in the fiber over the τ . S. Zhang showed that the archimedean contribution to
the height pairing for two distinct Heegner cycles yk,τ and yk,σ satisfies

⟨yk,τ , yk,σ⟩∞ =
1

2
Gk/2(τ, σ).

Now to motivate the algebraicity conjecture of Gross and Zagier, consider a cycleD1

on an arithmetic variety X . This cycle is said to be principal if it vanishes in the Chow
group of X . This is accounted for by the existence of a formal linear combination of
rational functions ∑

i

ci(fi,Wi)

whose divisor is D1. Given another cycle, D2, the archimedean contribution of the

3



Chapter 1

Arakelov height pairing ⟨D1,D2⟩∞ becomes a sum of logarithms∑
i

ci log |fi(D2 ·Wi)|

i.e. it is a sum of logarithms of algebraic numbers belonging to the compositum of the
fields of definition of D1 and D2.

This principle led Gross and Zagier to their conjecture that “principal” linear combi-
nations of CM-values, Gs(τ, σ), are logarithms of algebraic numbers lying in the com-
positum of class fields of imaginary quadratic fields. In fact, they showed that when
averaged over the Galois orbit of a pair of CM-points, principal linear combinations of
the values ∑

θ∈Gal(Hτ ·Hσ)

Gs(τ
θ, σθ)

yield sums of logarithms of rational numbers. Here Hτ and Hσ denote the class fields of
their respective CM point.

In [Zha97], Zhang provided a proof of the algebraicity conjecture in the case where
τ and σ belong to the same imaginary quadratic field, which is conditional on the non-
degeneracy of the height pairing. Mellit’s thesis [Mel09] also uses an algebraic approach
to give a proof of the algebraicity conjecture for N = 1, k = 4 and τ = i.

However, a full unconditional proof of the algebraicity conjecture through this ge-
ometric interpretation seems to be currently out of reach. The main obstacles to this
line of attack are deep conjectures on algebraic and arithmetic cycles such as Gillet–
Soulé’s arithmetic analogues of Grothendieck’s standard conjectures on algebraic cycles
[GS94]. Concretely, these conjectures would imply that the action of Hecke operators
on cycles factors through the Chow group, and that the arithmetic height pairing is non-
degenerate.

Nevertheless, the algebraicity conjecture could be approached through the analytic
machinery of regularized theta lifts. This direction was followed in the work of Viazovska
[Via15], Bruinier–Ehlen–Yang [BEY21] and a full proof of the conjecture was completed
in [Li22, BLY22].
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Real Multiplication and Stark-Heegner Cycles. Let p be a prime number,
E a real quadratic field in which p is inert, and Hc/E the narrow ring class field of con-
ductor c. For any eigenform f ∈ Sk (Γ0(p)) and any character χ of the group Gal(Hc/E)

the sign of the functional equation for L(f ⊗E,χ, s) is −1. Therefore, the order of van-
ishing of L(f ⊗Hc, s) at k/2 is at least |Gal(Hc/E)|. Thus the conjecture of Bloch and
Beilinson predicts the existence of a collection of cycles in Chk/2(Yk) defined over Hc,
which would account for the vanishing of L(f⊗E, s) and would play the role of Heegner
cycles in the real quadratic setting.

In weight 2, the emerging theory of Real Multiplication (RM) studies Stark–Heegner
points as conjectural substitutes for Heegner points. In [Dar01], Darmon defines Stark–
Heegner points through a p-adic integration theory which packages period integrals of
modular forms into a measure and produces p-adic points on elliptic curves that are con-
jectured to be rational over abelian extensions of real quadratic fields. Similarly to their
CM counterparts, Stark–Heegner points are related to Fourier coefficients of modular
forms [DT08a] and they appear to be non-torsion precisely when the derivative of a
Hasse–Weil L-function does not vanish [BD09].

Stark–Heegner points seem to fall outside current methods of constructing algebraic
cycles. Their construction in general does not seem to come from an embedding of a
special subvariety in a Shimura variety, although their construction relies essentially on
modular tools which help to relate them to special values of p-adic L-functions, and to
relate their relative positions to half-integral modular forms.

In the absence of a moduli theoretic interpretation for Stark–Heegner points, it re-
mains unclear how to define the real quadratic analogues of Heegner cycles, which might
be called Stark-Heegner cycles. Rotger and Seveso [RS12, Sev12] generalize Darmon’s
p-adic integration theory to higher weight and in doing so define local cohomology
classes that they conjecture to be in the image of a global Selmer group associated to
the Kuga–Sato varieties Yk. This conjecture was verified [Sev12] for linear combina-
tions of Stark-Heegner cycles by genus characters. An explicit geometric construction of
Stark–Heegner cycles remains a mystery.

Rigid Meromorphic Cocycles. In the analogy between Complex Multiplication

5
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and Real Multiplication, the theory of rigid meromorphic cocycles leads to the counter-
part to Green’s functions on modular curves. Let

Hp := P1(Cp)\P1(Qp)

be the p-adic upper half-plane. The action ofΓ := SL2(Z[1/p]) onHp by Möbius transfor-
mation is not discrete. It follows that if τ ∈ Hp is a real-quadratic point, then there does
not exist a Γ-invariant rigid meromorphic function onHp whose divisor is supported on
the Γ-orbit of τ . Instead, Darmon–Vonk [DV21] define a cocycle

Jτ ∈ Z1(Γ,M×/C×p )

whose divisor is supported on the Γ-orbit of τ . Here,M× denotes the Γ-module of rigid
meromorphic functions on Hp, i.e. for every γ ∈ Γ, the zeros and poles of Jτ (γ)(z)
belong to Γ · τ . When there is a lift of Jτ to

Jτ ∈ H1(Γ,M×),

then we can evaluate Jτ at another RM-point, σ, whose fundamental stabilizer is γσ ∈ Γ.
This evaluation is given by

Jp(τ, σ) := Jτ [σ] := Jτ (γσ)(σ).

Darmon and Vonk have recently announced a proof of the algebraicity of the norms of
Jp(τ, σ) to Qp. Their proof also yields an explicit prime factorization formula for the norm
of Jp(τ, σ), which is reminiscent of Gross–Zagier’s factorization of singular moduli. The
RM-values of rigid meromorphic cocycles behave analogously to the archimedean con-
tribution of intersections of Heegner points; although the algebraicity of Stark–Heegner
points is not known, one might speculate that the RM-values above encode some local
contribution to a p-adic height pairing of Stark–Heegner points.

For example, it is observed in [DV21] that if p = 3 and ϕ = 1+
√
5

2
, then up to 100
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digits of 3-adic accuracy

J3(ϕ, 2
√
5)

?
=

174 + 832
√
−1

2 · 52 · 17
, (1.1)

and
J3(
√
5, 2
√
5)

?
=
−4623 + 136

√
−1

53 · 37
. (1.2)

Note that the narrow class field associated to the order O2
√
5 is Q(

√
5, i).

Main Construction: p-adic Higher Green’s Functions. In this thesis, we
generalize the theory of rigid meromorphic cocycles to higher weight, i.e. to cocycles of
H1(Γ,M(k)), whereM(k) is the module of rigid meromorphic functions with a weight
k action

f |k γ = (cz + d)−kf(γz), where γ =

(
a b

c d

)
∈ Γ.

We define the higher Green’s functions as periods of such higher weight meromorphic
cocycles.

We classify the higher weight rigid meromorphic cocycles. For any formal linear
combination, D, of RM-points we define a canonical cocycle class (Lemma 4.1.6)

Jk,D ∈ H1
par(Γ,M(k)),

whose divisor is supported on the Γ-orbits of the points of D. Conversely, we will show
that every such parabolic cohomology class is a linear combination of the meromorphic
cocycle classes attached to real-quadratic points and an analytic cocycle.

The p-adic higher Green’s function Gk(τ, σ) is defined as a period of the cocycle Jk,τ ;
if there exists a cocycle Jk,τ which takes values in a space of Coleman primitives on Hp

and satisfies
dk−1

dzk−1
Jk,τ (γ)(z) = Jk,τ (γ)(z) for all γ ∈ Γ,

7
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then the higher Green’s function is equal to

Gk(τ, σ) = δ
(k−2)/2
2−k (Jk,τ (γσ)) (σ),

where δi = d
dz
+ i

z−z is the usual raising operator applied formally to the function Jk,τ (γσ),
and conjugation is the non-trivial automorphism of Q(σ). When k = 2, the Green’s
function recovers Darmon–Vonk’s real-quadratic singular moduli:

G2 (τ, σ) = logp (Jp(τ, σ)) .

Main Conjecture and Supporting Evidence. We implemented an algorithm
to compute some values of Gk on the computer algebra system SageMath. The resulting
values of Gk at “principal” linear combinations of RM-orbits appear to be p-adic loga-
rithms of algebraic numbers lying in the compositum of class fields of the real quadratic
fields associated to the RM-orbits.

For example, let p = 3 and k = 4. In this case, S4(Γ0(3)) is trivial, which implies that
every divisor is principal. Let ϕ = 1+

√
5

2
be the golden ratio. Up to 140 digits of 3-adic

accuracy we compute

40G4(9[ϕ]− 2[
√
5], [2
√
5])

?
= 5 logp

(
2− i

2 + i

)
+ 17 logp

(
6 + i

6− i

)
+ 63 logp

(
4 + i

4− i

)
+ 26 logp

(
5 + i

5− i

)
.

Note that i generates the narrow class field of the orderO2
√
5 over Q(

√
5). The prime

factors in the factorization above are all inert or ramified in Q(
√
5). Apart from the prime

13, all the other primes appear either in the factorization of Jϕ[2
√
5] or J√5[2

√
5] given

in (1.1) and (1.2).
For technical reasons, the computations are simpler to carry for divisors of “strong

degree zero”. We expect that a similar algebraicity statement holds for G4([ϕ], [2
√
5]) and

G4([
√
5], [2
√
5]).

8
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Conjecture 1.0.1. Let
D =

∑
i

miτi

be a finite formal linear combination of RM-points, which is principal i.e. Obs0(Jk,D) (Def-
inition 4.1.1) is trivial. Then for any other RM-points σ, the value of the Green’s function
Gk(D, σ) is a linear combination of logarithms of algebraic numbers belonging to the com-
positum of narrow class fields associated with the quadratic orders Oτi and Oσ.

The norms of the algebraic numbers that appear in Conjecture 1.0.1 also seem to ad-
mit factorization formulas similar to those of singular moduli. The primes appearing in
the factorization of the norm of Gk(τ, σ) are non-split in both orders, and their multiplic-
ities seem to be determined by weighted intersection numbers of geodesics on Shimura
curves associated to definite quaternion algebras. Conjecture 5.3.2 gives a more precise
formulation of this observation.

The algebraicity of the values Gk(τ, σ) lends evidence to the conjectured existence
of rational Stark–Heegner cycles and further adds to the growing analogy between the
theories of real multiplication and complex multiplication.

Meromorphic Cocycles of Higher Weight. In the multiplicative setting of
[DV21], the meromorphic cocycles are defined explicitly as infinite products which are
proven to converge by hand. In higher weight, the analogous infinite sums need not
converge. The key idea to remedy this is as follows. If f is a rigid meromorphic function
on Hp whose poles all lie in a finite extension E/Qp, then the restriction f |HE

is a rigid
analytic function onHE := P1(Cp)\P1(E). Meromorphic functions onHp can therefore
be constructed as integral transforms of certain boundary measures on P1(E).

For example, the rigid meromorphic period function jτ is defined by

jτ :=
∏

w∈Γ·τ

tw(z)
δ∞(w), where tw(z) =

z − w |w| ≤ 1,

z/w − 1 |w| > 1.

9
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for a certain function δ∞(w) ∈ {−1, 0, 1}. The logarithmic derivative,

dlog(jτ ) =
∑
w∈Γ·τ

δ∞(w)

z − w
,

belongs to the module, M(2), of weight 2 rigid meromorphic functions and has poles
only at points in the orbit of τ . The boundary measure associated to this function is then
simply the indicator function at each w in the orbit Γ · τ , weighted by δ∞(w); note that
while Γ·τ is not discrete in P1(E), the subset of elements such that δ∞(w) ̸= 0 is discrete.

In [Neg23], Negrini shows that any parabolic cocycle in Z1
par(Γ,M(k)) has its poles

supported only on a finite union of Γ-orbits of RM-points, and she produced cocycles of
rigid meromorphic functions whose poles are supported on the union of Γ-orbits of an
RM-point τ and its conjugate τ . The boundary measures described above will produce
parabolic cocycles whose divisors are supported on the orbit of τ only, and therefore
allows us to complete the classification of parabolic cocycles.

Another difference in the higher weight setting is the lack of an analogue to the log-
arithmic derivative map

dlog :M× −→M(2).

Real quadratic singular moduli are associated to the multiplicative cocycles. In higher
weight, we consider instead the modulesML(2 − k) defined to be the set of Coleman
primitives of functions f ∈M(k) under iterated differentiation (k−1)-times and with a
choice of p-adic logarithm such that logL (p) = L . Note that the iterated differentiation
map

dk−1 :ML (2− k) −→M(k)

is a Γ-module surjection. The spacesML (2 − k) are the meromorphic counterpart to
those considered by Breuil [Bre10] [Bre04]. In weight 2, the image of M× under the
logarithm, logL , is dense inML (0).

Finally, to define Gk(τ, σ) we use Breuil duality, to pair the meromorphic cocycle

JL
τ ∈ H1(Γ,ML (2− k))

10
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onHp with a locally analytic functions on the boundary of the form

(t− σ)(k−2)/2(t− σ)(k−2)/2

(σ − σ)(k−2)/2
logL (t− σ).

We remark that throughout the thesis, we will restrict to p and odd prime. This is
solely for the fact that for odd p, all quadratic extensions of Qp are contained in a degree
4 extension, up to isomorphism. For p = 2 all quadratic extensions are contained in a
degree 8 extension and one would have to slightly adapt some proofs presented here.
More precisely, the proof of Theorem 3.5.8 as presented would have to use instead the
combinatorics of the Bruhat–Tits tree of the degree 8 extension.

11
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Thesis Outline.

Chapter 2 Introduces rigid analysis on the p-adic upper half-plane. Much of this material is
standard, see [DT08b] for an introduction. In our presentation of higher weight
rigid meromorphic functions, we emphasize de Shalit’s [dS09a] approach of view-
ing them as sections of a local system onHp. We continue with this approach when
we introduce Breuil’s space of log-rigid analytic functions; this point of view is dis-
cussed in an unpublished article of de Shalit [dS09b]. We also introduce the Morita
and Breuil dualities, and present some explicit computations which are well-known
that will be useful further on.

The novel contribution of this chapter is the section on rigid meromorphic func-
tions. We explain the passage from rigid meromorphic functions on Hp to rigid
analytic functions on a “smaller” upper half-plane. We give a criterion for rigid
analytic functions on the “smaller” space to extend to a rigid meromorphic func-
tion on Hp. We extend Vishik and Amice-Velu’s theorem of p-adic integration to
produce meromorphic functions, and we present a detailed proof of this result.

Chapter 3 Starts by compiling the standard definitions of group homology and cohomology,
modular symbols and relations between these various objects. We review the the-
ory of rigid analytic cocycles, which is discussed in [DT08b, Dar01, Das05] in the
weight 2 setting and generalized in [Ort04, RS12, Sev12] to higher weight, and
in other sources. We introduce binary quadratic forms attached to real-quadratic
points, and define modular symbols which package divisors associated to real-
quadratic points as functions on edges of a Bruhat-Tits tree.

We then recall Darmon–Vonk’s multiplicative rigid meromorphic cocycles and de-
scribe their relation to the aforementioned modular symbols. We then general-
ize this construction to higher weight by integrating against the modular symbols
taking values in harmonic cochains on edges. This leads to a full classification
of parabolic rigid meromorphic cocycles in all weights, which extends Negrini’s
[Neg23] partial classification. Finally, we introduce a different approach to the
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construction of rigid meromorphic cocycles which is more refined but no longer
necessarily takes values in parabolic cocycles. This refined approach is a general-
ization of Darmon–Vonk’s later construction in [DV25].

Chapter 4 We discuss different “integrals” of rigid cocycles which leads us to the definition
of the obstruction maps to finding a primitive as well as the evaluation pairing
for cocycles. We use the evaluation pairing to define the p-adic higher Green’s
function. Many of the ideas from this chapter are motivated by [dS09a] and [RS12,
Sev12].

Chapter 5 We describe an algorithm to efficiently compute certain values of the higher Green’s
function. We describe the results of some numerical experiments we carried out
that seem to produce algebraic numbers in the compositum of abelian extensions of
quadratic fields. From these computations we conjecture the algebraicity of prin-
cipal values of the Green’s function, we give a conjectural formula for the prime
factorization of these algebraic numbers.

13
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Notation
k an even positive integer
n k − 2
p a prime number
Γ SL2(Z[1/p])
F a finite field extension of Qp

OF the ring of integers of F
Pn(A) polynomials of degree at most n with coefficients in A, usually

Pn(Cp)
K The bi-quadratic extension of Qp

HF p-adic upper half-plane for a p-adic field F 15
TF The Bruhat-Tits tree forHF 16
redF the reduction mapHF → TF 18
O(k,HF ) Rigid analytic functions onHF with a weight k action 18
OL (2− k,HF ) log-rigid analytic functions onHF with a weight 2− k action 18
β map relating higher-weight functions to local systems 21
ΣL (k, F ) locally analytic functions on P1(F ) 22
M(k,HF , E) Rigid meromorphic functions onHF with poles in a field E 36
ML (2− k;HF , E) Space of Coleman primitives ofM(k,HF , E)
⟨·, ·⟩Pn pairing on polynomials 25
⟨·, ·⟩M Morita pairing 23
⟨·, ·⟩B Breuil pairing 26
C1

F (A) functions on oriented edges of TF taking values in A 28
C0

F (A) functions on vertices of TF taking values in A 28
C1

F,har(A) harmonic cochains on oriented edges of TF taking values in A 28
MSΓ0(M) Γ0-invariant modular symbols valued in M 51
Στ{r, s} Γ-translates of τ whose geodesics intersect with (r, s) 67
Divk,D The divisor modular symbol associated to an RM-divisor D 67
Degk,D modular symbol associated to an RM-divisor D valued in C0

Qp
(Pn) 67

Φk,D modular symbol associated to an RM-divisor D valued in C1
K(Pn) 74

Jk,D modular symbol associated to RM-divisor valued in weight-k mero-
morphic functions

76, 94

JL
k,D specific choice of modular symbol (not necessarily Γ-invariant) which

lifts Jk,D
94

JL
k,D Γ-invariant modular symbol or cocycle class which lifts Jk,D when

such a lift exists
109

yk,D, y
♮
k,D homology classes of divisors 108
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2
The p-adic upper half-plane

This chapter introduces p-adic analysis on the Drinfeld upper half-plane, which serves as
the scaffolding for the rest of the thesis. We will define spaces of rigid analytic functions,
as well as spaces of their Coleman primitives. Then, we will discuss Morita and Breuil
duality, which relate functions on the upper half-plane to distributions on the boundary.
Much of the material of this section is presented in more detail in [DT08b].

2.1 The Bruhat–Tits tree
Fix a prime number p. Let F be a fixed finite extension of Qp. Denote by OF its ring
of integers and κ(F ) its residue field, which has size qF . Fix a choice of uniformizer
πF ∈ OF . Let eF be the ramification index of F/Qp.

Definition 2.1.1 (The p-adic upper half-plane). The p-adic upper half plane over F is the
rigid analytic space,HF , whose E-rational points are

HF (E) := P1(E)\P1(F ),

15



2.1. THE BRUHAT–TITS TREE Chapter 2

for any complete extension E/F . In particular,HF (Cp) = P1(Cp)\P1(F ).

The group GL2(F ) acts onHF by Möbius transformation(
a b

c d

)
· z 7→ az + b

cz + d
.

A pair (y0, y1) is said to be primitive if both y0 and y1 belong to OE and at least one of
them is a unit. For any complete extension E of F , for a primitive pair (x0, x1), define
the closed disks in P1(E) by

BE ([x0 : x1], r) = {[y0 : y1] | ordp (x0 · y1 − x1 · y0) ≥ r, (y0, y1) is a primitive pair} .

Definition 2.1.2 (Bruhat–Tits tree). The Bruhat–Tits tree over F is the graph, TF , whose
vertex set is the set of homothety classes ofOF -lattices in F 2. A pair of classes of lattices
[L1] and [L2] are related by an edge if there exist representatives L1 and L2, respectively,
such that

πFL1 ⊊ L2 ⊊ L1.

In this case, [L1] and [L2] are said to be qF -neighbors.
Denote the set of vertices of TF by T 0

F , the set of oriented edges by T 1
F and the set of

unoriented edges by T 1
F . The group GL2(F ) acts on TF via its natural action on lattices

in F 2. Denote oriented edges as an ordered pair, (v, w), where v and w are neighboring
vertices.

TF is a tree, and it is (qF + 1)-regular; that is, each vertex has precisely qF + 1 =

|P1(κ(F ))| neighbors. The choice of the standard basis on F 2 privileges distinguished
elements of the tree. Namely, define

v0 :=
[
O2

F

]
, v1 := [OF ⊕ πFOF ] .

We will refer to v0 as the standard vertex. Observe that v0 and v1 are adjacent and denote
the edge (v0, v1) by e0 and refer to it as the standard edge.

The level of a vertex, v = [L], is its distance from v0 on the tree. Equivalently, the

16



2.1. THE BRUHAT–TITS TREE Chapter 2

level of v is the smallest non-negative integer l such that there exists a representative, L,
which satisfies

πl
FO2

F ⊂ L ⊂ O2
F .

Such a representative is called an optimal representative. The level of an edge is the level
of the vertex which is further from v0.

For any vertex, v = [L] of TF with optimal representative L, let Lprim denote the
primitive elements of L, that is the elements of the lattice such that at least one of the
two coordinates is a unit in OF . The image of the projection

Lprim −→ P1(OF ) = P1(F )

is a closed disk, denote by Uv. The disk Uv is independent of the choice of optimal repre-
sentative.

An end of TF is an equivalence class of infinite non-backtracking sequences of adja-
cent vectors,

(u0, u1, · · · ),

modulo tail-equivalence; that is; two sequences (u0, u1, · · · ) and (w0, w1, · · · ) are equiv-
alent if there exists an integer m such that ui = wi+m for all i large enough.

Proposition 2.1.3. The set of ends of TF can be naturally identified with P1(F ).

Proof. Without loss of generality, we can assume that each end (w0, w1, · · · ) begins at
the standard vertex. Then, the intersection⋂

i∈N

Uwi

is a single element in P1(F ). In fact, every element τ ∈ P1(F ) can be obtained in this
way for a unique end; the choices of optimal representatives of the path from v0 to τ can
be obtained from the reduction of τ in P1(OF/π

i
FOF ).

For any vertex v, the open setUv is precisely the ends of TF of non-backtracking paths
which begin at v0 and pass through v. Similarly, to each oriented edge, e = (w0, w1), we

17



2.2. RIGID ANALYSIS Chapter 2

let Ue be the set of ends of non-backtracking paths which begin at w0 and pass through
w1.

Definition 2.1.4 (Reduction Map). There is a GL2(F )-equivariant map

redF : HF (Cp) −→ T 0
F ∪ T 1

F

called the reduction map, which is defined as follows: Given τ ∈ HF (Cp), there exists a
minimal r ∈ R such that the intersection BCp(τ, r) ∩ P1(F ) is a non-empty closed disk
in P1(F ) and is equal to Uv for a unique vertex v.

