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Abstract

A computational method based on Chebyshev series to rigorously compute so-
lutions of initial and boundary value problems of analytic nonlinear vector fields
is proposed. The idea is to recast solutions as fixed points of an operator defined
on a Banach space of rapidly decaying Chebyshev coefficients and to use the so-
called radii polynomials to show the existence of a unique fixed point nearby an
approximate solution. As applications, solutions of initial value problems in the
Lorenz equations and symmetric connecting orbits in the Gray-Scott equation are
rigorously computed. The symmetric connecting orbits are obtained by solving a
boundary value problem with one of the boundary values in the stable manifold.

1 Introduction

In this paper, we propose a rigorous numerical method based on the Chebyshev polyno-
mials to compute solutions of nonlinear differential equations. More explicitly, the field of
rigorous numerics develops algorithms that provide approximate solutions to a problem
together with precise bounds within which exact solutions are guaranteed to exist in the
mathematically rigorous sense. In this context, the main idea of our proposed approach
is to expand the solution of a given differential equation using its Chebyshev series, plug
the expansion in the equation, obtain an equivalent infinite dimensional problem of the
form f(x) = 0 to solve in a Banach space of rapidly decaying Chebyshev coefficients and
to get the existence, via a fixed point argument, of a genuine solution of f(z) = 0 nearby
a numerical approximation of a finite dimensional projection of f. The fixed point ar-
gument is solved by using the radii polynomials (e.g. see [1]), which provide an efficient
way of constructing a set on which the contraction mapping theorem is applicable.
Before proceeding further, it is worth mentioning that a similar approach based on
Fourier series is widely used in the field of rigorous numerics to compute solutions of
differential equations with periodic profiles. For instance, time periodic solutions of
ODEs [2, 3], stationary solutions of PDEs with periodic or Neumann boundary condi-
tions [4, 5, 6, 7], time periodic solutions of delay differential equations [8, 9] and invariant
sets of infinite dimensional maps [10] have been successfully computed using Fourier se-
ries and rigorous numerics. However, to the best of our knowledge, this is the first time
that a method based on Chebyshev series is presented to rigorously compute solutions of
nonlinear differential equations. Since a large class of solutions of differential equations
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are non periodic (e.g. solutions of initial value problems (IVPs) and boundary value prob-
lems (BVPs) with non periodic boundary values), we believe that our proposed approach
is a valuable contribution to the field of rigorous numerics. Also, since Chebyshev series
are Fourier series in disguise [11], the mathematical machinery developed in the last ten
years to prove existence of solutions with periodic profiles can directly be transferred
to prove existence of non periodic solutions. To give a few examples, the analytic esti-
mates introduced in [4, 6, 10, 12] and the Banach space of rapidly decaying coeflicients
used in [3, 4] can be used here. Finally, let us mention the work [13] where the authors
develop Chebyshev interpolation polynomial-based tools for rigorous computing. How-
ever, it seems that they have not yet applied their methods to rigorously solve nonlinear
differential equations.
In the present work, we focus our attention to analytic vector fields of the form

du =9(u), U:R"—=R", (1)
dt
where we aim at computing rigorously solutions of IVPs and BVPs associated to (1). Even
if we present the method in this context, we strongly believe that a similar approach could
be adapted to directly prove existence of solutions of higher order differential equations.
The Chebyshev polynomials are defined by To(t) = 1, Thi(t) = t and T4 (f) =
2Ty (t) — Tx—1(t) for k > 1. They lead to an analogue of the Fourier expansion for non
periodic functions on an interval and, as mentioned earlier, they are Fourier series in
disguise, as Ty(cos ) = cos(kf). The following standard result can be found in [14].

Theorem 1.1. FEvery Lipschitz continuous function v : [—1,1] = R has a unique repre-
sentation as an absolutely and uniformly convergent series v(t) = > o arTk(t).

The following result, which can also be found in [14], shows that the coefficients ay
of the Chebyshev series of an analytic function v decay exponentially fast to zero.

Theorem 1.2. Let a function v analytic in [—1,1] be analytically continuable to the open
p-ellipse E, for some p > 1 where it satisfies |v(z)] < M for all z € E, for some M.
Then its Chebyshev coefficients satisfy |ar| < 2Mp~*, with |ag| < M in the case k = 0.

E, (with foci at +1) is defined by fixing p > 1 and considering the image of the circle
with radius p in the complex plane C under the map w = %(z + 271). This consequence
of Theorem 1.1 and Theorem 1.2 plays a fundamental role in the design of our approach.

Corollary 1.1. Assume that ¥ : R™ — R™ is real analytic and let u : [-1,1] — R
be a solution of (1). Then each component u; of u is real analytic and has a unique
representation as an absolutely and uniformly convergent series of the form u;(t) =
Yoreola;)kTr(t). Also, for each j € {1,...,n}, the sequence of Chebyshev coefficients
{(aj)k}k>0 of u; decreases to zero faster than any algebraic decay, that is, for any decay
rate s > 1, there exists a constant C; = C;(s) < oo such that |(a;)k| < %, for k> 1.