• If r ∈ ordp(F ), then set redF (τ) := v,

• otherwise, let e be the unique oriented edge starting at v and pointing towards the
standard vertex. Set redF (τ) to be the unoriented edge with the same vertices as e.

Remark 2.1.5. Given an oriented edge, e, we write red−1F (e) to denote the preimage of the
unoriented edge with the same vertices as e.

Given a vertex v ∈ T 0
F , its preimage, red−1F (v), is an admissible affinoid of HF ; the

preimage of v0 is referred to as the standard affinoid. The preimage of an edge is an
annulus and the choice of an orientation on the edge corresponds to an orientation on
the annulus.

Let T ≤lF be the subtree of TF consisting of vertices and edges of level at most l. The
preimage of this subtree,H≤lF := red−1F

(
T ≤lF

)
is an admissible affinoid, and the collection{

H≤lF

}
l

is an admissible covering ofHF .

2.2 Rigid Analysis
The ring of rigid analytic functions on HF is a projective limit of affinoid algebras of
entire functions on the admissible covering

∞⋃
l=0

H≤lF .

18
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We begin by giving a more explicit description of H≤lF . Fix a set of representatives,
Rl, of P1(F ) = P1(OF ) modulo πl

F such that ∞ ∈ P1(F ) is the representative for
∞ (mod πl

F ). Define the open disks

B−Cp
([x0 : x1], r) =

{
[y0 : y1] ∈ P1(Cp) | ordp (x0 · y1 − x1 · y0) > r

}
.

As before, all coordinates are taken to be primitive. Then the affinoids can be described
as

H≤lF = P1(Cp)\
⋃
a∈Rl

B−Cp
(a, l/eF ).

Let O(H≤lF ) be the Cp-algebra of functions of the form

∞∑
i=0

b∞,iz
i +

∑
a∈Rl\{∞}

∞∑
i=1

ba,i
(z − a)i

,

with b∞,i, ba,i ∈ Cp satisfying limi→∞ π−ilF ba,i = 0 for every a ∈ Rl. These are precisely
the sums of power series which converge away from the disks B−Cp

(a, l/ef ).
The Cp-algebra of rigid analytic functions onHF is the projective limit

O(HF ) := lim←−
l

O(H≤lF ),

where the projective morphisms are given by restriction of functions. The field of mero-
morphic functionsM(HF ) is the fraction field of O(HF ).

For k any even integer and n = k − 2, let O(k,HF ) be the right GL2(F )-module
whose underlying vector space is O(HF ), equipped with a weight k right action

(f |kγ) (z) :=
det(γ)k/2

(cz + d)k
f(γ · z), where γ =

(
a b

c d

)
∈ GL2(F ).

For a positive weight k, differentiating (n + 1)-times is a morphism of GL2(F )-
modules

O(2− k,HF )
dn+1

−−−→ O(k,HF ).
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2.2. RIGID ANALYSIS Chapter 2

The kernel of this map is the GL2(F )-module of polynomials of degree at most n with
coefficients in Cp, denoted Pn(Cp).

Following Breuil [Bre04, Bre10], define spaces of Coleman primitives of rigid-analytic
functions as follows. Fix a choice of L ∈ Cp; this determines a branch of p-adic logarithm
logL : C×p −→ Cp such that

logL (p) = L .

For a positive weight k > 0, the spaceOL (2− k,HF ) is defined as a projective limit.
For the affinoidsH≤lF defineOL (2−k,H≤lF ) to be the Cp vector space of functions of the
form

∞∑
i=0

b∞,iz
i +

∑
a∈Rl\{∞}

∞∑
i=1

ba,i
(z − a)i

+
∑

a∈Rl\{∞}

Pa(z) logL (z − a),

where Pa are polynomials in Pn(Cp) and b∞,i, ba,i ∈ Cp satisfying limi→∞ π−irF ba,i = 0

for every a ∈ Rl. The space OL (2 − k,HF ) is equipped with a weight 2 − k action of
GL2(F ), i.e. for F ∈ OL (2− k,HF ) and γ ∈ Γ,

(F |γ) (z) = (cz + d)k−2F (γ · z).

Proposition 2.2.1 ([Bre04] Proposition 3.2.2). There is an exact sequence of GL2(F )-
modules

0 −→Pn(Cp) −→ OL (2− k,HF )
dn+1

−−−→ O(k,HF ) −→ 0.

It will be convenient to also view rigid analytic functions as global sections of a local
system onHF . For this we embedO(k,HF ) insideO(2,HF )⊗Pn as a piece of a natural
filtration, andOL (2− k,HF ) insideOL (0,HF )⊗Pn. The iterated differentiation dn+1

will then correspond to differentiation once on the first factor of the tensor

d⊗ 1 : OL (0,HF )⊗Pn −→ O(2,HF )⊗Pn.

This map is roughly analogous to the Gauss–Manin connection in the setting of classical
modular forms.
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Define the maps

γ : O(k,HF ) −→ O(2,HF )⊗Pn(Cp),

g(z) 7→ g(z)(T − z)n

and

β : OL (2− k,HF ) −→ OL (0,HF )⊗Pn(Cp)

G(z) 7→ n!
n∑

i=0

G(i)(z)

i!
(T − z)i,

where T is the variable for the space of polynomials Pn.

Proposition 2.2.2. The maps β and γ are GL2(F )-equivariant and fit into the following
commutative diagram.

OL (2− k,HF ) O(k,HF )

OL (0,HF )⊗Pn(Cp) O(2,HF )⊗Pn(Cp)

dn+1

β γ

d⊗1

Proof. This result follows from a straightforward but tedious computations. One simply
expands out the desired maps and verifies that the two sides agree.

The spaceO(2,HF )⊗Pn(Cp) has a natural descending filtration of GL2(F )-modules
given by

Filj := spanO(2,HF )

〈
(z − T )i | j ≤ i ≤ n

〉
.

The map γ identifies O(k,HF ) with Filn. There is also a filtration on

OL (0,HF )⊗Pn(Cp)

defined by
FiljL := d−1(Filj).

The map β induces an isomorphism between OL (2− k,HF ) and FilnL .
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2.3. LOCALLY ANALYTIC FUNCTIONS ON THE BOUNDARY Chapter 2

2.3 Locally Analytic Functions on the Boundary
Definition 2.3.1. Let k ≥ 2 be an even weight, and n = k − 2.

• The space of locally analytic functions, C(n, F ), is the space of functions

F −→ Cp,

such that for each a ∈ F , there exists a neighborhood of a on which f can be
expressed as a convergent power series

f(t) =
∑
i≥0

ca,i(t− a)i,

and in some neighborhood of∞, the function f can be expressed as a convergent
(away from∞) power series

f(t) =
∑
i≤n

c∞,it
i;

i.e. it has a pole at∞ of order at most n.

• Fix a branch of the p-adic logarithm, logL . The space CL (n, F ) is the space of
locally analytic functions on F , which in a neighborhood of∞ can be expressed
in the form

f(t) =

(∑
i≤n

c∞,it
i

)
− 2P (t) logL (t), (2.1)

where P is any polynomial of degree at most n.

The spaceC(n, F ) is a subspace ofCL (n, F ), and we equip both spaces with an action
of GL2(F ) by

(f |γ)(t) = (ct+ d)n

det(γ)n/2

[
f(γ · t) + P (γ · t) logL

(
det(γ)

(ct+ d)2

)]
;

using the notation in (2.1).
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Definition 2.3.2. Observe that C(n, F ) has Pn(Cp) as a sub-module. Define Σ(n, F )

and ΣL (n, F ) to be the quotient modules

Σ(n, F ) := C(n, F )/Pn(Cp),

and
ΣL (n, F ) := CL (n, F )/Pn(Cp).

Proposition 2.3.3. The following is an exact sequence

0 −→ Σ(n, F ) −→ ΣL (n, F ) −→Pn(Cp) −→ 0,

where the map ΣL (n, F ) −→Pn(Cp) is given by sending to f(t) 7→ P (t) from (2.1).

We will write Σ or Σ(F ) for Σ(0, F ) and also ΣL or ΣL (F ) for ΣL (0, F ). Define Φj
L

to be the subspace of ΣL ⊗ Pn(Cp) consisting of functions which can locally, on F ,
be written in the form (t − T )jg(t) where g(t) is an analytic function. Let Φj be the
intersection Φj

L ∩ Σ⊗Pn(Cp). The map induced from

f(t)⊗ P (T ) 7→ f(t)P (t)

gives an isomorphism

Φ0(ΣL ⊗Pn)/Φ
1(ΣL ⊗Pn) ∼= ΣL (n, F ). (2.2)

2.4 Morita and Breuil Duality
The spaceO(2,HF ) is best thought of as the space of differentials onHF , it naturally has
poles on the boundary ofHF . On the other hand, the space C(n, F ) of analytic functions
on the boundary, P1(F ), is a space of functions that extend slightly beyond the boundary.
By taking residues of products of differentials and analytic functions we obtain a pairing
which is reminiscent of Serre duality. This duality will be used to define rigid analytic
functions by identifying them as distributions on the boundary, and will also be used to
evaluate rigid meromorphic cocycles.
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More precisely, given f ∈ O(2,HF ) and g ∈ Σ(F ). Pick l large enough so that f |H≤lF

can be written as

f(z) =
∞∑
i=0

b∞,iz
i +

∑
a∈Rl\{∞}

∞∑
i=1

ba,i
(z − a)i

,

and for each a ∈ Rl, the function g has a power series expansion of the form

∞∑
j=0

ca,j(z − a)j

on the disk BF (a, l) for every a ̸=∞, and of the form

∞∑
j=0

c∞,jz
−j

on the disc BF (∞, l). Then the residue pairing is defined by

⟨f, g⟩M := “
∑

σ∈P1(F )

resσ(f(z)g(z)dz) ”

:=
∑

a∈Rl\{∞}

(
∞∑
i=1

ba,ica,i−1 − ba,1c∞,0

)
−
∞∑
i=0

b∞,ic∞,i+1.

Theorem 2.4.1 (Morita Duality [Mor84]). The pairing

⟨·, ·⟩M : O(2,HF )× Σ(F ) −→ Cp

defines a perfect bilinear pairing of GL2-modules.

Remark 2.4.2. Given a point τ ∈ HF , then the function 1

τ − t
belongs to Σ(F ) and the

Morita pairing recovers values of f by〈
f(z),

1

τ − t

〉
M

= f(τ). (2.3)
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Further, given two points τ1, τ2 ∈ HF , the function

logL

(
t− τ1
t− τ2

)
also belongs to Σ(F ). We have〈

f(z), logL

(
t− τ1
t− τ2

)〉
M

=

∫ τ1

τ2

f(z) dz, (2.4)

where the integral is a Coleman integral [Col82], with the same choice of branch of
logarithm.

Define a pairing
⟨·, ·⟩Pn : Pn(Q)×Pn(Q) −→ Q

by 〈
T i, T j

〉
Pn

= (−1)i
(
n

i

)−1
δn,i+j.

Proposition 2.4.3. For every n, the pairing ⟨·, ·⟩Pn is a perfect pairing.

Proof. Fix an isomorphism Symn(Q2) ∼= Pn(Q) by mapping(
1

0

)
7→ 1,

(
0

1

)
7→ T.

The determinant gives a pairing on Q2 which induces a pairing on the symmetric product.
Composing by this isomorphism, this produces ⟨·, ·⟩.

It follows that for every a ∈ Q,

⟨(t− a)i, P (t)⟩Pn = (−1)i i!
n!
P (n−i)(a),

where P (s) denotes differentiation s times.
The combination of the Morita pairing and the pairing on polynomials produces a
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pairing
O(2,HF )⊗Pn(Cp)× Σ(F )⊗Pn(Cp) −→ Cp,

which we also denote by ⟨·, ·⟩M . In terms of the filtration, the pairing descends to a
perfect pairing ([dS09a] Corollary 2.5)

Fili/Fili+1 × Φn−i/Φn+1−i −→ Cp.

Specializing to i = n, there is a pairing

O(k,HF )× Σ(n, F ) −→ Cp,

which we again denote by ⟨ · , · ⟩M .
Similarly to (2.3), for any f ∈ O(k,HF ) we have〈

f(z),
1

τ − t

〉
M

= f(τ).

Equation (2.4) relates the Morita pairing to Coleman integrals, its higher weight ana-
logue relates to Coleman integrals on local systems Pn; for f ∈ O(k,HF ) and τ1, τ2 ∈
HF and P ∈Pn(Cp) we have〈

f(z), P (t) logL

(
t− τ1
t− τ2

)〉
M

=

〈∫ τ1

τ2

β(f) dz, P (T )

〉
Pn

.

Theorem 2.4.4 (Breuil Duality, [Bre04] Theorem 1.1.4). There is a unique pairing of GL2-
modules

⟨·, ·⟩B : OL (0,HF )× ΣL −→ Cp,

such that

1. If f ∈ OL (0,HF ) and τ ∈ HF

⟨f, logL (t− τ)⟩B = f(τ),
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2. If g ∈ Σ ⊂ ΣL , then

⟨f, g⟩B =

〈
d

dz
(f) , g

〉
M

,

3. If f ∈ O(0,HF ), then

⟨f, g⟩B = −
〈
f,

d

dt
(g)

〉
M

.

As before, combining the Breuil pairing with the pairing on polynomials we obtain a
pairing

(OL (0,HF )⊗Pn(Cp))× (ΣL ⊗Pn(Cp)) −→ Cp,

which we will denote by ⟨·, ·⟩B . In this case, the duality between

F n
L × Φ0

L /Φ1
L −→ Cp

defines the perfect pairing betweenOL (2−k,HF ) and ΣL (n, F ), which is also referred
to as the Breuil pairing and denote by ⟨·, ·⟩B .

Proposition 2.4.5. The Breuil pairing satisfies the following

1. If τ ∈ HF and f ∈ OL (2− k), then〈
f(z),

(t− τ)n

n!
logL (t− τ)

〉
B

= f(τ),

2. if g(t) ∈ Σ(n), then

⟨f(z), g(t)⟩B =

〈
dn+1

dzn+1
(f)(z), g(t)

〉
M

,

3. if f(z) ∈ O(2− k), then

⟨f(z), g(t)⟩B =

〈
f(z), (−1)n+1 d

n+1

dtn+1
(g)(t)

〉
M

.

27



2.5. THE SCHNEIDER–TEITELBAUM LIFT Chapter 2

2.5 The Schneider–Teitelbaum Lift
Recall that every oriented edge, e ∈ T 1

F , has an associated oriented annulus, red−1F (e).
Therefore, for every f ∈ O(2,HF ) there is a well-defined annular residue rese(f(z)dz)

at e, which is associated to the differential f(z)dz.

Definition 2.5.1. For an oriented edge e = (w1, w2), let s(e) := w1, t(e) := w2 denote
the start and terminal vertices of e, and e := (w2, w1) be the edge with the opposite
orientation.

Every rigid analytic function f(z) ∈ O(2,HF ) determines a residue function on the
edges

cf : T 1
F −→ Cp

e 7→ rese(f(z)dz).

We write rese(f) for rese(f(z) dz).
The residue theorem implies that for any vertex v ∈ HF and rigid analytic function f ,∑

s(e)=v

rese(f) = 0, (2.5)

and for every edge e,
rese(f) = −rese(f). (2.6)

Similarly, for a higher weight rigid analytic function f(z) ∈ O(k,HF ) its residue is
given by considering the residue of f(z)(T − z)n dz, and so we obtain a residue function

cf : T 1
F −→Pn(Cp),

which also satisfies the residue theorem.

Definition 2.5.2. For any GL2(F )-module M , denote by C0
F (M), the Γ-module of func-
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tions on the vertices of the tree valued in M :

T 0
F −→M.

Similarly for edges, denote by C1
F (M) the Γ-module of functions

c : T 1
F −→M

with the extra requirement that c(e) = −c(e). When the module M is not specified
then the functions take values in Cp. Let ∇ : C1

F (M) −→ C0
F (M) be the map taking a

function c ∈ C1
F (M) to the function

∇(c) : v 7→
∑

s(e)=v

c(e).

The kernel of ∇ is the space of harmonic cochains, denoted by C1
har(M). Since TF is an

infinite tree, the map ∇ is surjective, and there is an exact sequence

0 −→ C1
har(M) −→ C1

F (M) −→ C0
F (M) −→ 0. (2.7)

From (2.5) we can see that the function cf attached to a rigid analytic function is
harmonic. In fact, the map f 7→ cf fits in the exact sequence

0→Pn −→ O(2− k,HF )
dn+1

−−−→ O(k,HF ) −→ C1
F,har(Pn) −→ 0.

We equip these spaces of functions on the tree, C1
har(Pn), C

1
F (Pn) and C0

F (Pn), with
an integral structure as follows: For the standard vertex v0, set Pn,v0 := Pn(OCp). For
other vertices, define for g ∈ GL2(F )

Pn,g·v0 := Pn,v0|g−1.
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For every edge, e = (v, v′), let

Pn,e := Pn,v ∩Pn,v′ .

Let
C0,int

F (Pn) :=
{
d ∈ C0

F (Pn) | d(v) ∈Pn,v for all v ∈ T 0
F

}
,

C1,int
F (Pn) :=

{
c ∈ C1

F (Pn) | c(e) ∈Pn,e for all e ∈ T 1
F

}
,

and
C1,int

F,har(Pn) := C1
F,har(Pn) ∩ C1,int

F (Pn). (2.8)

Finally, the space of bounded harmonic cochains is the base-change

C1,b
F,har(Pn) := C1,int

F,har(Pn)⊗OCp
Cp.

It will be helpful to associate to harmonic cochains on TF a measure on the boundary
of the tree.

Definition 2.5.3. For any GL2(F )-module, M , let C lc
F (M) denote the space of locally

constant functions on P1(F ) valued in M . Define a measure on P1(F ) valued in M to be
a functional

C lc
F (M

∨) −→ Cp.

The GL2(F )-module of measures is denoted by M(P1(F ),M). A measure is said to be of
total mass zero if it vanishes on constant functions; the submodule of measures of total
mass zero is denoted by M0(P1(F ),M).

Given a harmonic cochain c ∈ C1
F,har(M), there is an associated measure of total

mass zero defined by
µ(Ue) = c(e), for e ∈ T 1

F .

This defines a measure since the opens sets {Ue} form a basis for the topology of P1(F )

and the harmonic assumption ensures the additivity property of the measure and also
implies the total mass zero criterion.
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We identify Pn with its dual via the pairing ⟨·, ·⟩Pn . Therefore, a measure µ ∈
M0(P1(F ),Pn) is a collection of compatible elements µ(U) ∈Pn, for every open subset
U ⊂ P1(F ), and for P ∈Pn set,∫

U

P (t)dµ(t) :=

∫
P1(F )

1U(t)P (t)dµ(t) := ⟨P (T ), µ(U)⟩Pn .

This identified M0(P1(F ),Pn) with C1
F,har(Pn). By Morita duality, we have identified

O(k,HF ) with the dual of

Σ(n, F ) = C(n, F )/Pn(Cp).

The residue map fits into the diagram

O(k,HF ) Σ(n, F )∨

(
C lc(Pn)/Pn(Cp)

)∨ ∼= C1
F,har(Pn(Cp)).

res

∼

Where the vertical arrow is induced by the inclusion C lc into C(n, F ).
There is no GL2(F )-equivariant section C1

F,har −→ Σ(2, F )∨, this is because not
all measures extend canonically to distributions on locally analytic functions. However,
such a section exists if we restrict to bounded harmonic cochains.

Theorem 2.5.4 (Vishik, Amice-Velu, Schneider-Teitelbaum). There is aGL2(F )-equivariant
section

ST : C1,b
F,har(Pn(Cp)) −→ O(k,HF ).

Proof Sketch. Below is a brief sketch. We will give a more detailed proof in the proof of
Proposition 2.7.6.

A bounded harmonic cochain, ϕ, gives rise to a bounded measure

µ ∈ M0(P
1(F ),Pn).
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The boundedness translates to bounds on integrals of the form∫
U(e)

(t− a)i dµ(t), where a ∈ Ue.

Given a locally analytic function g ∈ C(k, F ), it can be approximated by a sequence of
locally constant functions gi ∈ C lc

F (Pn(Cp)). The bounds on the integrals of µ imply
that ∫

P1(F )

g(t) dµ(t) := lim
i→∞

∫
P1(F )

gi(t) dµ(t)

converges. In particular,

ST (ϕ)(z) :=

∫
P1(F )

1

z − t
dµ(t)

converges to a rigid analytic function in z, whose annular residues recover the function ϕ.
See also [DT08b, Theorem 2.3.2], [MTT86, Chapter 1.11] and [Ort04, 3.2] for more

details.

We refer to the map ST as the Schneider–Teitelbaum map.

Definition 2.5.5. The imageST (C1,b
har(Pn(Cp))) is the space of bounded functions, which

we denote byO(k,HF )
b. An alternative definition ofO(k,HF )

b can be given as follows:
Let |·| define a GL2(OF )-invariant norm on O(k,HF ) given by

|f | := max
z∈red−1(v0)

|f(z)|.

We extend this to a GL2-invariant norm by

∥f∥ := sup
γ∈GL2(F )

|(f |kγ)|.

The space O(k,HF )
b is then precisely the space of all f such that ||f || <∞.
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Theorem 2.5.6 ([dS09a] Theorem 1.1). The Schneider-Teitelbaum map is an isomorphism

ST : C1,b
F,har(Pn(Cp))

∼=−→ Ob(k,HF ).

2.6 Computations
We record here some lemmas which will be useful later on.

Lemma 2.6.1. Let E be any field, for any τ ∈ E and P (T ) ∈ E[T ] a polynomial of
degree n. Let

d(n+1) (P (z) log(z − τ))

be the rational function defined by formally differentiating (n+1)-times the expression

P (z) log(z − τ).

Here log(z − τ) is a symbol that satisfies the relation

d log(z − τ) =
1

z − τ
.

Then

d(n+1) (P (z) log(z − τ)) =
n∑

i=0

(−1)i(n− i)!
P (i)(τ)

(z − τ)n+1−i .

Proof. Expanding P (z) in the basis (z − τ)i and differentiating we obtain

d(n+1) ((P (z) log(z − τ)) =
n∑

a=0

n−a∑
j=0

(
n+ 1

a

)
P (j+a)(τ)

j!
(z − τ)j · (−1)

n−a(n− a)!

(z − τ)n+1−a

Rearranging the sums with i = a+ j we obtain

=
n∑

i=0

(
i∑

a=0

(−1)n−a
(
n+ 1

a

)
(n− a)!

(i− a)!

)
P (i)(τ)

(z − τ)n+1−i
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The equality

i∑
a=0

(−1)n−a
(
n+ 1

a

)
(n− a)!

(i− a)!
= (−1)i(n− i)!

follows from Vandermonde’s identity.

Definition 2.6.2. Let D =
∑
i

(τi)⊗ Pi(t) be a divisor in Div(P1(F )) ⊗Pn(Cp), then

its associated measure is
µD(U) :=

∑
τi∈U

Pi.

Lemma 2.6.3. LetD =
∑
i

(τi)⊗ Pi be a degree 0 divisor in Div0(P1(F ))⊗Pn(Cp). Then

the measure µD is a bounded measure on P1(F ), whose Schneider-Teitelbaum lift is

ST (µD)(z) =
1

n!

∑
i

dn+1(Pi(z) log(z − τi)).

Proof. Let {ei}i be any set of edges on TF such that U(ei) are all pairwise disjoint and
τi ∈ U(ei).

ST (µD)(z) =

∫
P1(F )

1

z − t
dµD(t)

=
∑
i

∫
U(ei)

1

z − t
dµD(t)

=
∑
i

∞∑
j=0

∫
U(ei)

(t− τi)
j dµD(t)

(z − τi)j+1

=
∑
i

n∑
j=0

(−1)j j!
n!

P n−j
i (τi)

(z − τi)j+1

=
1

n!

∑
i

dn+1 (Pi(z) log(z − τi)) .
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We will record here also some helpful identities regarding the Breuil pairing. First we
prove the following special case of Theorem 2.4.4.

Lemma 2.6.4. For τ ∈ HF and G ∈ OL (0,HF ),

⟨G(z), logL (t− τ)⟩B = G(τ).

Proof. Let L be the subspace ofOL (0,HF ) spanned by constant functions and functions
of the form logL (z − α) for α ∈ F , by [Bre04, Lemma 3.5.1], L is a dense subspace
and so it suffices to prove this identity for G of this form. Let U be a neighborhood of
∞ ∈ P1(F ) not containing α. Define H(t) = logL (t− τ) ∈ ΣL (0, F ) and

HU(t) =

logL (t− τ), t ∈ U

0, t /∈ U.

Then

⟨logL (z − α), H(t)⟩B =

〈
1

z − α
,H(t)−HU(t)

〉
M

+ ⟨logL (z − α), HU(t)⟩B .

By [Bre04, Definition 3.4.1], ⟨logL (z − τ), HU(t)⟩B = 0. So

⟨logL (z − α), H(t)⟩B =

〈
1

z − α
,H(t)−HU(t)

〉
M

=Resz=τ
logL (z − τ)

z − α
= logL (τ − α).

Corollary 2.6.5. For τ ∈ HF and G ∈ OL (2− k,HF ),〈
G(z), (t− τ)i logL (t− τ)

〉
B
= (−1)n−ii!G(n−i)(τ).

Proof. Recall that the Breuil pairing was defined by identifying OL (2 − k,HF ) (resp.

35



2.7. RIGID MEROMORPHIC FUNCTIONS Chapter 2

ΣL (n, F )) as a graded piece ofOL (0,HF )⊗Pn (resp. ΣL (0, F )⊗Pn). So we find that

〈
G(z), (t− τ)i logL (t− τ)

〉
B
=

〈
n!

n∑
j=0

G(j)(z)

j!
(T − z)j, (T − τ)i logL (t− τ)

〉
B

=n!
n∑

j=0

G(j)(τ)

j!

〈
(T − τ)j, (T − τ)i

〉
Pn

= (−1)n−ii!G(n−i)(τ).

2.7 Rigid Meromorphic Functions
Let E/F be a finite field extension with ramification index eE/F .

Definition 2.7.1. Denote byM(k,HF ), theGL2(F )-module of rigid meromorphic func-
tions onHF equipped with a weight k action, andM(k,HF , E) the submodule of mero-
morphic functions whose poles all lie in E. For any f ∈ M(k,HF ), write Sf for its set
of poles inHF .

Remark 2.7.2. For any meromorphic function f , the set Sf is locally finite, i.e. its inter-
section with every affinoid is finite.

Lemma 2.7.3. Let f ∈ M(k,HF , E) be a rigid meromorphic function whose poles lie in
E. Then, the restriction f |HE

is a rigid analytic function onHE .

Proof. Notice the containment

H≤(eE/F l)

E ⊂ H≤lF .

By the Weierstrass preparation theorem, the restriction of f to H≤lF can be expressed as
a sum of convergent power series

∞∑
i=0

b∞,iz
i +

∑
a∈Rl\{∞}

∞∑
i=1

ba,i
(z − a)i

+
∑
j∈J

Qj(z)

(z − αj)ej
, (2.9)

where {αj}j∈J is the finite set of poles of f that lie inH≤lF , the exponents ej are the order
of the poles, and Qj(z) are polynomials.
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Since the poles all lie in E, the expansion above is the Mittag-Leffler expansion of a
rigid analytic function onH≤lE and the result follows.

Our aim now is to describe a subspace of C1
E,har(Pn) for which there is a splitting of

the residue map
M(k,HF , E) −→ C1

E,har(Pn).

Notice that in (2.9), the Mittag-Leffler expansion in the directions towards P1(E)\P1(F )

are a finite sum of rational functions. We will translate this to a property on harmonic
cochains on the Bruhat-Tits tree.

The base-change of lattices produces a map on vertices of the Bruhat-Tits trees

T 0
F −→ T 0

E .

This map does not preserve edges if the extension E/F is ramified; every edge in T 1
F

splits into a path whose length is the ramification index. We obtain instead a map of real
trees. Denote the associated real trees by |TF |; there is a natural inclusion

|TF | −→ |TE|.

Definition 2.7.4. A vertex (edge) in TE is called an F -vertex (F -edge) if it lies in the
image of real trees |TF | −→ |TE|. For any F -vertex v ∈ T 0

E , denote by P(v, E/F ) the set
of infinite non-backtracking paths beginning at v and not passing through any F -edge.
Let U(v, E/F ) denote the set of ends in P(v, E/F ).

Definition 2.7.5. Define C1,int
E,har(Pn, F ) to be the subspace of C1

E,har of functions

ϕ : T 1
E −→Pn

that satisfy the following conditions

• For every F -edge e, we have ϕ(e) ∈Pn,e,

• for everyF -vertex v ∈ T 0
E , the restriction of the measure associated toϕ toU(v, E/F )
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is of the form µDv (Definition 2.6.2) for some divisor

Dv ∈ Div(U(v, E/F ))⊗Pn,

• for every F -vertex, v ∈ T 0
E , if

Dv =
∑
i

(τi)⊗ Pi,

then
Pi ∈

⋂
t(e)=v

Pn,e

for every F -edge e ∈ T 1
E .

If the second condition is satisfied, and Dv =
∑

i(τi)⊗ Pi, write

ϕ(τi) := Pi.

Further, define
C1,b

E,har(Pn, F ) := C1,int
E,har(Pn, F )⊗OCp

Cp.

Proposition 2.7.6. There is a GL2(F )-equivariant section

ST : C1,b
E,har(Pn;F ) −→M(k,HF , E).

The idea of the proof below is that the measure associated to a bounded harmonic
cochain ϕ extends to a distribution pairing against locally analytic functions. We will
show this by defining the distribution via Riemann sums, the boundedness guarantees
estimates on the Riemann sums that guarantee their convergence.

Proof. Assume without loss of generality that ϕ ∈ C1,int
E,har(Pn, F ). We will prove in fact

that the trick of Vishik and Amice-Velu applies to extend the measure associated to ϕ to
a distribution on P1(E). We follow the proof presented in [MTT86]. Fix G ∈ C(k,E).
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Define for α ∈ E the disk

D(α, ν) = {x ∈ E | |x− α| ≤ |πE|ν}

and
D(∞, ν) = {x ∈ E | |x| ≥ |πE|−ν}.

For each pair α and ν, write

h = −min(0, ordπE
(α)),

and
ν ′ = ν + h.

When ν ′ > 0, the pair (α, ν) has an associated edge e(α, ν), which is the edge that points
towards D(α, ν), i.e.

U(e(α, ν)) = D(α, ν).

Note that the distance of e(α, ν) from the standard vertex in TE is h+ ν ′.

Lemma 2.7.7. If the edge e ∈ T 1
E is an F -edge that points towards D(α, ν), then

⟨ϕ(e), (t− α)i⟩Pn ∈ π
ν(i−n/2)
E OCp .

Let v = t(e). If τ ∈ U(v, E/F ), then

⟨ϕ(τ), (t− τ)i⟩ ∈ π
ν(i−n/2)
E OCp .

Proof. Let γ =

(
πν
E α

0 1

)
, then γ ·D(0, 0) = D(α, ν). We compute that

(t− α)i|γ = π
ν(i−n/2)
E ti.

Since ϕ is integral, there exists a polynomial P ∈ Pn(OCp) such that ϕ(e) = P (t)|γ−1.
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So we have

⟨ϕ(e), (t− α)i⟩Pn

=⟨P (t)|γ−1, πν(i−n/2)
E ti|γ−1⟩Pn

=π
ν(i−n/2)
E ⟨P (t), ti⟩Pn ∈ π

ν(i−n/2)
E OCp .

The proof for the second part proceeds in exactly the same way.

• If G can be written as a convergent power series

G(z) =
∑
i≥0

cα,i(z − α)i

on D(α, ν), define the ideal

Iα,ν = π−hE π
−ν′(n+1)
E

∑
i>n

cα,iπ
iν
EOCp .

In this case, write

Trunα(G) =
n∑

i=0

cα,i(z − α)i.

• and if G can be written as a convergent power series

G(z) =
∑
i≥−n

c∞,iz
−i

on D(∞, ν), define the ideal

I∞,ν = π−νE

∑
i>0

c∞,iπ
iν
EOCp .

In this case, write

Trun∞(G) =
0∑

i=−n

c∞,zz
−i.
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The next few lemmas are estimates on the terms appearing in the Riemann sums.

Lemma 2.7.8. If D(α′, ν1) ⊂ D(α, ν2), then Iα′,ν1 ⊂ Iα,ν2 .

Proof. For α, α′ ̸=∞, the condition implies that ν1 ≥ ν2. The result is clear for

D(α, ν1) ⊂ D(α, ν2)

and therefore it remains to prove it for the case D(α′, ν) = D(α, ν).
If we write

G(z) =
∑
i≥0

cα,i(z − α)i

then by the binomial theorem we obtain

G(z) =
∑
j≥0

cα′,j(z − α′)j =
∑
j≥0

(∑
i≥j

(
i

j

)
(α′ − α)i−jcα,i

)
(z − α′)j

Since |α′ − α| ≤ πν
E , we get

πjν
E cα′,j ∈

∑
i≥j

πiν
E cα,iOCp = πh

Eπ
ν′(n+1)
E Iα,ν .

Now for the case of D(α, ν2) ⊂ D(∞, ν1), it suffices to prove this statement for
D(α,−ν + 1) ⊂ D(∞, ν).

Write
G(z) =

∑
i≥−n

c∞,iz
−i.

By the binomial theorem

∑
j≥0

cα,j(z − α)j =
n∑

j=0

(
n∑

i=j

(
i

j

)
c∞,−iα

i−j

)
(z − α)j

+
∑
j≥0

(∑
i>0

(
−i
j

)
c∞,iα

−(i+j)

)
(z − α)j
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Therefore, for j > n we get

cα,jπ
j(−ν+1)
E ∈

∑
i>0

π
j(−ν+1)
E π

(i+j)ν
E c∞,iOCp

= πj
E

∑
i>0

πiν
E c∞,iOCp ⊂ πn+1

E I∞,ν .

Following from this lemma, by scaling G, assume without loss of generality that the
ideals Iα,ν and I∞,ν are all contained in OCp .

Lemma 2.7.9. If D(α, ν) = D(α′, ν) and we write

Trunα(G)− Trunα′(G) =
n∑

i=0

bi(z − α′)i

then
πiν
E bi ∈ πh

Eπ
(n+1)ν′

E Iα,ν ,

and further if e points towards D(α′, ν + r), then

⟨ϕ(e),Trunα(G)− Trunα′(G)⟩Pn ∈ π
(h+ν′)(n/2+1)
E π

r(i−n/2)
E Iα,ν .

If τ ∈ U(t(e), E/F ), then

⟨ϕ(τ),Trunα(G)− Trunτ (G)⟩Pn ∈ π
(h+ν′)(n/2+1)
E π

r(i−n/2)
E Iα,ν .

Proof. We have

Trunα′(G)− Trunα(G) =
n∑

i=0

(∑
j≥n

(
j

i

)
cα,j(α

′ − α)j−i

)
(z − α′)i

and so
πiν
E

(
j

i

)
cα,j(α

′ − α)j−i ∈ πjν
E cα,jOCp ⊂ πh

Eπ
(n+1)ν′

E Iα,ν .
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The first claim follows. Now consider

⟨ϕ(e), bi(z − α′)i⟩Pn .

By Lemma 2.7.7 this pairing lies in

biπ
ν(i−n/2)
E OCp ⊂ πh

Eπ
(n+1)ν′

E π−iνE π
ν(i−n/2)
E Iα,ν

= πh
Eπ

(n+1)ν′

E π
−ν(n/2)
E Iα,ν

Recall that ν = ν ′ − h to get

= π
(h+ν′)(1+n/2)
E Iα,ν .

The proof for ⟨ϕ(τ),Trunτ (G)− Trunα′(G)⟩Pn is the same as above.

Lemma 2.7.10. If α ∈ D(∞, h) and

Trunα(G)− Trun∞(G) =
n∑

i=0

bi(z − α)i

then
bi ∈ π

h(i+1)
E I∞,h

and further if e is the edge pointing towards D(α, ν ′ − h), then

⟨ϕ(e),Trunα(G)− Trun∞(G)⟩Pn ∈ π
h(1+n/2)
E π

ν′(i−n/2)
E I∞,h.

If τ ∈ U(t(e), E/F ), then

⟨ϕ(τ),Trunτ (G)− Trun∞(G)⟩Pn ∈ π
h(1+n/2)
E π

ν′(i−n/2)
E I∞,h.

43



2.7. RIGID MEROMORPHIC FUNCTIONS Chapter 2

Proof. Again we can write

Trunα(G)− Trunα′(G) =
n∑

i=0

(∑
j>1

(
−j
i

)
α−(i+j)c∞,j

)
(z − α)i

and compute (
−j
i

)
α−(i+j)c∞,j ∈ π

h(i+j)
E c∞,j ∈ π

h(i+1)
E I∞,h

The first claim follows, and now we compute

⟨ϕ(e), bi(z − α)i⟩Pn

by Lemma 2.7.7, this lies in

π
h(i+1)
E π

ν(i−n/2)
E I∞,h = π

h(i+1)
E π

(ν′−h)(i−n/2)
E I∞,h = πh(1+n/2)π

ν′(i−n/2)
E I∞,h

For every l define the following two sets Rl is a choice of representatives for P1(F )

modulo πl
F . For every F -vertex of, the measure associated to ϕ is of the form µDv for

some divisor Dv supported on U(v, E/F ). Let Tl be the union of the supports of Dv for
F -vertices v of distance at most leE/F steps away from the standard vertex. Then define
the Riemann sum

Sl =
∑
α∈Rl

⟨ϕ(eα),Trunα(G)⟩Pn +
∑
τ∈Tl

⟨ϕ(τ),Trunτ (G)⟩Pn .

Lemma 2.7.11. The sum Sl is well-defined, independent of the choice of Rl, modulo

π
l(1+n/2)
F

∑
α∈Rl

Iα,ν .

In the sum above, for each α ∈ Rl, its associated ν is defined such that l = ν ′ + h.

44



2.7. RIGID MEROMORPHIC FUNCTIONS Chapter 2

Proof. Given a different choice R′l defining a Riemann sum S′, the difference S−S′ will
involve a sum of the form

⟨ϕ(eα,l),Trunα(G)− Trunα′(G)⟩Pn ,

where D(α, ν) = D(α′, ν) and where l = ν ′ + h. The lemma follows from Lemma
2.7.9.

Lemma 2.7.12. For any choice of Rl and Rl+1 we have that

|Sl+1 −Sl| ∈ π
l(1+n/2)−n/2
F

∑
α∈Rl

Iα,ν .

In the sum above, for each α ∈ Rl, its associated ν is defined such that l = ν ′ + h.

Proof. The summand ⟨ϕ(eα,l),Trunα(G)⟩Pn gets “refined” into a sum∑
α′∈Rl+1

α′≡α(modπl
F )

⟨ϕ(eα′,l+1),Trunα′(G)⟩Pn +
∑

τ∈Tl+1\Tl

τ≡α(modπl
F )

⟨ϕ(τ),Trunτ (G)⟩Pn (2.10)

Since ϕ is harmonic,

ϕ(eα,l) =
∑

α′∈Rl+1

α′≡α(modπl
F )

ϕ(eα′,l+1) +
∑

τ∈Tl+1\Tl

τ≡α(modπl
F )

ϕ(τ).

Therefore, the difference between ⟨ϕ(eα),Trunα(G)⟩Pn and (2.10) can be expressed
as a sum of elements of the form

⟨ϕ(eα′,l+1),Trunα′(G)− Trunα(G)⟩Pn

or
⟨ϕ(τ),Trunτ (G)− Trunα(G)⟩Pn .

The bound then follows from Lemmas 2.7.9 and 2.7.10.

45



2.7. RIGID MEROMORPHIC FUNCTIONS Chapter 2

We have therefore shown that for any locally analytic function G ∈ C(k,E), the
Riemann sums Sl converge; denote their limit by∫

P1(E)

G(t) dµ(t).

Similarly, for any open set U ∈ P1(E), write∫
U

G(t) dµ(t) :=

∫
P1(E)

G(t)1U(t) dµ(t).

Lemma 2.7.13. For every i ≥ 0, if e is the edge F -edge pointing towards D(α, ν), then we
have ∫

D(α,ν)

(z − α)i dµ ∈ π
−n/2
F π

ν(i−n/2)
F OCp

Proof. From Lemma 2.7.11 and truncating atα, the first Riemann sum is equal to 0modulo
π
ν(i−n/2)
F , and so the estimate follows from Lemma 2.7.12.

The proof of Lemma 2.6.3 shows that if the restriction of µ to D(α, ν) is discrete of
the form

∑
Piδτi , then∫

D(α,ν)

1

t− z
dµ(t) =

1

n!
dn+1 (Pi(z) log(z − τi)) .

For any level l, we calculate∫
P1(F )

1

t− z
dµ(t) =

∑
α∈Rl

∫
D(α,ν)

1

t− z
dµ(t)+

∑
τ∈Tl

1

n!
dn+1 (ϕ(τi) log(z − τ)) , (2.11)

where ν is chosen such the pair (α, ν) satisfies ν ′ + h = l.
For α ̸=∞, we have

∫
D(α,ν)

1

t− z
dµ(t) = −

∞∑
i=0

∫
D(α,ν)

(t− α)i dµ(t)

(z − α)i+1
.
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and ∫
D(∞,ν)

1

t− z
dµ(t) =

∞∑
i=0

(∫
D(∞,ν)

t−(i+1) dµ(t)

)
zi

This infinite sum converges on H<l
F by Lemma 2.7.13 and therefore the expression in

(2.11) is a rigid meromorphic function onH<l
F .

Definition 2.7.14. LetM(k,HF , E)b denote the image of

ST : C1,b
E,har(Pn;F ) −→M(k,HF , E).

Definition 2.7.15. Denote by Div†n(E\F ) the set of formal (possibly infinite) sums of
points in E\F of the form

D =
∑
i∈I

(zi)Pi(t),

with Pi(t) ∈Pn and zi ∈ E\F , such that the support of D intersects each affinoidH≤lF

in a finite set.

Given a function f ∈M(k,HF , E) we define its residual divisor in Div†n(E\F ) by

rdivk(f) :=
∑

w∈HF

(w)resw(f(z)(T − z)n dz).

This defines a GL2(F )-equivariant map

rdivk :M(k,HF , E) −→ Div†n(E/F ).

Lemma 2.7.16. If ϕ ∈ C1,b
E,har(Pn, F ), then

rdivk(ST(ϕ)) =
∑

v an F -vertex

Dv,

where Dv is as in Definition 2.7.5.

Proof.
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2.8 The Ihara group
For the remainder of this thesis, let p be an odd prime. Now consider the case where
F = Qp and E = K := a biquadratic extension of Qp (unique up to isomorphism). To
simplify notation, write Hp for HQp , Tp for TQp and C∗p,har and C∗p for C∗Qp,har

and C∗Qp
.

We note that the methods of this thesis apply also for p = 2, however one would have to
work with a degree 8 extension.

Let Γ := SL2(Z[1/p]) be the Ihara group. The action of Γ on vertices of Tp has two
orbits; two vertices are in the same orbit if and only if the distance between them is
even. The stabilizer of the vertex v0 is SL2(Z) and the stabilizer of any other vertex is a
conjugate of SL2(Z) in GL2(Z[1/p]). In particular, the stabilizer of v1 = P−1v0 is

P−1 · SL2(Z) · P,

where

P =

(
p 0

0 1

)
.

The action of Γ on non-oriented edges is transitive, and the stabilizer of the standard edge
is

Γ0(p) = P−1SL2(Z)P ∩ SL2(Z).

The action preserves the orientation of edges.
There is a natural inclusion of R-trees

i : |Tp| ↪−→ |TK |,

which is given by base-changing Zp lattices toOK lattices. This is not an inclusion of com-
binatorial trees since every edge is “split” into two edges. For example, the p-neighboring
lattices Z2

p and Zp ⊕ pZp do not base change to πK-neighboring lattices. Instead, their
bases changes, O2

K and OK ⊕ pOK , share the πK-neighbor OK ⊕ πKOK .

Definition 2.8.1. Write TK,Qp for the subtree of TK consisting of Qp-vertices and Qp-
edges. Similarly, write C∗K,Qp

for functions on vertices and edges of TK,Qp .
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There are therefore three Γ-orbits of Qp-vertices in TK,Qp :

Γ · v0, Γ · v1 and Γ · vK := [OK ⊕ πKOK ] .

Their stabilizers in Γ are

SL2(Z), P
−1SL2(Z)P and Γ0(p),

respectively. There are also two Γ-orbits of non-oriented Qp-edges in TK,Qp :

Γ · (v0, vK) and Γ · (vK , v1),

whose stabilizers in Γ are both Γ0(p).

49



3
Higher Weight Rigid Cocycles

The aim of this chapter is to define and classify rigid meromorphic cocycles in higher
weight. We will begin with a brief introduction to group homology and cohomology in
order to fix notation, and introduce modular symbols and their relation to group coho-
mology. In 3.2 we will recall the connection between group cohomology valued in rigid
analytic cocycles and modular forms on congruence subgroups. In 3.3 we will define cer-
tain modular symbols associated to real quadratic points onHp that will later be used to
construct rigid meromorphic cocycles. In 3.4 we will recast Darmon–Vonk’s construc-
tion of rigid analytic cocycles onHp as rigid analytic cocycles onHK . Finally, in 3.5 and
3.6 we will provide definitions and the classification of higher weight rigid meromorphic
cocycles. We recall that p was set to be a fixed odd prime.

3.1 (Co)homology and Modular Symbols
The definitions and results of this section on homology and cohomology can be found in
[Bro94].
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Definition 3.1.1 (Group Homology). For any groupG and rightG-module, M , the group
Z1(G,M) of 1-cycles in M is the subgroup of Z[G]⊗M of elements∑

i

gi ⊗mi

that satisfy ∑
i

mi · g−1i =
∑
i

mi.

The homology group H1(G,M) is the quotient of Z1(G,M) by the subgroup, B1(G,M),
generated by elements of the form

g1g2 ⊗m− g1 ⊗m · g−12 − g2 ⊗m,

for any g1, g2 ∈ G and m ∈M .
The group Z2(G,M) of 2-cycles in M is the subgroup of Z[G]⊗Z[G]⊗M of elements∑

i

gi ⊗ hi ⊗mi,

that satisfy ∑
i

gihi ⊗m =
∑
i

gi ⊗m · h−1i +
∑
i

hi ⊗m.

The homology group H2(G,M) is the quotient of Z2(G,M) by the subgroup, B2(G,M),
generated by elements of the form

g1 ⊗ g2 ⊗m · g−13 + g1g2 ⊗ g3 ⊗m− g2 ⊗ g3 ⊗m− g1 ⊗ g2g3 ⊗m,

for any g1, g2, g3 ∈ G and m ∈M .

Definition 3.1.2 (Group Cohomology). For any group G and right G-module M , a 1-
cocycle valued in M is an element of the group, Z1(G,M), of functions J : G −→ M

that satisfy
J(g1g2) = J(g1) · g2 + J(g2), for all g1, g2 ∈ G.
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The cohomology group H1(G,M) is the quotient of Z1(G,M) by the subgroup
B1(G,M) generated by co-boundaries; those are functions of the form

g 7→ f · g − f,

for some fixed f ∈M .
A 2-cocycle valued in M is an element of the group Z2(G,M) of functions

φ : G×G −→M

that satisfy

φ(g1, g2) · g3 + φ(g1g2, g3) = φ(g2, g3) + φ(g1, g2g3), for all g1, g2, g3 ∈ G.

The cohomology groupH2(G,M) is the quotient ofZ2(G,M) by the subgroupB2(G,M)

generated by co-boundaries of the form

φ(g1, g2) = F (g1g2)− F (g1) · g2 − F (g2),

for F : G −→M .

Remark 3.1.3. The homology and cohomology groups are more generally defined as the
derived functors of the functors of invariants and co-invariants, respectively. This also
leads to their associated long exact sequence. We include the definitions above for con-
creteness because we will be concerned with specific elements in first and second ho-
mology and cohomology groups. We will also use the definition of group homology and
cohomology as derived functors. See [Bro94, III.1] for a comparison between the explicit
definition described here and the more abstract ones.

Let F be any field, and assume now that M and N are right F [G]-modules with a
perfect bilinear G-equivariant pairing

⟨ , ⟩ : M ×N −→ F.
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Observe that from the definitions above, there are natural pairings

H1(G,M)×H1(G,N) −→ F,

given on a choice of representatives by(∑
i

gi ⊗mi , J

)
7→
∑
i

⟨mi, J(gi)⟩,

and similarly
H2(G,M)×H2(G,N) −→ F,

given on a choice of representatives by(∑
i

gi ⊗ hi ⊗mi, φ

)
7→
∑
i

⟨mi, φ(gi, hi)⟩.

Proposition 3.1.4 (Universal Coefficient Theorem). For M,N as above, the pairings be-
tween Hi(G,M) and H i(G,N) are perfect pairings.

Proof. We will follow the proof of Proposition 7.1 in Chapter VI of [Bro94]. Using the
pairing on M and N , identify M with N∨ := HomF (N,F ). Take R• to be a projec-
tive resolution of F in the category of F [G]-modules. Note that the cohomology groups
H i(G,M) are computed by the homology of the complex

HomG(R
•,M),

and the homology groups are computed by the homology of the complex

R• ⊗F [G] M.
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So then we compute that

HomG(R
•,M∨) = HomG(R

•,HomF (M,F )) = HomG(R
• ⊗F M,F )

= HomF (R
• ⊗G M,F ) = (R• ⊗G M)∨ .

Since the functor (·)∨ is exact, by taking cohomology we obtain that

H i(G,N) ∼= H i(G,M∨) ∼= Hi(G,M)∨.

Definition 3.1.5 (Modular Symbols). Let D0 be the group of degree-zero divisors in
P1(Q), which is defined by the exact sequence

0 −→ D0 −→ Z[P1(Q)]
deg−−→ Z −→ 0. (3.1)

Let G be any group which acts on P1(Q). For any G-module, M , an M -valued modular
symbol is a homomorphism of abelian groups

D0 −→M.

Denote by MS(M) the group of M -valued modular symbols. As r, s range over P1(Q),
divisors of the form (r) − (s) span the group D0. Denote such a divisor by {r, s}. The
right action of G on MS(M) is described by

(m · γ){r, s} = m{γr, γs} · γ.

Let MSG(M) be the subgroup of MS(M) fixed by G.

The short exact sequence (3.1) yields the exact sequence of G-modules

0 −→M ∼= Hom(Z,M) −→ Hom
(
Z[P1(Q)],M

)
−→ Hom(D0,M) −→ 0. (3.2)
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By taking G-cohomology of (3.2), the first δ-function is a map

δ : (Hom(D0,M))G −→ H1(G,M).

This map can be described as follows: Chose an arbitrary r ∈ P1(Q). Given a G-invariant
modular symbol m, define

Jm(γ) := m{r, γr}, for all γ ∈ G.

The cohomology class of Jm is independent of the choice of r and is equal to δ(m).
Let M be an SL2(Z)-module. Let M † denote the set of elements h ∈ M that satisfy

the two-term relation
h · S + h = 0,

and the three-term relation
h · U2 + h · U + h = 0,

where S =

(
0 −1
1 0

)
, and U =

(
0 1

−1 1

)
.

Proposition 3.1.6. For any SL2(Z)-module M , the map

m 7→ m{0,∞}

is a bijection between MSSL2(Z)(M) and M †.

Proof. A proof of this statement can be found in [DV21] Proposition 1.4. This statement
holds because SL2(Z) acts transitively on the set of pairs {a

c
, b
d
} ∈ D0 such that ad −

bc = 1 (with the convention∞ = 1
0
), and the set of all such pairs generates D0 (by the

Euclidean algorithm).

3.2 Rigid Analytic Cocycles
We will now consider modular symbols and group cohomology valued in spaces of rigid
analytic functions. As before, Γ denotes the group SL2(Z[1/p]). It is crucial here that
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the rigid analytic functions which arise as values of cocycles or modular symbols are
necessarily bounded (Proposition 3.2.1). This is due to the Γ-invariance condition on
cocycles and modular symbols, along with the fact that Γ is finitely generated. These
conditions imply that the data of specifying a cocycle amounts to the information at a
fundamental domain for the action of Γ and is therefore bounded.

Proposition 3.2.1. The homomorphisms induced by the natural inclusion

H1(Γ, C1,b
har(Pn)) −→ H1(Γ, C1

har(Pn))

and
MSΓ(C1,b

har(Pn)) −→ MSΓ(C1
har(Pn))

are isomorphisms.

Proof. Both of these statements follow from [RS12, Proposition 3.7].

Corollary 3.2.2. The residue map induces isomorphisms

H1(Γ,O(k,Hp)
b) −→ H1(Γ, C1

har(Pn))

and
MSΓ(O(k,Hp)

b) −→MSΓ(C1
har(Pn)).

Corollary 3.2.2 reduces the construction of rigid analytic modular symbols and coho-
mology classes to constructing harmonic cochains on the Bruhat–Tits tree, where it is
possible to exploit the relatively simple combinatorics of the tree and the action of Γ on
it.

After taking Γ-cohomology, the short exact sequence (2.7) yields

H0(Γ, C0
p(Pn)) −→ H1(Γ, C1

p,har(Pn)) −→ H1(Γ, C1
p(Pn)) −→ H1(Γ, C1

p(Pn))

Since the action of Γ on non-oriented edges is transitive and the stabilizer of an edge
is conjugate to Γ0(p), there is an isomorphism

C1
p(Pn) ∼= IndΓ

Γ0(p)
Pn.
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Therefore, Shapiro’s lemma provides us with an isomorphism

H1(Γ, C1
p(Pn)) ∼= H1(Γ0(p),Pn). (3.3)

Similarly, Γ has two orbits of vertices with stabilizers conjugate to SL2(Z), so

H1(Γ, C0
p(Pn)) ∼= H1(SL2(Z),Pn)

2. (3.4)

Notice that for k > 2 the group H0(Γ, C0
p(Pn)) is trivial. It follows from (3.3) and

(3.4) that we can identify

H1(Γ, C1
har(Pn)) ∼= Ker

[
H1(Γ0(p),Pn) −→ H1(SL2(Z),Pn)

2
]
, (3.5)

where the maps H1(Γ0(p),Pn) → H1(SL2(Z),Pn) come from the two trace maps of
modular curves

X0(p) −→ X0(1).

Theorem 3.2.3 (Shimura, Eichler–Shimura). For all k ≥ 2,

(1) Let f be a p-new normalized eigenform of weight k for Γ0(p), then there exists tran-
scendental periods Ω±f such that for every γ ∈ Γ0(p), the cocycle

p±f (γ) :=
1

Ω±f

∫ γη

η

ωf ± ωf

2
, ωf = f(z)(T − z)n dz

takes values in polynomials whose coefficients lie in a certain finite extension of Q,
where η is a fixed choice of base-point and ωf is the differential associated to f on the
modular curve X0(p),

(2) p±f ∈ Z1(Γ0(p),Pn) is a cocycle whose cohomology class lies in

Ker
(
H1(Γ0(p),Pn) −→ H1(SL2(Z),Pn)

2
)
,

(3) If k > 2, as f ranges over all p-new normalized eigenforms, the cocycles p±f form a
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basis of
Ker

(
H1(Γ0(p),Pn) −→ H1(SL2(Z),Pn)

2
)
.

Proof. It is well-known (e.g. see [AS86] Theorem 2.3) that for any N , there is an isomor-
phism of Hecke-modules

H1(Γ0(N),Pn) ∼= Sk(Γ0(N))⊕ Sk(Γ0(N))⊕ Ek(Γ0(N)),

where Ek(Γ0(N)) is the space of Eisenstein series for the congruence subgroup Γ0(N).
(2) follows from the condition that f is p-new. (3) holds because the Eisenstein series of
Γ0(p) are not in the kernel of the two trace maps

Mk(Γ0(p)) −→Mk(SL2(Z)).

Corollary 3.2.4. For k > 2, the map

MSΓ(O(k,Hp)
b) −→ H1(Γ,O(k,Hp)

b)

is an isomorphism.

Proof. As Hecke-modules both modules are isomorphic to Sk(Γ0(p))
p−new, and the map

is Hecke-equivariant and the modular symbols associated to an eigenform are sent to its
associated cocycles. The claim

H1(Γ,O(k,Hp)
b) ∼= Sk(Γ0(p)

p−new)

follows from Theorem 3.2.3 combined with the isomorphism (3.5). For modular symbols,
we similarly have the isomorphisms

MSΓ(O(k,Hp)
b) ∼= MSΓ(C1

p,har(Pn)) ∼= Ker

[
MSΓ0(p)(Pn) −→

(
MSSL2(Z)(Pn)

)2]
.
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It is well-known that (e.g. see [BD15])

MSΓ0(p)(Pn) ∼= BMSΓ0(p)(Pn)⊕ Sk(Γ0(p))

and
MSSL2(Z)(Pn) ∼= BMSSL2(Z)(Pn)⊕ Sk(SL2(Z)).

The co-restriction maps yield an isomorphism

BMSΓ0(p)(Pn) −→
(
BMSSL2(Z)(Pn)

)2
,

and the kernel of
Sk(Γ0(p)) −→ Sk(SL2(Z))

2

is precisely the p-new part, Sk(Γ0(p))
p−new.

Lemma 3.2.5. If Γ0 is any congruence subgroup of SL2(Z), then

1. H2(Γ0,Pn) = 0,

2. H1(Γ0,MS(Pn)) = 0.

Proof. 1. follows from [Hid93] p.162 Proposition 1.

2. follows from the same proposition after identifying H1(Γ,MS(Pn)) with Hida’s
H2

P (Γ,Pn) for example by combining [AS86] Proposition 4.2 and p. 363 Proposi-
tion 5 of [Hid93].

Lemma 3.2.6. We have

1. H1(Γ,Pn) = 0,

2. MSΓ(Pn) = 0.

Proof. 1. is precisely [RS12, Lemma 3.10].
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2. can be proven with the same method as loc. cit. or as a consequence as follows: the
long exact sequence in Γ-cohomology from (3.2), with M = Pn, yields

PΓ
n −→ Hom(Z[P1(Q)],Pn)

Γ −→ MSΓ(Pn) −→ H1(Γ,Pn).

Note that PΓ
n = 0. Further, since Γ acts transitively on P1(Q), then

Hom(Z[P1(Q)])Γ ∼= PΓ∞
n .

To complete the proof, it suffices to show that PΓ∞
n = 0.

If
P (T ) =

n∑
i=0

aiT
i ∈PΓ∞

n ,

then for b ∈ Z,

P (T ) = P |

(
pb 0

0 p−b

)
(T ) =

n∑
i=0

aip
2bi−nT i.

This implies that P (T ) is a scalar multiple of T n/2, but this polynomial is not fixed

by
(
1 1

0 1

)
.

The map
∆ : C0(Pn) −→ C1(Pn)

given by
f 7→ (e = (v1, v2) 7→ f(v1)− f(v2))

yields a short exact sequence

0→Pn → C0(Pn)→ C1(Pn)→ 0. (3.6)
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Let C0
p,har(Pn) denote the kernel of

∇ ◦∆ : C0
p(Pn) −→ C0

p(Pn).

Then the map
∆ : C0

p,har(Pn) −→ C1
p,har(Pn)

is surjective and fits in a short exact sequence

0 −→Pn −→ C0
p,har(Pn) −→ C1

p,har(Pn) −→ 0.

The δ-maps in Γ-cohomology produce maps

H1(Γ, C1
p,har(Pn)) −→ H2(Γ,Pn)

and
H0(Γ,MS(C1

p,har(Pn))) −→ H1(Γ,MS(Pn)).

Lemma 3.2.7. For k > 2, the maps

H1(Γ,O(k,Hp)
b) −→ H2(Γ,Pn)

and
H0(Γ,MS(O(k,Hp)

b)) −→ H1(Γ,MS(Pn))

are isomorphisms.

Proof. The associated long exact sequence in Γ-cohomology to (3.6) is

H1(Γ, C0(Pn))→ H1(Γ, C1(Pn))→ H2(Γ,Pn)→ H2(Γ, C0(Pn)). (3.7)

Similarly, there is an associated long exact sequence with modular symbols given by

MSΓ(C0
p(Pn)) −→ MSΓ(C1

p(Pn)) −→ H1(Γ,MS(Pn)) −→ H1(Γ,MS(C0(Pn))).

(3.8)
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Shapiro’s lemma and Lemma 3.2.5 imply that H2(Γ, C0(Pn)) is trivial. Further, the
inclusion of H1(Γ, C1

har(Pn)) into H1(Γ, C1(Pn)) is complementary to the image of
H1(Γ, C0(Pn)), and therefore H1(Γ, C1

har(Pn)) is isomorphic to H2(Γ,Pn).
To see thatH1(Γ, C1

har(Pn)) is complementary to the image of∆, denote byC0
har(Pn)

the kernel of ∇ ◦∆. The map ∇ ◦∆ defines a short exact sequence

0 −→ C0
har(Pn) −→ C0(Pn) −→ C0(Pn) −→ 0.

The map ∆ produces an exact sequence

0 −→Pn −→ C0
har(Pn) −→ C1

har(Pn) −→ 0.

For which the associated long exact sequence is

0 −→ H1(Γ,Pn) −→ H1(Γ, C0
har(Pn)) −→ H1(Γ, C1

har(Pn)) −→ · · ·

But the map
H1(Γ, C0

har(Pn)) −→ H1(Γ, C1
har(Pn))

is Hecke-equivariant, and the target is spanned by cocycles associated to p-new cusp
forms, while the domain embeds into

H1(Γ, C0(Pn)) ∼= H1(SL2(Z),Pn)
2

which as a Hecke-module is spanned by the image of oldforms and Eisenstein series,
therefore this map must be zero. This implies that H1(Γ, C0

har(Pn)) is equal to the image
of H1(Γ,Pn). That is, every cohomology class in H1(Γ, C0

har(Pn)) has a representative
cocycle which takes values in constant functions on the tree. These cocycles all vanish
under the map ∆. So

Ker(∆) = Ker(∇ ◦∆) = H1(Γ, C0
har(Pn)) = H1(Γ,Pn) = 0.

The last equality is Lemma 3.2.6. This implies that H1(Γ, C1
har(Pn)) and the image of
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∆ are disjoint. Now, since H1(Γ, C0
p,har) = 0, the map ∇ ◦∆ is an injective linear map

of finite dimensional vector spaces and so is an isomorphism. This implies that ∇ is
surjective, and hence

H1(Γ, C1(Pn)) = H1(Γ, C1
har(Pn))⊕ im(∇).

The same argument proves the second assertion for modular symbols.
The argument can be summarized by the following diagram

H2(Γ,Pn)

H1(Γ, C1
har(Pn)) H1(Γ, C1(Pn)) H1(Γ, C0(Pn))

H1(Γ, C0(Pn))

H1(Γ, C0
har(Pn))

H1(Γ,Pn)

∇

∆
∇◦∆

and the analogous diagram for modular symbols

H1(Γ,MS(Pn))

MSΓ (C1
har(Pn)) MSΓ (C1(Pn)) MSΓ (C0(Pn))

MSΓ(C0(Pn))

MSΓ(C0
har(Pn))

MSΓ(Pn)

∇

∆
∇◦∆
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Proposition 3.2.8. For k > 2, the map

H1(Γ,MS(Pn)) −→ H2(Γ,Pn),

obtained from the long exact sequence in Γ-cohomology of (3.2), is an isomorphism.

Proof. This follows from the commutative diagram

H0(Γ,MS(O(k,Hp)
b)) H1(Γ,O(k,Hp)

b)

H1(Γ,MS(Pn)) H2(Γ,Pn).

Lemma 3.2.7 shows that the vertical arrows are isomorphisms and Corollary 3.2.4 shows
that the top horizontal arrow is an isomorphism.

We will also require the following results concerning a bounded subspace ofM(k,Hp;K).

Definition 3.2.9. LetM(k,Hp;K)b denote the image ofC1,b
K,har(Pn,Qp) under the Schneider-

Teitelbaum map of Proposition 2.7.6.

Lemma 3.2.10. The natural maps

H1(Γ,M(k,Hp;K)b) ∼= H1(Γ, C1,b
K,har(Pn,Qp)) −→ H1(Γ, C1

K,har(Pn,Qp)),

and

MSΓ(M(k,Hp;K)b) ∼= MSΓ(C1,b
K,har(Pn,Qp)) −→ MSΓ(C1

K,har(Pn,Qp))

are isomorphisms.

Proof. As before, these statements follow from [RS12, Section 3]. We explain here how
Shaprio’s lemma is applied to the module C1

K,har(Pn,Qp).
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For every Qp-vertex v, let divn,v be the group of finite formal sums of the form∑
i

(τi)⊗ Pi(T ),

where τi ∈ U(v,K/Qp) (see Definition 2.7.4), and Pi ∈ Pn. Let divintn,v be the subgroup
of divn,v satisfying that

Pi ∈
⋂

e an F -edge
t(e)=v

Pn,e.

For every Qp-vertex v, let Tv be the subtree of TK of vertices and edges which can be
connected to v via a path that does not contain any Qp-edges. Define C1

K(Pn,Qp) to be
the submodule of C1

K(Pn) of functions ϕ such that for every Qp-vertex v, there exists a
divisor

Dv =
∑
i

(τi)⊗ Pi ∈ divv,n

and for each e ∈ Tv,
ϕ(e) =

∑
τi∈U(e)

Pi.

The natural inclusion of C1
K,har(Pn,Qp) into C1

K(Pn) fits in the short exact sequence

0 −→ C1
K,har(Pn,Qp) −→ C1

K(Pn,Qp) −→ C0
K,Qp

(Pn) −→ 0.

See Definition 2.8.1 for C0
K,Qp

(Pn), and Section 2.8 for some of the notation that follows.
The Γ-module C1

K(Pn,Qp) is naturally identified with

Func(Γ · (v0, vK),Pn)⊕ Func(Γ · (vK , v1),Pn)⊕
∏

v an F -vertex

divn,v.

Similarly, C0
K,Qp

(Pn) is isomorphic to

Func(Γ · v0,Pn)⊕ Func(Γ · v1,Pn)⊕ Func(Γ · vK ,Pn).

Finally, to view these modules as co-induced modules from congruence subgroups it re-
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mains to see that∏
v an F -vertex

divn,v =
∏

v∈Γ·v0

divn,v ⊕
∏

v∈Γ·v1

divn,v ⊕
∏

v∈Γ·vK

divn,v,

and ∏
v∈Γ·vi

divn,vi
∼= coIndΓ

Γvi
divn,vi .

With the setup above, the proof of [RS12, Theorem] applies almost exactly.

3.3 RM-points and Binary Quadratic Forms
Fix once and for all embeddings of Q into C and Cp.

Definition 3.3.1. An RM-point is a point τ ∈ Hp, such that Q(τ) is a real-quadratic field.
This necessarily implies that p is either inert or ramified in Q(τ). If p is inert (ramified)
in Q(τ), then we say τ is an inert (ramified) RM-point.

To each RM-point, τ , there is a unique binary quadratic form

Qτ (x, y) = ax2 + bxy + cy2,

with a, b, c ∈ Z co-prime, such that Q(τ, 1) = 0 and τ is the “positive root”; i.e.

τ =
−b+

√
b2 − 4ac

2a
.

Remark 3.3.2. Here the sign of the roots is determined via the fixed embedding of Q into
C.

The discriminant of τ is

Dτ = Disc(Qτ ) = b2 − 4ac.

If τ is an inert RM-point, the discriminant factorizes as Dτ = D0p
2l, where D0 is co-

prime to p and l is the level of redp(τ). If τ is a ramified RM-point, the discriminant is of
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the form D0p
2(l−1/2).

The discriminant Dτ can be written as

Dτ = c2DQ(τ),

where DQ(τ) is the discriminant of the ring of integers OQ(τ). The order Oτ ⊂ Q(τ) is
defined as

Oτ := Z + cOQ(τ).

The stabilizer subgroup of τ in SL2(Z) is isomorphic to the group of norm-1 units inOτ .
There is a unique stabilizer, γτ ∈ SL2(Z), which corresponds to a positive generator of
O×τ (equivalently, cτ +d > 0), and such that the iterated action of the matrix γτ on C has
τ as a stable fixed point. Denote by (τ, τ) the geodesic in the complex upper half-plane
H whose endpoints are τ and τ . Note that this geodesic is fixed by the action of γτ .

Given two oriented geodesics g1 and g2 inH, denote by g1 ·g2 their signed topological
intersection number, as defined in [DV22a, p. 2]. For a pair of cusps r, s ∈ P1(Q), denote
by (r, s) the oriented geodesic inH whose endpoints are r and s.

Definition 3.3.3. For a fixed pair (r, s) ∈ P1(Q)2, define the set

Στ{r, s} = {w ∈ Γ · τ | (w,w) · (r, s) ̸= 0} ,

and for every l, the set Σ≤lτ {r, s} is the subset of Στ{r, s} of RM-points whose reduction
to Tp is of level at most l.

Lemma 3.3.4 ([DV21] p.41). For each {r, s}, the set Σ≤lτ {r, s} is finite.

Proof. Finiteness of Σ≤lτ {0,∞} follows from the fact that (τ, τ) · (0,∞) is non-zero if
and only if ac < 0 where Qτ (x, y) = ax2 + bxy + cy2, and there are only finitely many
choices of such a, b, c for a fixed discriminant. For any pair (r, s), the set Σ≤lτ {r, s} can
be written as a finite combination of translates of Σ≤lτ {0,∞}, and is therefore finite.

Definition 3.3.5 (RM-divisors). An RM-divisor D is a finite formal sum of Γ-orbits of
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real quadratic points onHp, we will write such an RM-divisor as∑
i

mi · [τi].

Denote by RM the group of RM -divisors. Denote by Div†n(K\Qp) the set of formal
(possibly infinite) sums of points in K\Qp of the form

D =
∑
i∈I

(zi)Pi(t),

with Pi(t) ∈Pn and zi ∈ K\Qp, such that the support of D intersects each affinoidH≤lp

in a finite set.

For every RM-divisor D, we can associate a formal divisor

Divk,D ∈ MSΓ(Div†n(K\Qp))

by

Divk,D{r, s} =
∑
i

∑
w∈[τi]

mi · (w)⊗ [(w,w) · (r, s)] (T − w)n/2(T − w)n/2

(w − w)n/2
.

The divisor Divk,D{r, s} indeed belongs to Div†n(K\Qp) by Lemma 3.3.4.
Recall (Definition 2.8.1) that TK,Qp denotes the subtree of TK of Qp-vertices and Qp-

edges. For every Qp-vertex, v ∈ T 0
K,Qp

, the intersection of a divisor with red−1Qp
(v) is a

finite divisor. The collection of the degrees of all such finite divisors can be assembled
into a map

deg : Div†n(K\Qp) −→ C0
K,Qp

(Pn(Cp)).

The image of Divk,D under the degree map is

Degk,D{r, s}(v) :=
∑
i

∑
w∈[τi]

redp(w)=v

mi [(w,w) · (r, s)]
(T − w)n/2(T − w)n/2

(w − w)n/2
.
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Proposition 3.3.6. The symbols Divk,D and Degk,D are Γ-invariant modular symbols.

Proof. It suffices to prove this proposition for Divk,D since Degk,D is its image under
the degree map, which is Γ-equivariant. The fact that Divk,D defines a modular symbol
follows from the observation that the map

{r, s} 7→ (w,w) · (r, s)

is a modular symbol.
To show the Γ-invariance, a simple computation shows that

(T − w)n/2(T − w)n/2

(w − w)n/2
| γ =

(T − γ−1w)n/2(T − γ−1w)n/2

(γ−1w − γ−1w)n/2
.

So for γ ∈ Γ,

Divk,D{r, s} | γ =
∑
i

∑
w∈Γ·τi

mi · (γ−1w) · [(w,w) · (r, s)]

× (T − γ−1w)n/2(T − γ−1w)n/2

(γ−1w − γ−1w)n/2

=
∑
i

∑
w∈Γ·τi

mi · (γ−1w) ·
[
(γ−1w, γ−1w) · (γ−1r, γ−1s)

]
× (T − γ−1w)n/2(T − γ−1w)n/2

(γ−1w − γ−1w)n/2

=
∑
i

∑
w∈Γ·τi

mi · (w) ·
[
(w,w) · (γ−1r, γ−1s)

]
× (T − w)n/2(T − w)n/2

(w − w)n/2

= Divk,D{γ−1r, γ−1s}.

Lemma 3.3.7. For k = 2.

1. If τ is inert, the modular symbol Deg2,τ is trivial.
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2. If τ is ramified, for each vertex v in the Γ-orbit of v0 or v1 (i.e. coming from the base
change of a Zp-lattice, see Definition 2.8.1) let Nv denote the set of neighbors of v that
are Qp-vertices. For every r, s we have∑

v′∈Nv

Deg2,τ{r, s}(v′) = 0,

and
Deg2,τ{r, s}(v) = 0.

Proof. Details of the proof can be found in [DV21, Lemma 1.16] and [DV22b, Lemma 4.5].
It is related to the fact that the space of cusp forms of level 1 and weight 2 is trivial.

3.4 Weight 2 Rigid Meromorphic Cocycles
In this section, we recall Darmon–Vonk’s definition of multiplicative rigid meromorphic
cocycles and study their boundary distribution when restricted to HK . For this section,
denote byM the fraction field of O(Hp) andM× its multiplicative group.

Definition 3.4.1. A rigid meromorphic theta symbol is a modular symbol in

MSΓ(M×/C×p ).

Recall the construction of rigid meromorphic theta symbols in [DV21]. First define
for w ∈ Hp, the choice of rational function with a zero at w:

tw(z) =

z − w if |w| ≤ 1,

z
w
− 1 if |w| > 1.

(3.9)

We start with the case where τ is inert.

Theorem 3.4.2 (Darmon-Vonk,[DV21][DV22b]). For τ an inert RM-point, The symbol de-
fined by

J×τ {r, s}(z) =
∏

w∈Γ·τ

tw(z)
(r,s)·(w,w)
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is a modular symbol in MSΓ
(
M×/C×p

)
whose logarithmic derivative is

J2,τ{r, s}(z) =
∑
w∈Γ·τ

(r, s) · (w,w) 1

z − w
.

Similarly, if τ is ramified

J×,+τ {r, s} = lim
d→∞

∏
w∈Σ≤2d

τ {r,s}

tw(z)
(r,s)·(w,w)

and
J×,−τ {r, s} = lim

d→∞

∏
w∈Σ≤2d+1

τ {r,s}

tw(z)
(r,s)·(w,w)

belong to MSΓ
(
M×/C×p

)
with logarithmic derivatives denoted J±2,τ .

The set of rigid analytic modular symbols MSΓ(O(2,Hp)) along with the modular sym-
bols {J∗2,τ}τ , where τ ranges over all RM-points, span the vector space MSΓ(M(2,Hp)).

Remark 3.4.3. For the definition of J×,±τ see [DV22b, Lemma 4.4].

Lemma 3.4.4. Let τ be an RM-point and r, s ∈ P1(Q). For an edge e ∈ TK such that
Ue ∩ P1(Qp) = ∅, then the intersection

Ue ∩ Στ{r, s}

is finite.

Proof. This follows from Lemma 3.3.4, since as a subset ofHp, the set Ue satisfies that

redp(Ue)

is either a single vertex or a single edge, and is certainly contained inH≤lp for some l.

Proposition 3.4.5. Let τ be an inert RM-point. When restricted to HK , the function
J2,τ{r, s}|HK

is rigid analytic and its associated harmonic cochain,

Φ2,τ ∈ MSΓ(C1
K,har(Cp)),
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can be described as follows:

• For a Qp-edge, e,
Φ2,τ{r, s}(e) = 0,

• for an edge e ∈ TK which is not a Qp-edge and that is pointing away from the standard
vertex

Φ2,τ{r, s}(e) =
∑

w∈Στ{r,s}∩Ue

[(w,w) · (r, s)] .

Proof. Define the rational function onHK given by

J≤d2,τ {r, s} =
∑

w∈Σ≤d
τ {r,s}

(r, s) · (w,w) 1

z − w
.

Let Φ≤d2,τ{r, s} be the residue cochain of the function J≤d2,τ {r, s}.
Given an oriented edge e ∈ T 1

K of level l and which is pointing away from v0. For
d > l, the only elements of the sum defining J≤d2,τ which contribute to the residue at e are
the RM-points

w ∈ Σ≤dτ {r, s} ∩ Ue.

Lemma 3.3.7 implies that if e ∈ T 1
K,Qp

, then the sum of those residues contributing at e
is 0, and so Φ≤d2,τ{r, s}(e) = 0. If instead Ue ∩ P1(Qp) = ∅, then by Lemma 3.3.4 the set
Στ{r, s} ∩ Ue is finite and the residue at e is a finite sum

Φ≤d2,τ{r, s}(e) =
∑

w∈Σ≤d
τ {r,s}∩Ue

[(w,w) · (r, s)] .

The sequence of functions (
Φ≤d2,τ{r, s}

)
d

converge to Φ2,τ{r, s} as d tends to∞. Also, J≤d2,τ {r, s} converges to J2,τ{r, s}; thus the
residue of J2,τ is equal to Φ2,τ

Now lets take τ to be ramified. We might define a function Φ2,τ{r, s} ∈ C1
K(Cp)
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as given in Proposition 3.4.5. This function will not be harmonic because Deg2,τ{r, s}
no longer necessarily vanishes. It fails to be harmonic only on Qp-vertices. To remedy
this, we have the flexibility of altering the definition of Φ2,τ{r, s} only at the Qp-edges.
Darmon–Vonk’s functions J±τ correspond to two different choices.

Proposition 3.4.6. When restricted toHK , the function J+
2,τ is rigid analytic and its asso-

ciated harmonic cochain,
Φ+

2,τ ∈ MSΓ(C1
K,har(Cp)),

can be described as follows:

• For a Qp-edge, e, in the Γ-orbit of (v0, vK), oriented to point towards vK , we have

Φ+
2,τ{r, s}(e) = Divk,τ{r, s}(vK),

• for a Qp-edge, e, in the Γ-orbit of (vK , v1) with any orientation

Φ+
2,τ{r, s}(e) = 0,

• for any edge e that is not a Qp-edge and is oriented to point away from the standard
vertex

Φ+
2,τ{r, s}

∑
w∈Στ{r,s}∩U(e)

[(w,w) · (r, s)].

The analogous statement holds for J−2,τ and Φ−2,τ .

Proof. The proof is the same as in Proposition 3.4.5.

For an RM-divisor, D =
∑

i mi[τi], write

J×D =
∏
i

(
J×τi
)mi .

Given a rigid meromorphic theta cohomology class in H1(Γ,M×/C×p ), we consider lift-
ing the class to a rigid meromorphic cohomology class in H1(Γ,M×). It is not always
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possible to find such a lift. The RM-divisors for which such a lift exists are analogous to
principal divisors on an algebraic curve.

Definition 3.4.7. Given a rigid meromorphic cohomology class

[J] ∈ H1(Γ,M×),

let J be a representative meromorphic cocycle J. Let σ be an RM-point which is not a
pole of J(γσ). The value of J at σ is defined by

J[σ] = J(γσ)(σ).

This value is independent of the choice of representative.

3.5 Higher Weight Cocycles
We generalize this construction of meromorphic cocycles from the previous section to
higher weight. In doing so, we replace the weight-2 module with O(k,HK).

Fix an even weight k > 2.

Definition 3.5.1. For every RM-divisor

D =
∑
i

mi ⊗ [τi],

where [τi] = Γτi, and any pair (r, s) define the function Φk,D{r, s} ∈ C1
K(Pn) as follows:

• For any edge e ∈ T 1
K which is not a Qp-edge and oriented to point away from the

standard vertex v0, set

Φk,D{r, s}(e) =
∑
i

∑
w∈Στi{r,s}∩Ue

mi [(w,w) · (r, s)]
(T − w)n/2(T − w)n/2

(w − w)n/2
,

• for any Qp-edge, e, set
Φk,D(e) = 0.
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• Otherwise, the function is defined by Φk,D{r, s}(e) = −Φk,D{r, s}(e).

Proposition 3.5.2. For an RM-divisor D, the map

{r, s} 7→ Φk,D{r, s}

is a Γ-invariant modular symbol with values in C1
K(Pn).

Proof. The proof is exactly the same as for proposition 3.3.6.

As opposed to the situation in weight 2, these functions are not necessarily harmonic,
but ∇Φk,D is supported only on Qp-vertices.

Proposition 3.5.3.
∇(Φk,D) = Degk,D.

Proof. For any vertex v ∈ T 0
K which is not a Qp-vertex, there is a unique edge, ev,0, which

starts at v and points towards the standard vertex and the remaining edges, ev,1, · · · , ev,p2
that start at v satisfy Uev,i ∩ P1(Qp) = ∅, and similarly Uev,0 ∩ P1(Qp) = ∅. Since

U(ev,0) =

p2⋃
i=1

Uei ,

we see that

∇(Φk,D)(v) =

 p2∑
i=1

Φk,D(ev,i)

− Φk,D(ev,0) = 0.

If instead, v is a Qp-edge, then there are exactly p2− p edges ev,1, · · · , ev,p2−p starting
at v and satisfying Uev,i ∩ P1(Qp) = ∅. The result follows since an RM-point, τ ∈ Hp,
reduces to v:

redp(τ) = v

if and only if v ∈ Uev,i for some i.
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Proposition 3.5.4. For every RM-divisor D and pair (r, s), the function Φk,D{r, s} is in-
tegral; i.e.

Φk,D{r, s} ∈ C1,int
K (Pn(Cp))

(see p. 30 for the integral structure).

Proof. Let w be an RM-point, and e ∈ T 1
K an edge such that Ue∩P1(Qp) = ∅ and w ∈ Ue.

It suffices to show that
(T − w)n/2(T − w)n/2

(w − w)n/2
∈Pn,e.

Let vw ∈ T 0
p be the reduction ofw in Tp. Then e lies on the infinite path (vw, vw,1, vw,2, · · · )

in TK which begins at vw and ends at w. We will show that for every vertex vw,a, we have

(T − w)n/2(T − w)n/2

(w − w)n/2
∈Pn,vw,a .

First, consider the matrix
(
1 −w
1 −w

)
; this matrix sends w 7→ ∞, w 7→ 0 and maps vw,i to

some vertex on the path from∞ to 0. Since

T n/2|

(
pa 0

0 1

)
= T n/2,

every vertex v in the path connected 0 to∞ has T n/2 ∈Pn,v. It follows that

T n/2|

(
1 −w
1 −w

)
= (−1)n/2 (T − w)n/2(T − w)n/2

(w − w)n/2

belongs to Pn,vw,i
.

Definition 3.5.5. If Degk,D vanishes, then we say thatD is of strong degree zero in weight
k. In this case, by Proposition 3.5.3, Φk,D defines a modular symbol valued in bounded
harmonic cochains and applying the Schneider-Teitelbaum lift, we obtain a modular sym-
bol

Jk,D := ST(Φk,D) ∈ MSΓ(O(k,HK)).
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In fact, Jk,D belongs to MSΓ(M(k,Hp, K)b).

Proposition 3.5.6. LetD =
∑

i mi[τi] be an RM-divisor of strong degree zero in weight k.
Then

Jk,D{r, s}(z) =
∑
i

∑
w∈Στi{r,s}

mi [(w,w) · (r, s)]

× dn+1

(
(z − w)n/2(z − w)n/2

(w − w)n/2
log(z − w)

)
.

Proof. Truncate Φk,D to define Φ≤lk,D exactly as in Definition 3.5.1, except that for e not a
Qp-edge that is pointing away from the standard vertex, set

Φ≤lk,D{r, s}(e) =
∑
i

∑
w∈Σ≤l

τi
{r,s}∩Ue

mi [(w,w) · (r, s)]
(T − w)n/2(T − w)n/2

(w − w)n/2
.

The boundedness of Φk,D implies that

lim
l→∞

Φ≤lk,D{r, s} = Φk,D{r, s}.

Following the proof of Proposition 3.5.3, one can show in general that

∇(Φ≤lk,D) = Degk,D ∩H≤lp ,

and so in this case Φ≤lk,D is harmonic. By Lemma 2.6.3 we have

ST
(
Φ≤lk,D{r, s}

)
=
∑
i

∑
w∈Σ≤l

τi
{r,s}

mi [(w,w) · (r, s)]

× dn+1

(
(z − w)n/2(z − w)n/2

(w − w)n/2
log(z − w)

)
,

and since Schneider-Teitelbaum lift is a topological isomorphism, the limit of the sum
above converges and equals ST(Φk,D) as l tends to∞.
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Remark 3.5.7. The divisor D = [τ ] + (−1)n/2[τ ] is of strong degree zero in all weights
since for every RM-point, redp(w) = redp(w). It follows from the identity

dn+1

(
(z − w)n/2(z − w)n/2

(w − w)n/2
log

(
z − w

z − w

))
= (n!)2

(w − w)k/2

(z − w)k/2(z − w)k/2

that Jk,D is equal to the meromorphic symbols denoted by Φτ in Negrini’s thesis [Neg22]
and in [Neg23], Section 1.

Theorem 3.5.8. 1. Let J ∈ MSΓ(M(k,Hp)) be a weight k rigid meromorphic modular
symbol. For each r, s, the divisor of J{r, s} is supported on RM-points, and the residues

reswJ{r, s}(z)(T − z)n dz

are multiples of
(T − w)n/2(T − w)n/2

(w − w)n/2
.

The divisor of J is equal to a linear combination of Divk,D for some RM-divisors D.

2. For any RM-divisor D, there exists a rigid meromorphic modular symbol

J ∈ MSΓ(M(k,Hp, K)b)

such that
rdivk(J) = Divk,D.

(See Definition 2.7.15 for rdivk).

Proof. The first part follows from Choie–Zagier [CZ93] Lemma 5. We note that even
though Choie–Zagier’s proof is over C, this assumption is not crucial and with small
adjustments applies to our setting, e.g. see [DV21, Lemma 1.19].

For the second part, note thatΦk,D is automatically harmonic except at the Qp-vertices.
We only need to “fix” its harmonicity at the Qp-vertices. It suffices to find some χ ∈
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MSΓ(C1
K,Qp

(Pn)) such that Φk,D + χ is harmonic. That is,

∇χ{r, s} = −Divk,D{r, s}.

By definition, there exists such a χ if and only if Divk,D is in the image of

MSΓ(C1
K,Qp

(Pn(Cp)))
∇−→ MSΓ(C0

K,Qp
(Pn(Cp))).

But ∇ is in fact surjective. This can be seen as follows:
By Shapiro’s lemma, since T 1

K,Qp
has two Γ-orbits, we can write

MSΓ(C1
K,Qp

(Pn)) ∼= MSΓ0(p)(Pn)⊕MSΓ0(p)(Pn).

Similarly,

MSΓ(C0
K,Qp

(Pn)) ∼= MSΓ0(p)(Pn)⊕MSSL2(Z)(Pn)⊕MSSL2(Z)(Pn).

There are two co-restriction maps

r1, r2 : MSΓ0(p)(Pn) −→ MSSL2(Z)(Pn).

It is also known that as a Hecke-module (see for example [BD15]), there are decom-
positions

MSΓ0(p)(Pn) ∼= BMSΓ0(p)(Pn)⊕ Sk(Γ0(p))
2,

and
MSSL2(Z)(Pn) ∼= BMSSL2(Z)(Pn)⊕ Sk(SL2(Z))

2,

where BMS is the space of boundary modular symbols. In this case BMSΓ0(p)(Pn) is
2-dimensional, while BMSSL2(Z)(Pn) is 1-dimensional. The co-restriction maps r1 and
r2 preserve the decompositions above. The map

r1 ⊕ r2 : MSΓ0(p)(Pn) −→ MSSL2(Z)(Pn)⊕MSSL2(Z)(Pn)
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is surjective with kernel precisely equal to the p-new part of MSΓ0(p)(Pn).

Therefore, the map

∇ : MSΓ0(p)(Pn)⊕MSΓ0(p)(Pn) −→ MSΓ0(p)(Pn)⊕MSSL2(Z)(Pn)⊕MSSL2(Z)(Pn),

given by
(f, g) 7→ (f − g, r1(f), r2(g)),

is surjective.
We conclude that such a χ ∈ MSΓ(C1

K,Qp
(Pn)) exists. Notice that Γ acts on T 1

K,Qp

with finitely many orbits, we have that

MSΓ(C1
K,Qp

(Pn)) = MSΓ(C1,b
K,Qp

(Pn)).

Since Φk,D is bounded (Proposition 3.5.4), the modular symbol Φk,D + χ is bounded. By
2.7.6, the Schneider–Teitelbaum lift defines a modular symbol

J := ST(Φk,D + χ) ∈ MSΓ(M(k,Hp, K)b).

By Lemma 2.7.16, we have
rdivk(J) = Divk,D.

3.6 A Cohomological Approach
Following the approach of [DV25] we will describe here a slightly different approach to
constructing rigid meromorphic cocycles. In particular, we describe a map

H1(Γ,Div0(K\Qp)⊗Pn) −→ H1(Γ,M(k,Hp)).

Definition 3.6.1. Given a divisor D ∈ Div0(K\Qp)⊗Pn define an associated element

Φ0(D) ∈ C1
K(Pn)
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as follows: Write
D =

∑
i

τi ⊗ Pi(T ).

For every edge e ∈ T 1
K , set

Φ0(D)(e) =
∑
i

1U(e)(τi)Pi(T ).

Lemma 3.6.2. For every D ∈ Div0(K\Qp) ⊗Pn, the associated function Φ0(D) is har-
monic.

Proof. Given a vertex v of TK , enumerate the set of edges starting at v by {ej}j . Since
the sets {U(ej)}j are pairwise disjoint and their union is all of P1(K), we see that∑

j

Φ0(D)(ej) =
∑
i

Pi(T ) = 0,

where the last equality follows from D having degree 0.

Now given an element [D] ∈ H1(Γ,Div0(K\Qp)⊗Pn), pick a representative cycle
D ∈ Z1(Γ,Div0(K/Qp)⊗Pn), which is written as

D =
∑
a

γa ⊗Da

for γa ∈ Γ and Da ∈ Div0(K\Qp)⊗Pn, and which satisfies∑
a

γaDa =
∑
a

Da. (3.10)

Pick two base-points η0, ξ0 ∈ H that are in generic position relative to Γ. That is for
every γ1, γ2 ∈ Γ, the point η0 does not lie on the geodesic (γ1ξ0, γ2ξ0) and also the point
ξ0 does not lie on the geodesic (γ1η0, γ2η0). By [DV25, Lemma 10], there exists a choice
of such points.

Define a function
ΦD : Γ −→ C1

K(Pn)
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by
ΦD(γ)(e) =

∑
a

∑
b∈Γ

[(η0, γη0) · (bξ0, bγaξ0)]
(
Φ0(Da)|b−1

)
(e). (3.11)

Lemma 3.6.3. The sum in (3.11) is a finite sum, and therefore converges.

Proof. For each a, even though Φ0(Da) is infinitely supported, it is finitely supported on
every Γ-orbit. Therefore, it suffices to prove that for each a, and for each edge e with
stabilizer in Γ denoted Γe, the sum∑

b∈Γe

[(η0, γη0) · (bξ0, bγaξ0)]
(
Φ0(Da)|b−1

)
(e)

is finite. Notice that the paths (η0, γη0) and (ξ0, γaξ0) are both contained in compact
subsets of H, and since Γe is a conjugate of a congruence subgroup, it acts properly
discontinuously onH and so the intersection [(η0, γη0) · (bξ0, bγaξ0)] is non-zero for only
finitely many b ∈ Γe.

Lemma 3.6.4. The function ΦD(γ) ∈ C1
K(Pn) is harmonic.

Proof. The sum defining ΦD is an infinite sum of harmonic cochains. For each vertex v,
the terms contributing to the neighborhood of v is a finite sum of harmonic cochains,
and therefore their sum is also harmonic.

Lemma 3.6.5. The function ΦD(γ) is bounded, i.e.

ΦD(γ) ∈ C1,b
K,har(Pn;Qp).

Proof. Exactly as in the proof of Lemma 3.6.3, one can show that for every affinoid domain
in Hp and for every γ ∈ Γ, there are only finitely many b ∈ Γ such that the support of
the divisor

(η0, γη0) · (bξ0, bγaξ0) (b ·Da)

intersects the affinoid domain. This implies property (1) in Definition 2.7.5.
The other two properties follow from the fact that for each a, the divisor Da is a

finite sum and the function Φ0(Da) restricted to TQp has finite support. Therefore, we
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can assume without loss of generality that

Φ0(Da) ∈ C1,int
K,har(Pn,Qp)

is integral. In which case, all of its translates Φ0(Da)|b−1 are also integral, and so the sum
defining ΦD(γ) must also be integral.

Lemma 3.6.6. The function

ΦD : Γ −→ C1
K,har(Pn)

is a cocycle.

Proof. We have to show that

(ΦD(γσ)− ΦD(γ)− γ · ΦD(σ)) (e) = 0

for every edge. So, we calculate

γ · (ΦD(σ)) (e) = ΦD(σ)(γe)|γ−1

=
∑
a

∑
b∈Γ

[(η0, ση0) · (bξ0, bγaξ0)]
(
Φ0(Da)|b−1γ−1

)
(e)

=
∑
a

∑
b∈Γ

[(η0, ση0) · (γ−1bξ0, γ−1bγaξ0)]
(
Φ0(Da)|b−1

)
(e)

=
∑
a

∑
b∈Γ

[(γη0, γση0) · (bξ0, bγaξ0)]
(
Φ0(Da)|b−1

)
(e).

We would be done if the intersection of geodesics on the upper half-plane had similar
relations to that of modular symbols; namely, if

[((η0, γση0)− (η0, γη0)− (γη0, γση0)) · (bξ0, bγaξ0)] = 0.

However, this equality does not hold. Instead, let B be the interior of the triangle in H
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spanned by the geodesics

(η0, γση0), (η0, γη0), (γη0, γση0).

Observe that

[((η0, γση0)− (η0, γη0)− (γη0, γση0)) · (bξ0, bγaξ0)]

= 1B(bξ0)− 1B(bγaξ0)

= 1b−1B(η0)− 1b−1B(γaξ0)

Therefore,

(ΦD(γσ)− ΦD(γ)− γ · ΦD(σ)) (e)

=
∑
a

∑
b∈Γ

[((η0, γση0)− (η0, γη0)− (γη0, γση0)) · (bξ0, bγaξ0)]
(
Φ0(Da)|b−1

)
(e)

=
∑
a

∑
b∈Γ

(1b−1B(η0)− 1b−1B(γaη0))
(
Φ0(Da)|b−1

)
(e)

=
∑
a

∑
b∈Γ

1B(bη0)
(
Φ0(Da)|b−1

)
(e)−

∑
a

∑
b∈Γ

1B(bγaη0)
(
Φ0(Da)|b−1

)
(e)

=
∑
a

∑
b∈Γ

1b(bη0)
(
Φ0(Da)|b−1

)
(e)−

∑
a

∑
b∈Γ

1B(bη0)
(
Φ0(Da)|γb−1

)
(e)

=
∑
b∈Γ

1B(bη0)

[(∑
a

Φ0(Da)

)
−

(∑
a

Φ0(γ−1Da)

)]
|b−1(e)

= 0.

Lemma 3.6.7. For a cycle class [D] ∈ H1(Γ,Div0(K\Qp)⊗Pn), the cohomology class

[ΦD] ∈ H1(Γ, C1
K,har(Pn))
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is well-defined.

Proof. We show that a boundary in B1(Γ,Div0(K\Qp)⊗Pn) maps to a coboundary in
B1(Γ, C1,b

K,har(Pn;Qp)).
Boundaries are linear combinations of the form

D = γσ ⊗D − γ ⊗D − σ ⊗ γ−1D,

where D ∈ Div0(K\Qp)⊗Pn and γ, σ ∈ Γ. The proof is similar to that of Lemma 3.6.6.
Let B be the interior of the triangle spanned by the geodesics

(ξ0, γσξ0), (ξ0, γξ0), (γξ0, γσξ0).

We compute that

ΦD(α)(e) =
∑
b∈Γ

1bB(η0)
(
Φ0(D)|b−1

)
(e)−

∑
b∈Γ

1bB(αη0)
(
Φ0(D)|b−1

)
(e)

=
∑
b∈Γ

1bB(η0)
(
Φ0(D)|b−1

)
(e)−

∑
b∈Γ

1α−1bB(η0)
(
Φ0(D)|b−1

)
(e)

=
∑
b∈Γ

1bB(η0)
(
Φ0(D)|b−1

)
(e)−

∑
b∈Γ

1bB(η0)
(
Φ0(D)|b−1α−1

)
(e)

=

(∑
b∈Γ

1bB(η0)
(
Φ0(D)|b−1

))
(e)−

(∑
b∈Γ

1bB(η0)
(
Φ0(D)|b−1

))
|α−1(e).

Observe that this last expression is a coboundary.

We have therefore shown that

Proposition 3.6.8. The map
[D] 7→ [ΦD]

is a well-defined linear map

H1(Γ,Div0(K\Qp)⊗Pn) −→ H1(Γ, C1,b
K,har(Pn;Qp)).
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If we write JD ∈ H1(Γ,M(k,Qp)) for the associated cocycle valued in meromorphic func-
tions, then JD has poles supported on the Γ-orbit of the support of D.

For each [D] ∈ H1(Γ,Div0(K\Qp)⊗Pn), denote by D† the map

Γ −→ Div†n(K\Qp)

given by
D†(γ) =

∑
a

∑
b∈Γ

[(η0, γη0) · (bξ0, bγaξ0)](b ·Da).

From the same proofs as above we can see that for any γ ∈ Γ the formal sum D†(γ)

indeed belongs to Div†n(K\Qp), and that the map D† is a cocycle whose class in cohomol-
ogy is independent of the choice of representative D. We will also use the same notation
for a class [D] ∈ H1(Γ,Div(K\Qp)⊗Pn) without requiring the degree 0 assumption in
this case.

We have the following commutative diagram

H1(Γ,Div0(K\Qp)⊗Pn) H1(Γ,Div(K\Qp)⊗Pn)

H1(Γ,M(k,Hp;K)) H1(Γ,Div†n(K\Qp)).

Both horizontal lines in this commutative diagram extend to long exact sequences

H2(Γ,Pn) −→ H1(Γ,Div0(K\Qp)⊗Pn) −→ H1(Γ,Div(K\Qp)⊗Pn) −→ H1(Γ,Pn)

and

H1(Γ,O(k,Hp)) −→ H1(Γ,M(k,Hp;K)) −→ H1(Γ,Div†n(K\Qp)) −→ H1(Γ,Pn).

Therefore, this diagram induces a map

H2(Γ,Pn) −→ H1(Γ,O(k,Hp)).
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Proposition 3.6.9. For D = γτ ⊗ (τ)⊗ Pτ , we have that

[D†] = [Divk,τ ]

in H1(Γ,Div†n(K/Qp)).

Proof. Notice that
Γτ := StabΓ(τ) = γZ

τ .

From the definition of D† we write

D†(γ) =
∑
b∈Γ

[(η0, γη0) · (bξ0, bγτξ0)](b.τ)Pbτ (T )

=
∑

b∈Γ/Γτ

(∑
i∈Z

[(η0, γη0), (bγ
i
τξ0, bγ

i+1
τ ξ0)]

)
(b · τ)Pbτ (T ).

Notice that the segments {(bγi
τξ0, bγ

i+1ξ0
τ )} form a path going from bτ to bτ , and

therefore the inner sum is just equal

(η0, γη0) · (bτ , bτ).

Hence,
D†(γ) =

∑
w∈Γ·τ

(η0, γη0) · (w,w)(w)Pw(T )

Proposition 3.6.10. Let τ ∈ Hp be an RM-point and γτ ∈ Γ its fundamental stabilizer.
Then

D = γτ ⊗ (τ − τ)⊗ Pτ (T )

defines a class in H1(Γ,Div0(K\Qp)⊗Pn).
The associated cocycle class [JD] ∈ H1(Γ,M(k,Hp;K)) is equal to [JD] where D =

[τ ] + (−1)n/2[τ ] (Definition 3.5.5, see also Remark 3.5.7).

Proof. Since τ and τ both have the same reduction to Tp, the function Φ0((τ−τ)⊗Pτ (t))
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has value 0 on all Qp-edges, and so do all of its translates by elements of Γ. Therefore,
ΦD always vanishes on Qp-edges.

The difference JD−JD has trivial divisor, and so is actually rigid analytic, but also both
cocycles have no residues on Qp-edges. Since cocycles take values in bounded functions
this implies that the two cocycles are equal.
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4
Obstruction to lifting and the Green’s

functions

4.1 Obstruction to Lifting
In the multiplicative setting there is an exact sequence

H1(Γ,M×) −→ H1(Γ,M×/C×p ) −→ H2(Γ,C×p ),

where the map to H2(Γ,C×p ) is the obstruction to lifting a theta cocycle class. In higher
weight, we work instead with the additive counterpart to this obstruction map. Every
homomorphism

ρ : C×p −→ Cp,
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defines a map in Γ-cohomology and so by composition we obtain

Obsρ : H
1(Γ,M×) −→ H2(Γ,Cp).

In what follows, we will define homomorphisms

ObsL : H1(Γ,M(k,Hp;K)) −→ H2(Γ,Pn(Cp))

for each L ∈ Cp corresponding to the homomorphism

logL : C×p −→ Cp,

and a homomorphism Obso corresponding to the p-adic valuation

Obso : H
1(Γ,M(k,Hp;K)) −→ H2(Γ,Pn(Cp)).

For the following, let F denote a finite extension of Qp. Later, we will take F to be
either K or Qp.

Definition 4.1.1 (logL obstruction). For every L ∈ Cp the Γ-cohomology of the short
exact sequence

0 −→Pn(Cp) −→ OL (2− k,HF ) −→ O(k,HF ) −→ 0 (4.1)

gives rise to a δ-map

H1(Γ,O(k,HF )) −→ H2(Γ,Pn(Cp)),

which we denote by ObsL .

Definition 4.1.2 (ordp obstruction). Define C0
F,har(Pn(Cp)) to be the set of functions
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f : T 0
F −→Pn(Cp) such that for every vertex, v, we have∑

v′∈T 0
F

(v,v′)∈T 1
F

(f(v)− f(v′)) = 0.

There is an analogous short exact sequence to (4.1) for the p-adic valuation:

0 −→Pn(Cp) −→ C0
F,har(Pn(Cp)) −→ C1

F,har(Pn(Cp)) −→ 0, (4.2)

where the map C0
F,har(Pn(Cp)) −→ C1

F,har(Pn(Cp)) is given by

f 7→ ((v, v′) 7→ f(v′)− f(v)) . (4.3)

The long exact sequence in group cohomology from (4.2) gives a map

δ : H1(Γ, C1
F,har(Pn(Cp))) −→ H2(Γ,Pn(Cp)).

Precomposing with the residue map provides us with the obstruction

Obso : H
1(Γ,O(k,HF )) −→ H2(Γ,Pn).

The map Obso can be described more explicitly as follows: Given a cocycle

φ ∈ Z1(Γ, C1
F,har(Pn(Cp))),

a particular choice of a lift to Func
(
Γ, C0

F,har(Pn)
)

is given by the map

γ ∈ Γ 7→

v 7→
∑

e∈path(v0,v)

φ(γ)(e)

 ,

which is not necessarily a cocycle. The δ-map to H2(Γ,Pn) with this choice of lift yields
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the representative 2-cocycle

Obso(φ)(γ1, γ2) =
∑

e∈path(v0,γ−1
2 v0)

φ(γ1)(e)|γ2.

Proposition 4.1.3. For any L1,L2 ∈ Cp the various obstruction maps are related by

ObsL1 −ObsL2 = (L1 −L2)Obso.

We will apply the following lemma of de Shalit:

Lemma 4.1.4 ([dS89] Lemma 4.3 ). For any f ∈ O(k,HF ), let e = (v1, v2) ∈ T 1
F be

an edge. Fix two lifts FL1 ∈ OL1 ⊗Pn and FL2 ∈ OL2 ⊗Pn of f(z)(T − z)ndz to
OLi

(k,HF ), and let φf ∈ C1
F,har(Pn) be the harmonic cochain associated to f . Then for

any zi ∈ red−1(vi)

(FL1(z1)− FL1(z2))− (FL2(z1)− FL2(z2)) = (L1 −L2)φf (e).

Proof of Proposition 4.1.3. Following de Shalit’s proof [dS89, Proposition 4.2], fix τ ∈ HF

with redF (τ) = v0 and fix two lifts

JLi : Γ −→ OLi ⊗Pn(Cp), i ∈ {1, 2},

of the cocycle γ 7→ J(γ)(z)(T − z)n dz. The value of the 2-cocycle

ObsL(J)(γ1, γ2)−ObsL(J)(γ1, γ2)

is given by

(
JL1(γ1γ2)(τ)−

(
JL1(γ1) | γ2

)
(τ)− JL1(γ2)(τ)

)
−
(
JL2(γ1γ2)(τ)−

(
JL2(γ1) | γ2

)
(τ)− JL2(γ2)(τ)

)
.
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The function G : Γ −→Pn(Cp) defined by

G(γ) := JL1(γ)(τ)− JL2(γ)(τ)

produces a co-boundary

γ1, γ2 7→ G(γ1γ2)(τ)−G(γ1)(τ)|γ2 −G(γ2)(τ).

By subtracting this co-boundary, we obtain a co-homologous cocycle given by

γ1, γ2 7→
[(
JL1(γ1)(γ2τ)− JL1(γ1)(τ)

)
−
(
JL2(γ1)(γ2τ)− JL2(γ1)(τ)

)]
| γ2.

Let (w1, · · · , wh) be the path on TK connecting w1 and γwh and pick a collection of
points (z1, · · · , zh) such that z1 = τ , zh = γτ and for all i, redK(zi) = wi. Applying
Lemma 4.1.4 to the telescoping sum

h−1∑
i=1

[(
JL1(γ1)(zi+1)− JL1(γ1)(zi)

)
−
(
JL2(γ2)(zi+1)− JL2(γ1)(zi)

)]
| γ2,

we obtain

(ObsL1 −ObsL2) (J)(γ1, γ2) + (co-boundary)

=
h−1∑
i=1

φ(γ1)((vi, vi+1))|γ2 = (L1 −L2)Obso(J)(γ1, γ2).

Lemma 4.1.5. Let D be an RM -divisor. If D is of strong degree zero in weight k, then
Obso(Jk,D) is trivial.

Proof. By definition of Jk,D (Definition 3.5.5), its associated harmonic cochain Φk,D van-
ishes on every Qp-edge. For any γ ∈ Γ, the path (v0, γv0) passes only through Qp-edges,
so from the definition ofObso as a sum over the path (v0, γv0) it is follows thatObso(Jk,D)

is trivial.
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Lemma 4.1.6. For every RM-divisor D, there exists a unique cohomology class

Jk,D ∈ H1(Γ,M(k,Hp, K)b),

that satisfies rdivk(Jk,D) = Divk,D and Obso(Jk,D) = 0. (See Definition 2.7.15 for the
definition of the residual divisor map rdivk.)

Proof. By Theorem 3.5.8, pick an arbitrary cohomology class J ′k,D which has divisor
D. The map Obso : H1(Γ,O(k,Hp)

b) −→ H2(Γ,Pn) is an isomorphism by Lemma
3.2.7. Therefore, there exists a unique cohomology class J ∈ H1(Γ,O(k,Hp)

b) such that
Obso(J) = Obso(J

′
k,D). Therefore,

Obso(J
′
k,D − J) = 0,

and the divisor of J ′k,D − J is Divk,D.

Lemma 4.1.7. If D is a divisor of strong degree zero in weight k, then for each r, s define a
function JL

k,D by
JL
k,D{r, s}(z) = ⟨Jk,D{r, s}, lz(t)⟩M ,

with

lz(t) =

− 1
n!
(t− z)n logL (t− z) if |t| ≤ 1

− 1
n!
(t− z)n logL

(
1− z

t

)
if |t| > 1.

Then JL
k,D{r, s} belongs toML (2− k,Hp, K) and satisfies

dn+1JL
k,D{r, s} = Jk,D{r, s}. (4.4)

Proof. Let µk,D be the measure associated to Jk,D, then the Morita pairing can be com-
puted by

⟨Jk,D{r, s}, lz(t)⟩M =

∫
P1(K)

lz(t)dµk,D.

We will expand this integral just as in the proof of Proposition 2.7.6. Let Rl be a set of
representatives for P1(Qp) modulo pl and let Tl be the finite set of RM-points in K\Qp ∩
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H<l
p which lie in the support of Divk,D{r, s}. For each w ∈ Tl, let mw be the multiplicity

of Γ ·w in D and let Uw be an open subset of K\Qp ∩H<l
p which intersects Tl exactly at

w. For every α ∈ Rl let ν be such that ν ′ + h = l. Then we have∫
P1(K)

lz(t)dµk,D =
∑
α∈Rl

∫
D(α,ν)

lz(t)dµk,D(t) +
∑
τ∈Tl

∫
Uτ

lz(t) dµk,D(t).

For t ∈ P1(K) close enough to some point α ∈ P1(K) we can write,

(t− z)n logL (t− z) = (t− z)n logL (z − α) + (t− z)n logL

(
1− t− α

z − α

)
= (t− z)n logL (z − α)− (t− z)n

∞∑
i=1

(t− α)i

i(z − α)i
.

For w ∈ H<l
p in the support of Divk,D{r, s}with multiplicity mw and Uw ⊂ K\Qp which

intersects the support of Divk,D{r, s} only at w, it follows that∫
Uw

lz(t) dµk,D(t)

=
−mw

n!
[(w,w) · (r, s)]

〈
(T − z)n,

(T − w)n/2(T − w)n/2

(w − w)n/2

〉
Pn

logL (z − w) + ( a polynomial in z)

=
−mw

n!
[(w,w) · (r, s)](z − w)n/2(z − w)n/2

(w − w)n/2
logL (z − w) + ( a polynomial in z) .

Similarly, for α ∈ Rl,∫
D(α,ν)

lz(t)dµk,D(t)

=
1

n!

∞∑
i=1

∫
D(α,ν)

(t− z)n(t− α)idµk,D(t)

i(z − α)i
+ ( a polynomial in z) .

We have used above that
∫
D(α,ν)

P (t) dµk,D(t) = 0 for any P any polynomial of degree
at most n. This shows that JL

k,D{r, s}(z) belongs toML (2− k,Hp, K).
The equality (4.4) follows from the fact that one can move the derivative inside the
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Morita duality, i.e.

dn+1

dzn+1
⟨Jk,D{r, s}, lz(t)⟩M =

〈
Jk,D{r, s},

dn+1

dzn+1
lz(t)

〉
M

,

and we have that
dn+1

dzn+1
((t− z)n log(t− z)) =

−n!
t− z

.

Remark 4.1.8. The collection of functions JL
k,D{r, s} does not form a modular symbol, and

certainly not a Γ-invariant one.

Remark 4.1.9. From its expression as an infinite sum, one is tempted to find a primitve of
Jk,D term by term and add them in a sum of the form

∑
w∈Στ{r,s}

[(w,w) · (r, s)](z − w)n/2(z − w)n/2

(w − w)n/2
logL (z − w).

However, this sum does not converge. It only converges “up to polynomials”. That is, on
every affinoid, the coefficients of a Mittag-Leffler expansion of this sum converge except
for the terms of the form ciz

i where 0 ≤ i ≤ n.

Lemma 4.1.10. If D =
∑

imiτi is of strong degree zero in weight k, then for each r, s the
infinite sum

1

n!

∑
i

∑
w∈Στi{r,s}

mi[(w,w).(r, s)]

(
(z − w)n/2(z − w)n/2

(w − w)n/2
logL (tw(z)) + pw(z)

)

converges to JL
k,D{r, s}(z). Where tw(z) is as in (3.9) and if |w| ≤ 1 then

pw(z) = −
n/2∑
r=1

(
r−1∑
i=1

(
(−1)n−i

(
n
i

)
(r − i)

)
(−1)r

(
n−r

n/2−r

)
(w − w)r−n/2(
n

n/2

) (z − w)n−r

)
,
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and otherwise

pw(z) = −
n/2∑
r=1

(
r−1∑
i=1

(
(−1)n−i

(
n
i

)
(r − i)

)
(−1)r

(
n−r

n/2−r

)
(w − w)r−n/2(
n

n/2

) (z − w)n−r

)

+
n∑

i=n/2+1

(−1)i
(
n

i

)i−n/2∑
j=1

(−1)j(−1)n−i+j
(

i−j
i−j−n/2

)
(w − w)n/2−i+j(

n
n/2

)
jwj

 (z − w)i.

Proof. The proof of this lemma is very similar to that of Lemma 4.1.7 except one has to
write the polynomial part explicitly. We will follow the notation of the proof of Lemma
4.1.7. From the definition of the integral∫

P1(K)

lz(t)dµk,D(t),

it can be written as a limit of Riemann sums

lim
l→∞

∑
w∈∈Tk

mw[(w,w) · (r, s)]
〈
(T − w)n/2(T − w)n/2

(w − w)n/2
,Truncw(lz(t))

〉
.

The claim follows by expanding out the truncation as in Lemma 4.1.7.

4.2 Duality Pairing of Cocycles
We would like to evaluate higher weight cocycles at certain divisors. In the following,
we present the analogue of the evaluation of a multiplicative rigid meromorphic cocycle
at a point away from the poles. Because the higher weight theory is additive, we will
define a collection of related pairings associated to the functionals logL and ordp. Morita
and Breuil duality can be extended to evaluate at divisors which lie in the boundary, and
are away from the poles of the cocycle. We will use these pairings to define the higher
Green’s function.

Fix L ∈ Cp. The short exact sequence

0 −→ Σ(n,Qp) −→ ΣL (n,Qp) −→Pn(Cp) −→ 0
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leads to a long exact sequence in Γ-homology

· · · ← H1(Γ,ΣL (n,Qp))← H1(Γ,Σ(n,Qp))← H2(Γ,Pn(Cp))← · · · . (4.5)

Let iL be the inclusion

iL : Div(K\Qp)⊗Pn → ΣL (n,Qp)

(x)⊗ P 7→ P (t) logL (t− x) .

The map iL sends Div0(K\Qp)⊗Pn to Σ(n,Qp). The combination of iL with the Morita
pairing defines a pairing

⟨ , ⟩M : H1(Γ,O(k,Hp))×H1(Γ,Div0(K\Qp)⊗Pn) −→ Cp.

The Breuil pairing extends this pairing to

⟨ , ⟩B : H1(Γ,OL (2− k,Hp))×H1(Γ,Div(K\Qp)⊗Pn) −→ Cp.

Further, there is also a pairing for the p-adic valuation

⟨ , ⟩o : H1(Γ,O(k,Hp))×H1(Γ,Div0(K\Qp)⊗Pn(Cp)) −→ Cp,

which is induced from a pairing

O(k,Hp)× (Div0(K\Qp)⊗Pn) −→ Cp,

that is defined as follows: Given f ∈ O(k,Hp) with associated harmonic cochain ϕf ∈
C1

p,har(Pn). There is a canonical inclusion

C1
p,har(Pn) −→ C1

K,har(Pn)

98



4.2. DUALITY PAIRING OF COCYCLES Chapter 4

obtained from the inclusion of R-trees

|Tp| −→ |TK |

and which is described as follows: For φ ∈ C1
p,har(Pn), let ẽ ∈ T 1

K be an oriented Qp-
edge whose geometric realization is a subset of the realization of e ∈ T 1

p with the same
orientation, then set

φ̃(ẽ) =
1

2
ϕ(e).

If ẽ is not a Qp-edge then set φ̃(ẽ) = 0. It follows that φ̃ belongs to C1
K,har(Pn). For

D =
∑
i

τi ⊗ pi ∈ Div0(K\Qp)⊗Pn,

the pairing between f and D is equal to the sum

⟨f,D⟩o :=
∑
i

∑
e∈path(v0,τi)

⟨ϕ̃f (e), pi⟩Pn .

Notice that this sum is finite. The degree zero assumption ensures that the pairing above
does not depend on the choice of base vertex v0.

There is also a pairing

⟨·, ·⟩o : C0
p,har(Pn(Cp))× (Div(K\Qp)⊗Pn) −→ Cp

defined as follows: For ϕ ∈ C0
p,har(Pn(Cp)) and D ∈ Div(K\Qp)⊗Pn, write redp(D) =∑

i wi ⊗ pi and set
⟨ϕ,D⟩o :=

∑
i

⟨ϕ(wi), pi⟩Pn .

If in the above a point τi reduces to an edge wi ∈ T 1
p and not to a vertex, then if the edge

wi joins the vertices v and v′, set ϕ(wi) to be the average

ϕ(v) + ϕ(v′)

2
.
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Definition 4.2.1. For σ an RM-point whose fundamental stabilizer is γσ ∈ Γ. The Stark-
Heegner cycle associated to σ is

yk,σ = γσ ⊗ (σ)⊗ (T − σ)n/2(T − σ)n/2

(σ − σ)n/2
∈ H1(Γ,Div(K\Qp)⊗Pn(Cp)).

This indeed defines an element in the homology since γσ fixes both σ and the polynomial
(T − σ)n/2(T − σ)n/2. Given a cocycle J ∈ H1(Γ,OL (2 − k,Hp)), denote the pairing
⟨J, yk,σ⟩B by

J[σ].

This pairing is given by〈
J(γσ)(z),

(t− σ)n/2(t− σ)n/2

(σ − σ)n/2
logL (t− σ)

〉
B

.

Proposition 4.2.2. The pairings described above are related by the following commutative
diagrams

H1(Γ,OL (2− k))∨ H1(Γ,O(k))∨ H2(Γ,Pn(Cp))
∨

H1(Γ,Div(K\Qp)⊗Pn(Cp)) H1(Γ,Div0(K\Qp)⊗Pn(Cp)) H2(Γ,Pn(Cp))

(dn+1)∨ Obs∨L

and

H1(Γ, C0
p,har(Pn(Cp)))

∨ H1(Γ, C1
p,har(Pn(Cp)))

∨ H2(Γ,Pn(Cp))
∨

H1(Γ,Div(K\Qp)⊗Pn(Cp)) H1(Γ,Div0(K\Qp)⊗Pn(Cp)) H2(Γ,Pn(Cp))

Obs∨o

Proof. The horizontal lines in cohomology are obtained from taking the Γ-cohomology
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of the short exact sequences

0 −→Pn −→ OL (2− k) −→ O(k) −→ 0,

and
0 −→Pn −→ C0

p,har(Pn) −→ C1
p,har(Pn) −→ 0.

The horizontal lines in homology are obtained from taking the Γ-homology of the short
exact sequence

0 −→ Div0(K\Qp)⊗Pn −→ Div(K\Qp)⊗Pn −→Pn −→ 0.

The vertical arrows are the pairings described above in this section.

Proposition 4.2.3. The map H2(Γ,Pn(Cp)) −→ H2(Γ,Pn(Cp))
∨ is an isomorphism.

Proof. This follows from the Universal Coefficient Theorem.

Lemma 4.2.4. The map

H1(Γ,Div0(K\Qp)⊗Pn(Cp)) −→ H1(Γ,Div(K\Qp)⊗Pn(Cp))

is surjective.

Proof. The co-kernel of this map is contained in H1(Γ,Pn). The result is a consequence
of the vanishing of H1(Γ,Pn(Cp)), which follows since H1(Γ,Pn) vanishes by [RS12]
Lemma 3.10 and the Universal Coefficient Theorem provides a perfect pairing between
H1(Γ,Pn) and H1(Γ,Pn).

Definition 4.2.5. Let U be the kernel of

H1(Γ,Div0(K\Qp)⊗Pn(Cp)) −→ H1(Γ, C1
p,har(Pn(Cp)))

∨.

A divisor in U is called a unitary divisor.
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Corollary 4.2.6. The homology of degree zero divisors has the decomposition

H1(Γ,Div0(K\Qp)⊗Pn(Cp)) = δ(H2(Γ,Pn(Cp)))⊕ U .

Proof. To see that the two spaces intersect trivially, given a non-zero class d ∈ H2(Γ,Pn),
its image in H2(Γ,Pn)

∨ is non-trivial by Proposition 4.2.3. By Lemma 3.2.7, the image
of d in H1(Γ, C1

p,har(Pn(Cp)))
∨ is also non-zero. Therefore, δ(d) does not belong to U .

Given a class c ∈ H1(Γ,Div0(K\Qp)⊗Pn) there exists a unique d ∈ H2(Γ,Pn) such
that the images of c and d in H1(Γ, C1

p,har(Pn)) are equal. This implies that c−δ(d) ∈ U .
The claim follows.

Definition 4.2.7. It follows from Corollary 4.2.6 that for each D ∈ H1(Γ,Div(K\Qp)⊗
Pn(Cp)) there exists a unique unitary divisor D♮ ∈ U which maps to D.

We would like to slightly extend the pairings described above to pair a meromorphic
cocycle J ∈ H1(Γ,ML (2 − k,Hp;K)) with a divisor that is supported away from the
poles of J. This generalizes the evaluation of the logarithm of Darmon–Vonk’s multi-
plicative rigid cocycles at RM-points.

Definition 4.2.8. Given f ∈ M(k,Hp, K) and τ ∈ P1(K)\. We say that f has no
residues near τ if there exists an open neighborhood, U ⊂ P1(K), of τ such that for
every edge e ∈ T 1

K with Ue ⊂ U , the residue vanishes:

rede(f(z)(T − z)ndz) = 0.

We say in this case that f has no residues in U . For G ∈ OL (2 − k,HK) we say G has
no residues near τ if dn+1G has no residues near τ . We extend these definitions to finite
divisors, to say that f has no residues on a divisor D on Div(P1(K)) if f has no residues
near each point in the support of D.

Proposition 4.2.9. If f ∈ OL (2− k,HK) with

dn+1f ∈M(k,Hp, K),

102



4.2. DUALITY PAIRING OF COCYCLES Chapter 4

τ ∈ P1(K)\{∞} and P ∈Pn(Cp) such that f has no residue near τ , then the pairing

⟨f, ατ⊗P,U(t)⟩B

does not depend on the choice of U . Where U is any neighborhood of τ on which f has no
residues and ατ⊗P,U ∈ ΣL (n,K) is defined by

ατ⊗P,U(t) =

0 if t ∈ U,

P (t) logL (t− τ) otherwise.

Proof. Given any two such neighborhoods, U1, and U2, the difference

ατ⊗P,U1 − ατ⊗P,U2

belongs to Σ(n,K) and is supported on U1 ∪ U2, then by (2) of Proposition 2.4.5

⟨f, ατ⊗P,U1 − ατ⊗P,U2⟩B = ⟨dn+1f, ατ⊗P,U1 − ατ⊗P,U2⟩M = 0.

The last equality follows since dn+1f has associated measure zero on U1 ∪ U2, and the
Morita pairing is computed by integrating against the measure.

We will still use the notation ⟨f, P (t) logL (t− τ)⟩B to refer to ⟨f, ατ⊗P,U⟩B for some
choice of open set U .

The p-adic valuation pairing can also be similarly extended: If f ∈ O(k,HK) has no
residues near a divisor,

D =
∑
i

(τi)⊗ pi ∈ Div0(K\Qp)⊗Pn(Cp).

Then for each i, the sum ∑
e∈path(v0,τi)

⟨ϕf (e), pi⟩Pn
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is finite since ϕf (e) is eventually 0 as the edges approach τi. So we set

⟨f,D⟩o :=
∑
i

∑
e∈path(v0,τi)

⟨ϕf (e), pi⟩Pn .

Definition 4.2.10. For a function ϕ ∈ C0
K,har(Pn), we say that it has no residues near

τ if there exists an open neighborhood U ⊂ P1(K) of τ , such that for every w ∈ U , and
for every path (w0, w1, · · · ) which tends to w the value, ϕ(wi), is eventually constant;
denote this constant value by ϕ(w). In which case, we define

⟨ϕ, (τ)⊗ P ⟩o := ⟨ϕ(τ), P ⟩Pn .

Lemma 4.2.11. Fix∑
i

γi ⊗
∑
j

(σij ⊗ Pij) ∈ Z1(Γ,Div(K\Qp)⊗Pn)

and F ∈ OL (2 − k,HK) such that σij ∈ K\Qp, and for each i, the translated function
F |γi has no residues near σij for all j. Then

∑
i

〈
F |γi,

∑
j

σij ⊗ Pij

〉
B

=
∑
i

〈
F,
∑
j

σijPij

〉
B

.

Proof. Unpacking the definitions we have

∑
i

〈
F |γi,

∑
j

σij ⊗ Pij

〉
B

=
∑
i

〈
F |γi,

∑
j

ασij ,Pij ,Uij

〉
B

=
∑
i

〈
F,
∑
j

ασij ,Pij ,Uij
|γ−1i

〉
B

=
∑
i

〈
F,
∑
j

αγiσij ,Pij |γ−1
i ,γiUij

〉
B

=
∑
i

〈
F,
∑
j

ασij ,Pij ,U ′
ij

〉
B

.
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The final equality follows from the condition on the divisor belonging to

Z1(Γ,Div(K\Qp)⊗Pn).

Definition 4.2.12. It follows from Lemma 4.2.11 that the extension of the Breuil pairing
to meromorphic functions does not depend on the choice of cocycle class since it vanishes
on coboundaries. The value〈

J(γσ),
(t− σ)n/2(t− σ)n/2

(σ − σ)n/2
logL (t− σ)

〉
B

depends only on the cocycle class in J ∈ H1(Γ,OL (2 − k,HK)). Denote this value by
J[τ ].

Similarly, for J ∈ H1(Γ,O(k,HK)) and a degree 0 divisor D ∈ H1(Γ,Div0(K\Qp)⊗
Pn). Denote the associated pairing by J [D]L . Remark that the dependence on L is from
the inclusion

Div0(K\Qp)⊗Pn −→ Σ(n,Qp)

We verify below that this extended pairing when restricted to the setting of Darmon-
Vonk’s multiplicative cocycles recovers simply the evaluation of the cocycles at RM-
points.

Proposition 4.2.13. If J× ∈ H1(Γ,M×), and τ an RM-point. Assume logL (J×) has no
residues near τ then (

logL (J×)
)
[τ ] = logL

(
J×[τ ]

)
.

Proof. Let U be an open neighborhood of τ in which dlog(J×) has no residues, and let
V denote P1(K)\U . Pick any α ∈ HK . Write

ατ,U(t) = logL (t− α)− 1U(t) logL (t− α) + 1V (t) logL

(
t− τ

t− α

)
.

Consider the pairing of each of the terms on the right hand above separately. From

105



4.2. DUALITY PAIRING OF COCYCLES Chapter 4

the properties of the Breuil pairing, we see that

〈
logL (J×)(γτ ), logL (t− α)

〉
B
= logL (J×(γτ )(α)).

Next, observe that 1U(t) logL (t− α) belongs to C(n,K), and therefore

〈
logL (J×)(γτ ), 1U(t) logL (t− α)

〉
B
=
〈
dlogL (J×)(γτ )(z), 1U(t) logL (t− α)

〉
M
.

But the Morita pairing is calculated via integrating against a measure. Note that the
measure involved vanishes on U , and the integrand 1U(t) logL (t − α) is supported on
U , and therefore this term vanishes.

For the final term, again 1V (t) logL

(
t−τ
t−α

)
belongs to C(n,K), and so we are left to

compute 〈
dlogL (J×)(γτ ), 1V (t) logL

(
t− τ

t− α

)〉
M

.

Since dlog(J×)(γτ ) has no residues in U ,〈
dlogL (J×)(γτ ), 1V (t) logL

(
t− τ

t− α

)〉
M

=

〈
dlogL (J×)(γτ ), logL

(
t− τ

t− α

)〉
M

.

The result follows if (2.4) holds for this extended pairing. That is, if the expression above
equals

G(τ)−G(α)

for G any primitive of dlogL (J×)(γτ ). We take G = logL (J×(γτ )), and conclude

〈
logL (J×)(γτ ), ατ,U

〉
B
= logL (J×(γτ )(α)) + 0 + (logL (J×(γτ )(τ))− logL (J×(γτ )(α)))

= logL (J×(γτ )(τ)).

We have to show that for any f ∈ O(2,HK) with no residues near τ , then〈
f, logL

(
t− τ

t− α

)〉
M

= F (τ)− F (α) (4.6)
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for any primitive F of f . Rigid functions of the form 1
z−β , for β ∈ K , are dense in

O(2,HK). So we only need to verify (4.6) for f(z) = 1
z−β with β ̸= τ . The measure

associated to f is the Dirac measure at β and so∫
P1(K)

logL

(
t− τ

t− α

)
dµf = logL (τ − β)− logL (α− β).

Proposition 4.2.14. Let J× ∈ H1(Γ,M×), and J = dlog(J×). Define a cocycle valued
in functions on vertices of TK by

φ̃(γ)(v) = ordp(J
×(γ)(z)) for any z ∈ red−1K (v).

Then φ̃ is well-defined and its image in C1
K(Pn) under the map given in (4.3) equals φJ ,

the residue cocycle associated to J . Finally,

⟨φ̃, γτ ⊗ (τ)⟩o = ordp(J
×[γτ ]).

Proof. That φ̃ is well-defined can be proven directly just as in de Shalit’s Lemma 4.1.4.
Alternatively, it follows from Lemma 4.1.4 applied to logL1

(J×) and logL2
(J×) and with

z1, z3 reducing to the same vertex and z2 reducing to a neighboring vertex. The identity

logL1
− logL2

= (L1 −L2)ordp

would then imply that

ordp(J
×(γ)(z1)) = ordp(J

×(γ)(z3)).

Lemma 4.1.4 also implies that φ̃ is a lift of φJ .
Write v = redK(τ), then by definition

⟨φ̃, γτ ⊗ (τ)⟩o = φ̃(γτ )(v) = ordp(J
×(γτ )(τ)).
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4.3 Higher Green’s Functions
For this section, we will fix a choice of branch of p-adic logarithm, logL . Recall thatRM
denotes the free Z-module of orbits of RM -points on Hp. For any D ∈ RM there is a
uniquely defined cocycle

Jk,D ∈ H1(Γ,M(k,Hp, K)),

whose divisor is Divk,D and such that Obso(Jk,D) is trivial. We also associate to each
such divisor D a homology class

yk,D ∈ H1(Γ,Div(K\Qp)⊗Pn),

and by Lemma 4.2.6 a unique unitary lift

y♮k,D ∈ U ⊂ H1(Γ,Div0(K\Qp)⊗Pn).

Definition 4.3.1. For a pair of disjoint RM-divisors D1,D2 ∈ RM define the higher
Green’s function by

GL
k (D1,D2) = Jk,D1 [y

♮
k,D2

]L .

Definition 4.3.2. An RM-divisor D is principal if for every L ∈ Cp,

ObsL (Jk,D) = 0. (4.7)

Equivalently, by Lemma 4.1.3 it suffices that (4.7) is satisfied for a single L ∈ Cp.

Remark 4.3.3. It follows from the definition of the obstruction map that if

ObsL (Jk,D) = 0
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for some L ∈ Cp, then there exists a cocycle JL
k,D ∈ H1(Γ,OL (2− k,HK)) such that

dn+1JL
k,D = Jk,D.

Proposition 4.3.4. If there exists a lift JL
k,D1
∈ H1(Γ,OL (2− k,HK)) such that

dn+1JL
k,D1

= Jk,D1 ,

then
GL

k (D1,D2) = Jk,D1 [y
♮
k,D2

]L = JL
k,D1

[yk,D2 ] .

Proof. This follows from the commutativity of the diagram in Proposition 4.2.2.

Lemma 4.3.5. For an RM-divisor D, if there exists a lift

JL
k,D ∈ H1(Γ,OL (2− k,HK)),

then this lift is unique and is in the image of

MSΓ(OL (2− k,HK)) −→ H1(Γ,OL (2− k,HK)).

Proof. The uniqueness follows from the exact sequence

H0(Γ,Pn)→ H1(Γ,OL (2− k,HK))
ObsL−−−→ H1(Γ,O(k,HK))

and the fact that H0(Γ,Pn) = 0. The existence of a parabolic lift follows from the
commutativity of the diagram

MSΓ(OL (2− k,HK)) MSΓ(O(k,HK)) H1(Γ,MS(Pn))

H1(Γ,OL (2− k,HK)) H1(Γ,O(k,HK)) H2(Γ,Pn)

and Proposition 3.2.8 showing that the rightmost vertical map is an isomorphism.
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5
Computations and Conjectures

5.1 Efficient Computation
In this section, we will describe the computations of values

GL
k (D1,D2),

where Degk,D1
is trivial and D1 is principal. We follow a similar approach to that of

Darmon-Vonk [DV21] Section 3.5 to efficiently compute rigid meromorphic cocycles. The
main difference in this higher weight analogue is that we work with an additive version
corresponding to the logarithm of their multiplicative cocycles.

Since D1 is principal, by Lemma 4.3.5, there exists a unique

JL
k,D1
∈ MSΓ(OL (2− k,HK))
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such that
dn+1JL

k,D1
= Jk,D1 .

Our first aim is to compute JL
k,D1
{0,∞}, which by Proposition 3.1.6 determines the modu-

lar symbol. Recall the explicit functions JL
k,D1
{r, s} defined in Lemma 4.1.7. The functions

are individual primitives of Jk,D1{r, s}, but they do not necessarily form a modular sym-
bol. Since the functions JL

k,D1
{0,∞} and JL

k,D1
{0,∞} are both primitives of Jk,D1{0,∞},

the difference
JL
k,D1
{0,∞}− JL

k,D1
{0,∞}

is a polynomial of degree at most k − 2. We will compute JL
k,D1
{0,∞} and use the

two-term and three-term relations ((5.3) and (5.4)) to adjust it by a polynomial to obtain
JL
k,D1
{0,∞}. Finally, the function JL

k,D1
{0,∞} is determined by its restriction to the

standard affinoid of Hp. So we will compute it as a sum of a Mittag–Leffler expansion
on the standard affinoid and a finite term involving linear combinations of products of
polynomials and logarithms.

By Lemma 4.1.10 the function JL
k,D1
{0,∞} is expressed as

lim
j→∞

∑
i

∑
w∈Σ≤j

τi
{0,∞}

mi[(w,w) · (0,∞)]

(
(z − w)n/2(z − w)n/2

(w − w)n/2
logL (tw(z)) + pw(z)

)
.

In theory, one could simply compute this limit, however, the size of Σ≤jτi
{0,∞} grows

exponentially, and quickly becomes infeasible to compute. Recall that Φk,D is the har-
monic cochain associated to Jk,D. We will instead define several truncations of Φk,D

which satisfy a recursive relation. Define

Φk,D,l{r, s}(e) :=
∑
i

∑
w∈Στi{r,s}∩Ue

level(w)=l

mi[(w,w) · (r, s)]
(T − w)n/2(T − w)n/2

(w − w)n/2
,
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and

Φ
(a)
k,D,l{r, s}(e) :=

∑
i

∑
w∈Στi{r,s}∩Ue

level(w)=l
w≡a mod p

mi[(w,w) · (r, s)]
(T − w)n/2(T − w)n/2

(w − w)n/2
.

Note that

Φk,D =
∞∑
l=0

Φk,D,l,

and for l ≥ 1 there is a decomposition

Φk,D,l =
∑

a∈P1(Fp)

Φ
(a)
k,D,l.

Definition 5.1.1. Define the involution ϖ on RM divisors by

ϖ : [τ ]→ −[pτ ]

Remark 5.1.2. The union of the two Γ-orbits [τ ] and [pτ ] is the GL+
2 (Z[1/p])-orbit of τ .

Lemma 5.1.3. If a ∈ Fp, then

Φ
(a)
k,−ϖD,l+1{0,∞} =

∑
b∈Fp

(
Φ

(b)
k,D,l |

(
p a

0 1

))
{0,∞},

and

Φ
(∞)
k,−ϖD,l+1{0,∞} =

(
Φ

(∞)
k,D,l |

(
1 0

0 p

))
{0,∞}+

∑
b∈F×

p

(
Φ

(b)
k,D,l |

(
1 0

0 p

))
{0,∞}.

Proof. Observe that an RM-point w is congruent to a ̸=∞, has level l + 1 and satisfies

w > 0 > w
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if and only if w−a
p

is not congruent to∞ mod p, is of level l and satisfies

w − a

p
> −a

p
>

w − a

p
.

Similarly, if w ≡ ∞ mod p, then w has level l and satisfies w > 0 > w if and only if
pw is not congruent to 0 mod p, has level l + 1 and satisfies pw > 0 > pw.

Define the functions associated with these truncations

Fk,D,l := ⟨Φk,D,l+1, (t− z)n log0(lz(t))⟩ ,

and
F

(a)
k,D,l :=

〈
Φ

(a)
k,D,l+1, (t− z)n log0(lz(t))

〉
.

Then

JL
k,D =

∞∑
l=0

Fk,D,l

and for l ≥ 1 we have
Fk,D,l =

∑
a∈P1(Fp)

F
(a)
k,D,l

The level 0 function Fk,D,0{r, s} can be written as

Fk,D,0{r, s} =
∑
i

∑
w∈Στi{r,s}

mi[(w,w) · (r, s)]
(z − w)n/2(z − w)n/2

(w − w)n/2
logL (z−w)+P0(z)

where P0 is some polynomial of degree at most n. Then Lemma 5.1.3 implies

Proposition 5.1.4.

F
(a)
k,−ϖD,l+1{0,∞}−

∑
b∈Fp

(
F

(b)
k,D,l |

(
p a

0 1

))
{0,∞} (5.1)

and
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F
(∞)
k,−ϖD,l+1{0,∞}−

(
F

(∞)
k,D,l |

(
1 0

0 p

))
{0,∞}−

p−1∑
b=1

(
F

(b)
k,D,l |

(
1 0

0 p

))
{0,∞} (5.2)

are polynomials of degree at most n.

Proposition 5.1.4 allows us to compute JL
k,D{0,∞} modulo polynomials by recur-

sively computing F
(a)
k,D,l{0,∞}. Note that the elements F (b)

k,D,l{−a
p
,∞} can be computed

modulo polynomials by finding a unimodular path between the cusps−a
p

to∞, and then
using the SL2(Z)-invariance of {F (a)

k,D,l}a.
Once we have computed JL

k,D1
modulo the addition of a polynomial we can use the

two term relation,
JL
k,D{0,∞}|S + JL

k,D{0,∞} = 0, (5.3)

and the three term relation,

JL
k,D{0,∞}|U2 + JL

k,D{0,∞}|U + JL
k,D{0,∞} = 0, (5.4)

to find a polynomial which fixes the Γ-invariance. This amounts to solving a set of si-
multaneous linear equations.

Example 5.1.5. When k = 4 and n = 2, we have computed a function

G(z) = JL
4,D{0,∞}(z) + P (z),

for some quadratic polynomial P = az2 + bz + c. Now applying the two-term and
three-term relations we obtain

G+ (G|S) = P + (P |S) = (a+ c)(z2 + 1),

and

G+ (G|U) + (G|U2) = P + (P |U) + (P |U2) = (2a+ b+ 2c)(z2 − z + 1).
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This determines the polynomial P up to multiples of z2 − 1.
Observe that the coboundary in Pn given by

γ 7→ (1 | γ)− 1

sends S to z2 − 1, therefore the ambiguity of a multiple of z2 − 1 is a coboundary and
does not affect the evaluation.

Algorithm 5.1.6.

• Step 1. By computing reduced binary quadratic forms in SL2(Z)-equivalence classes,
compute Φk,D1,0{0,∞} and store Fk,D1,0{0,∞} as a tuple of pairs (w,P ) of points
onHp and polynomials which record the data of functions that are sums of

P (z) logL (z − w),

where P is some polynomial of degree at most k − 2, and w an RM-point.

• Step 2. Similarly to the previous step, compute the (p+ 1) functions

F
(a)
k,D1,1

{0,∞}

and store them to sufficient precision as a Mittag–Leffler expansion on the standard
affinoid.

• Step 3. Use the recursion equations (5.1) and (5.2) to compute

F
(a)
k,D1,l

modulo addition of a polynomial to a sufficiently high level, and sum the resulting
functions.

• Step 4. Use the two and three-term relations to fix the polynomial part and obtain

JL
k,D1
{0,∞}
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as in Example 5.1.5.

• Step 5. The function
JL
k,D1

(γσ)

is equal to
JL
k,D1
{0, γσ · 0},

and can be computed by finding a unimodular sequence (see [DV21, Proposition 1.4])
of {si}ri=1 ∈ P1(Q) such that

0 = s1, sr = γσ · 0

and there exist matrices γi ∈ SL2(Z) such that γi · {0,∞} = {si, si+1}. Applying
the Γ-invariance of the modular symbol JL

k,D1
gives

JL
k,D1

(γσ) =
∑
i

JL
k,D1
{0,∞} | γi−1

• Step 6. The value of
JL
k,D1

[yD2 ]

is given by the sum
n/2∑
j=0

(−1)i
(
n−i
m−i

)
i!
(
n
m

) (
JL
k,D1

(γσ)
)(j)

(σ)

(σ − σ)n/2−j
. (5.5)

Note that (5.5) follows from Corollary 2.6.5.

Remark 5.1.7. Note that the expression in (5.5) is equal to formally applying iterations of
the raising operator δ−i and then evaluating at σ:

δ
(k−2)/2
2−k

(
JL
k,D1

(γi)
)
(σ),

where
δi =

d

dz
+

i

z − z
.
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5.2 Results and Algebraicity Conjectures
We have implemented Algorithm 5.1.6 in the computer algebra system SageMath. The
program and instructions on using it are available on the author’s website. For this sec-
tion, we will fix the Iwasawa branch of p-adic logarithm; that is L = 0.

If p = 3 and k = 4, then the space of newforms S4(Γ0(3))
p−new is trivial. This implies

that for every RM-divisor D, there is a unique lift of Jk,D to

JL
k,D ∈ MSΓ(OL(−2,HK)),

and also
Jo
k,D ∈ MSΓ(C0

K,har(Pn)).

Example 5.2.1. Let ϕ = 1+
√
5

2
and

D1 = (9[ϕ]− [2ϕ]) +ϖ (9[ϕ]− 2[2ϕ]) .

Then we can verify that Deg4,D1
is trivial, and therefore we can use Algorithm 5.1.6 to

compute
JL
4,D1

and its values.
We find that up to 145 digits of 3-adic accuracy

GL
4 (D1, [4ϕ]) =

1

40
logL

((
i+ 2

i− 2

)5(
i+ 5

i− 5

)−26(
i+ 4

i− 4

)−63(
i+ 6

i− 6

)−17)
, (5.6)

and

GL
4 (D1, [7ϕ]) =

1

140
logL

((√
−7 + 1√
−7− 1

)−2241(√−7 + 4√
−7− 4

)−167
×
(√
−7 + 17√
−7− 17

)8(√−7 + 6√
−7− 6

)16(√−7 + 23√
−7− 23

)−64)
.

(5.7)
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Example 5.2.2. Let

D1 =
(
7[
√
2]− 4[2

√
2]
)
+ϖ

(
7[
√
2]− 4[2

√
2]
)
.

Again, Deg4,D1
is trivial. Up to 145 digits of 3-adic accuracy we have

GL
4 (D1, [4

√
2]) =

1

64
logL

((
i+ 2

i− 2

)−208(
i+ 5

i− 5

)−30(
i+ 3

i− 3

)−91)
. (5.8)

GL
4 (D1, [ϕ]) =

1√
160

logL

((√
−10 + 4√
−10− 4

)2
)
. (5.9)

Conjecture 5.2.3. For any odd prime p, and weight k > 2. Let

D1 =
∑
i

mi[τi]

be a principal RM-divisor, and σ an RM-point. Denote by d1i the discriminant of τi and d2

the discriminant of σ. Then there exist algebraic numbers αi such that for every L ∈ Cp

we have
GL

k (D1, σ) = JL
k,D1

[σ] =
∑
i

|d1id2|(2−k)/4 logL (αi),

and
Jo
k,D1

[σ] =
∑
i

|d1id2|(2−k)/4ordp(αi),

where αi lies in the compositum of Hilbert class fields Hτi ·Hσ.

5.3 Prime Factorization
Keeping the same notation as in Conjecture 5.2.3, we give a conjectural prime factoriza-
tion for the algebraic numbers appearing in Conjecture 5.2.3. In particular, for a prime
q ̸= p a prime number we will give a conjectural value for

|d1id2|(2−k)/4ordq(αi).
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Let O be an order of discriminant D in a real-quadratic field where both p and q are
not split. Let B/Q be the quaternion algebra ramified only at p and q, and let R be a
choice of maximal order in B. Then there is a bijection

Γ\HD
p
∼= Σ(O,R),

where Σ(O,R) is the set of R×1 conjugacy classes of oriented optimal embeddings of
O into R. Note that such a bijection is not canonical. We will fix bijections which are
compatible with the action of the class group. See [DV21] Section 3.4 for the definitions
and more details.

Definition 5.3.1. For any two distinct optimal embeddings of quadratic orders

φi : Oi → R, i ∈ {1, 2},

we define

[φ1, φ2]q := max t ≥ 1 | φ1(O1), φ2(O2) have the same image inR/qt−1R.

Conjecture 5.3.2. Keeping the same notation as Conjecture 5.2.3, let φ1i be embeddings of
the orders Oτi associated to [τi] and let φ2 be an embedding of Oσ associated to σ. Then for
a prime q ̸= p which is not split in either order Oτi or Oσ and does not divide any of d1i or
d2, there is an embedding of Hτi ·Hσ in Qq such that

|d1id2|(2−k)/4ordq(αi) =
∑

γ∈γZ
2 \R

×
1 /γZ

1

[γφ1iγ
−1, φ2]q · [(γτi, γτi) · (σ, σ)] · ⟨Pγτi , Pσ⟩Pn

.

Otherwise, if q is split in one of the two orders then

ordq(αi) = 0.

Conjecture 5.3.2 is analogous to Gross-Zagier’s factorization of singular moduli and
Darmon–Vonk’s factorization of Jp(τ1, τ2) ([DV21, Conjecture 3.27]). More precisely,
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Darmon–Vonk conjectures that for k = 2,

ordq(αi) =
∑

γ∈γZ
2 \R

×
1 /γZ

1

[γφ1iγ
−1, φ2]q · [(γτi, γτi) · (σ, σ)].

Our conjecture is a weighted version of Darmon–Vonk’s factorization conjecture, where
the intersection of the fibers Pτ is taken into account.

The factorization of archimedean higher Green’s functions also exhibit a similar rela-
tion to the factorization formulas of Gross–Zagier. That is, the factorization of algerbaic
values taken by archimedean higher Green’s functions can also be written as weighted
versions of Gross–Zagier’s factorization formula for singular moduli (see [Li22, Theorem
A]). In this case, the weighting reflects the fact that higher Green’s functions are local
contributions to the arithmetic height pairing of Heegner cycles, and that Heegner cycles
belong to the fiber over their respective Heegner points. Therefore, the local intersection
of Heegner cycles is related to weighted intersections of Heegner points.
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6
Future Research and Conclusion

6.1 Measures Associated to RM-Points
For simplicity, let K in the section be an unramified quadratic extension of Qp (unique
up to isomorphism), and we will take k = 2. Then in this case, there is an inclusion of
combinatorial tree

Tp −→ TK .

A fundamental domain for the action of Γ on TK consists of the standard vertex v0, its
usual neighbor v1, the standard edge e0 linking those two vertices, and two infinite rays
beginning at v0 and v1. The stabilizers of the vertices and edges on those two infinite rays
are conjugates of the non-split Cartan congruence groups Γϵ

ns(p
r), where r denotes the

distance of the vertex or edge from Tp.
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Applying Shapiro’s lemma in this setup, we obtain an exact sequence

H1(Γ, C1
K,har(Z))→ H1(Γ0(p),Z)⊕

(
∞⊕
r=1

H1(Γϵ
ns(p

r),Z)

)
→

(
∞⊕
r=0

H1(Γϵ
ns(p

r),Z)

)2

.

Therefore, every rigid meromorphic cocycle corresponds to a trace-compatible family
of modular forms

(f
(r)
1 , f

(r)
2 ) ∈M2(Γ

ϵ
ns(p

r))2.

It is natural then to consider the Hecke-module structure of the limit

lim
←

M2(Γ
ϵ
ns(p

r)),

and to understand if there is a spectral interpretation to the condition on such a family
extending to a meromorphic cocycle onHp.

Another aspect of these measures is to apply them to the construction of p-adic L-
functions described in [BD01, Section 6], and study the resulting analytic functions.

6.2 Shimura Curves
Let B/Q be a definite quaternion algebra that is split at p. Let R be an Eichler Z[1/p]-
order of B, and for this section let Γ instead be the group of norm 1 units of R. Since B

is split at p, we fix an isomorphism

B ⊗ Qp
∼= M2(Qp)

of quadratic spaces, through which we will identify Γ with its image in SL2(Qp). It is
known that Γ is a Schottky subgroup.

Theorem 6.2.1 (Cerednik-Drinfeld). The quotient Hp/Γ is naturally identified with the
rigid analytic space X(Cp), where X is a Shimura curve of an appropriate level.

Given a field extension K/Qp, we can follow the approach in Section 3.6 to produce
a map

H0(Γ,Div0(K\Qp)⊗Pn) −→ H0(Γ,M(k,Hp, K)),
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that assigns to each divisor a rigid meromorphic modular form for Γ whose divisors are
supported on the Γ-orbit of the divisor. Applying this construction in weight 2 for a
degree 0 divisor (τ1) − (τ2), we obtain the logarithmic derivatives of Manin-Drinfeld’s
theta functions

Θ(τ1, τ2; z) =
∏
γ∈Γ

z − γτ1
z − γτ2

.

It is possible to imitate the constructions of this thesis to study the p-adic periods of these
higher weight meromorphic modular forms. Specializing to the setting of the CM-points
on Shimura curves, we obtain a higher Green’s function which is the p-adic analogue the
archimedean. In fact, for a pair of CM-points we obtain an (n + 1) × (n + 1) matrix of
functions in line with the generalization of the higher Green’s function in [BF25]. We
expect algebraicity for values of the middle entry of this matrix when one of the divisors
is principal.

More specifically, assume for the sake of simplification that Γ has no fixed points on
Tp. The given a divisor D ∈ H0(Γ,Div0(K\Qp)⊗Pn) which is represented by some
D ∈ Div0(K\Qp). Then, we can write

ΦD =
∑
b∈Γ

Φ0(D)|b−1.

This sum simply converges to a Γ-invariant harmonic cochains, which is independent
of the choice of D. It can therefore be integrated to give rise to a rigid meromorphic
modular form of weight k for Γ.

The main difference is that for a CM-point τ ∈ Hp, we have more divisors to investi-
gate. Specifically, we can study divisors of the form

(τ)⊗ (T − τ)a(T − τ)b

for any a+ b = n.
It is also interesting to investigate if these higher Green’s functions appear as mo-

tivic periods as in [BF25] and if the middle entries can be interpreted as a kind of local
contribution to a p-adic height pairing for local systems on Shimura curves.
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Further, the image of the composition

H1(Γ,Pn)→ H0(Γ,Div0(K\Qp))→ H1(Γ,M(k))

is the space of weight k analytic modular forms. By considering the periods, we obtain
the periods of some p-adic abelian variety associated to the space of weight k modular
forms that is analogous to an intermediate Jacobian. These are precisely the periods of
[dS89] but with an approach that relies on special meromorphic functions that is a more
direct generalization of Manin–Drinfeld’s uniformization of the Jacobian of a Shimura
curve.

6.3 Algebraicity Conjecture
In Gross–Zagier’s paper, CM-values of the complex higher Green’s function Gk(τ, σ) are
realized as Fourier coefficients of modular forms that are obtained as follows: Let F be
the third real quadratic field contained in the compositum Q(σ) · Q(τ). There is a family
of Hilbert Eisenstein series Es(z1, z2) attached to a genus character χ of the narrow class
group of F . This Eisenstein series vanishes at 0. Therefore, its derivative at 0 is modular.
The Rankin-Cohen operator

Ck : Φ(z1, z2) 7→
k−1∑
i=0

(−1)i
(
k − 1

i

)2
δk−1Φ

δzi1δz
k−i
2

(z, z)

maps Hilbert modular forms of weight (1, 1) to classical modular forms of weight 2k. The
holomorphic projection of

Ck
(
dE

ds
|s=0

)
is a holomorphic modular form whose Fourier coefficients can be related to CM-values
of higher Green’s functions. In this way, Gross, Kohnen and Zagier proved that averaged
values of higher Green’s functions are algebraic.

In the p-adic setting, both [Daa25] and Darmon–Vonk have constructed infinitesimal
deformations of Hilbert Eisenstein (or theta) series for which the diagonal restriction of
the derivative has an ordinary projection that encodes the weight 2 Green’s function in
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its Fourier coefficients. This suggests an approach to proving algebraicity of (averaged) p-
adic higher Green’s functions by adapting the Rankin-Cohen operator to overconvergent
Hilbert modular forms. In future work, I aim to apply this approach and to explore other
p-adic deformations of Hilbert theta series which would relate to individual values of the
higher Green’s functions.
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Anti-symmetry of the Green’s
function

This appendix is the result of joint work with Isabella Negrini and Vinayak Vatsal, and will
appear in an upcoming joint paper. We will present here a proof of the anti-symmetry of
the Green’s functions. This comes as a consequence of the symmetry of a certain pairing
on divisors. In fact, we use this symmetry to prove various other reciprocity results
between cocycles and divisors.

Recall that K is the biquadratic extension of Qp. Let τ1, τ2, σ1, σ2 be distinct elements
of K\Qp, and P (T ), Q(T ) be any polynomials of degree at most n. Define

f(z) = dn+1

(
P (z) log

(
z − τ1
z − τ2

))
.

Then f belongs to O(k,HK ,Qp). Also, let

g(z) = Q(z) logL

(
z − σ1

z − σ2

)
,

then g is a locally analytic function on P1(K) with a pole of order at most n at ∞, σ1

and σ2 and logarithmic singularities at σ1 and σ2. Further, the function f has no residues
near σ1 and σ2.

Proposition .0.1. Let ((τ1)− (τ2))⊗P (T ) and ((σ1)− (σ2))⊗Q(T ) be two divisors with
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disjoint support in Div0(K\Qp)⊗Pn. Then the pairing〈
P (z) logL

(
z − τ1
z − τ2

)
, Q(t) logL

(
t− σ1

t− σ2

)〉
B

is well-defined on divisors of Div0(K\Qp) ⊗ Pn with disjoint support. Further, it is Γ-
invariant and symmetric.

Proof. The map
(σi)⊗Q(T ) 7→ Q(t) logL (t− σi)

is a Γ-invariant morphism Div(K\Qp)⊗Pn −→ ΣL (−n). On the other hand the map

((τ1)− (τ2))⊗ P (T ) 7→ dn+1

(
P (z) logL

(
z − τ1
z − τ2

))
is a morphism of Γ-modules Div0(K\Qp) −→ M(k,Hp, K). Note that the degree zero
assumption is crucial here.

The Γ-invariance then follows from the observation that〈
P (z) logL

(
z − τ1
z − τ2

)
, Q(t) logL

(
t− σ1

t− σ2

)〉
B

(1)

=

〈
dn+1

(
P (z) logL

(
z − τ1
z − τ2

))
, Q(t) logL

(
t− σ1

t− σ2

)〉
M

, (2)

and that the Morita pairing is Γ-invariant.
We will prove the symmetry by expanding the pairing in two different ways. First,

note that (2) can be computed as the sum of residues at τ1 and τ2 of expressions of the
form

resτi
(
dn+1 (P (z) logL (z − τi)) ·Q(z) logL (z − σj)

)
.

We have

dn+1(P (z) logL (z − τ)) =
n∑

c=0

(−1)c(n− c)!
P (c)(τ)

(z − τ)n+1−c .
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and also, for z in a small enough neighborhood of τi we can expand

Q(z) logL (z − σj) =
n∑

a=0

Q(a)(τi)

a!
(z − τi)

a ·
(
logL (σj − τi) + logL

(
1− z − τi

σj − τi

))

=
n∑

a=0

Q(a)(τi)

a!
(z − τi)

a ·

(
logL (τi − σj) +

∞∑
b=1

(−1)b−1(z − τi)
b

b(τi − σj)b

)

= logL (τi − σj)
n∑

a=0

Q(a)(τi)

a!
(z − τi)

a +
n∑

s=1

(
s∑

b=1

(−1)b−1Q(s−b)(τi)

b(s− b)!(τi − σj)b

)
(z − τi)

s

+ higher order terms

We obtain the answer for the residue at τi is

logL (τi − σj)
n∑

a=0

(−1)n−aP (n−a)(τi)Q
(a)(τi)

+
n∑

s=1

s∑
b=1

(−1)n−s(−1)b−1s!Q(s−b)(τi)P
(n−s)(τi)

b(s− b)!(τi − σj)b
. (3)

The second method is by using the following identity for the Breuil pairing

⟨G(z), (t− σj)
i logL (t− σj)⟩B = (−1)n−ii!G(n−i)(σj), (4)

with the expansions

Q(t) logL (t− σj) =
n∑

s=0

Q(n−s)(σj)

(n− s)!
(t− σj)

n−s logL (t− σj),

and

(P (z) logL (z − τi))
(s) = P (s)(z) logL (z − τi) +

s∑
b=1

(
s

b

)
(−1)b−1(b− 1)!P (s−b)(z)

(z − τi)b
.
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Combining the above expressions we obtain

⟨P (z) logL (z − τi), Q(t) logL (t− σj)⟩B = logL (τi−σj)
n∑

s=0

(−1)sP (s)(σj)Q
(n−s)(σj)

+
n∑

s=0

s∑
b=1

(−1)s(−1)b−1s!P (s−b)(σj)Q
(n−s)(σj)

b(s− b)!(σj − τi)b
(5)

By comparing (3) and (5) we see that they are the same expression with the roles of
the two divisors swapped.

Remark .0.2. The pairing above generalizes the cross-ratio; when k = 2 we find〈
logL

(
z − τ1
z − τ2

)
, logL

(
t− σ1

t− σ2

)〉
B

= logL

(τ1 − σ1)(τ2 − σ2)

(τ1 − σ2)(τ2 − σ1)

Recall in Proposition 3.6.8 we defined a map

H1(Γ,Div0(K\Qp)) −→ H1(Γ,M(k,Hp))

written as
D 7→ JD.

Given divisors D1 and D2 with Γ-orbits of disjoint support, we note that JD1 has no
residues near D2 so we define

⟨D1,D2⟩Div = ⟨JD1 ,D2⟩M .

Then ⟨·, ·⟩Div defines a symbol on pairs of divisors which are disjoint modulo Γ.

Proposition .0.3. The symbol ⟨·, ·⟩Div is antisymmetric.

Proof. We calculate the pairing for

D1 =
∑
i

γi ⊗D1i
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and
D2 =

∑
j

αj ⊗D2j.

The pairing

⟨D1,D2⟩Div =
∑
b∈Γ
i,j

[(η0, αjη0) · (bη0, bγiη0)]⟨bD1i, D2j⟩

=
∑
b∈Γ
i,j

[(η0, αjη0) · (bη0, bγiη0)]⟨D2j, bD1i⟩

=
∑
b∈Γ
i,j

−[(bη0, bγiη0) · (η0, αjη0)]⟨D2j, bD1i⟩

=−
∑
b∈Γ
i,j

[(η0, γiη0) · (b−1η0, b−1αjη0)]⟨b−1D2j, D1i⟩

=− ⟨D2, D1⟩.

The first and last equalities follow since ΦD1 can be written as a limit of truncations

l∑
i=0

∑
j

∑
b∈Γl

(η0, γη0) · (bξ0, bγjξ0)(Φ0(Dj)|b−1)(e)

but then this is exactly the residue associated to the finite divisor

l∑
i=0

∑
j

∑
b∈Γ(l)

(η0, γη0) · (bξ0, bγjξ0)bDj

and so evaluation at the other divisor just amounts to the pairing of divisors. The second
equality is the symmetry proven in Proposition .0.1

Lemma .0.4. LetD be an RM-divisor, with an associated element yk,D ∈ H1(Γ,Div(K\Qp)⊗
Pn) and unitary lift y♮k,D ∈ U ⊂ H1(Γ,Div0(K\Qp)⊗Pn). Then,

Jy
k,D♮

= Jk,D,
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i.e.
Obso(Jy

k,D♮
) = 0.

Proof. It suffices to verify that for every class α ∈ H2(Γ,Pn), the natural pairing be-
tween H2(Γ,Pn) and H2(Γ,Pn) gives〈

Obso(Jy♮k,D
), α
〉
= 0.

Let i(α) be the image of α in H1(Γ,Div0(K\Qp)⊗Pn), we have〈
Obso(Jy♮k,D

), α
〉
=
〈
Jy♮k,D

, i(α)
〉
.

By the anti-symmetry this equals 〈
−Ji(α), y♮k,D

〉
,

and Ji(α) belongs to the image of H1(Γ,O(k,Hp)). Since y♮k,D is unitary, this last pairing
equals 0.

Corollary .0.5. Given any two RM-divisors D1, D2, we have

Gk(D1,D2) = −Gk(D2,D2).

Proof. We follow the definition

Gk(D1,D2) =
〈
Jk,D1 , y

♮
D2

〉
=
〈
Jy♮k,D2

, y♮D2

〉
= −

〈
Jy♮k,D1

, y♮D1

〉
= −Gk(D2,D1).
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Norm. Sup. (4), 38(3):427–469, 2005.

[dS89] Ehud de Shalit. Eichler cohomology and periods of modular forms on p-adic
schottky groups. Journal für die reine und angewandte Mathematik, 400:3–31,
1989.

[dS09a] Ehud de Shalit. Bounded cohomology of the p-adic upper half plane. In Sym-
metries in algebra and number theory (SANT), pages 27–47. Universitätsverlag
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