Consider a Chebyshev expansion of a solution u of the analytic vector field (1)

u(t) =ag+2> _ ayTi(t), (2)

k>1

T .
where a;, = ((al)k, (ag)g, ,(an)k) € R". Letting ||ak|lcc = max;j—1 . n{|(a;)x|} and
defining the weights
1, ifk=0

def
s de 3
o {|k|% if & # 0, ®)



one has by Corollary 1.1 that for any given s > 1

lalls def sup{||ax [l owi } < 00 (4)
k>0

The philosophy of our method is therefore to rigorously compute solutions u of an IVP
or a BVP associated to (1) first by recasting them as solutions of an operator equation

F(u) =0, ()
and then to use Chebyshev series to transform (5) into an equivalent problem of the form

f(z) =0, (6)

to solve in a Banach space X* of algebraically decaying Chebyshev coefficients. We now
introduce the operators (5) and (6), first for IVPs and then for BVPs.

Initial value problems. The first class of problems we address in the present work are
initial value problems associated to the vector field (1). Integrating (1) from —1 to ¢,
one has that finding a solution u with initial condition u(—1) = pg € R™ is equivalent to
finding a solution u of F'(u) = 0, where the nonlinear operator F' is given by

F(u)(t) = po + /_1 (u(s))ds — u(t), te[-1,1]. (7)

The fact that ¢ € [—1,1] is not a restriction since in the autonomous vector field (1), a
re-scaling of time could be considered. The goal is to develop a rigorous computational
method based on Chebyshev series to compute solutions of (7). Given the Chebyshev
expansion (2) of u with a = (ax)x>o the infinite vector of Chebyshev coefficients, consider
the Chebyshev expansion of ¥(u) given by

U(u(t) =co+2 ) exTi(t), (8)

k>1

where ¢, = cx(a) = ((c1)r, (c2)is -+ (cn)k)T € R™. In particular, if ¥(u) is a polynomial
vector field, then since Chebyshev polynomials satisfy Tj(cos#) = cos(kf), ¢ is given
by discrete convolutions involving the coefficients of a. Plugging (2) and (8) in (7),
and using the properties Tj,(—1) = (—1)* and Ty (1) = 1 for all k, [Ty(s)ds = Ti(s),
[ Ti(s)ds = (Ta(s) + To(s))/4 and [ Ti(s)ds = 3 (Tk,:fl?) - %is)) for k > 2, one gets
that ~ ~
Fu)(t) = fo+2)_ fiTk(t),
k>1

where fo & po—ag—+co— G =235, (j;—i)ljcj and f & S ChEL —qy, for k > 1. Denote
x = a and define f(z) = (fx(z))r>0 component-wise by

c1 (-1)/
_ —_ = _9 i k=0
fr(z) = rTaTeTy ;ﬂ—l% '

2kay + cpy1 — ck—1, k> 1.

)

Note that f = —2kfy, for k > 1. f given by (9) is called the IVP-operator and finding
a solution w of the initial value problem (7) is equivalent to finding a zero of the IVP-
operator.



Boundary value problems. A second class of problems that we address in the present
work are boundary value problems associated to the vector field (1), that is solutions u
satisfying the differential equations (1) in [—1, 1] while satisfying the boundary condition

G(u(=1),u(1)) =0, (10)

where G : R2® — RP? is an affine map, with p the number of boundary conditions. Letting
p1 = u(l), integrating the vector field (1) from ¢ to 1 and appending the boundary
condition (10) results in the integral operator defined by

Glu(~1),u(1))
1
ult) + / (u(s))ds — py

where G(u(—1),u(1)) and/or p; depend on a parameter § € RP which ensures that the
operator (11) is not overdetermined. Denote by 2 = (6, a) the infinite dimensional vector
of unknowns. Following the same approach as the one used to derive the IVP-operator,
we plug (2) and (8) in (11), use standard properties of the Chebyshev polynomials and
then we define the operator f(z) = (fix(z))x>—1 given component-wise by

7’](9,&), k= -1,

F(0,u)(t) = (11)

C1 1
fi(z) = a0+00+5—2zj2i_10j—p17 k=0, (12)

j>2
2kap + cpy1 —cp—1, K21,

where 7 € R? is a function of a = (ax)r>0 and possibly of 6 that represents the boundary
condition (10) expressed using the Chebyshev expansion of u. We call the operator
f(z) = (fx(x))k>—1 given by (12) the BVP-operator. Hence, finding a solution u of the
boundary value problem (11) is equivalent to finding a zero of the BVP-operator.

Let us introduce the notation x = (zx)k>k, and f = (fx)k>k,, with ko € {—1,0}. If
x is the vector of unknown of the IVP-operator (9), then kg = 0 and z = (2)k>k,, With
xp = ar € R for k > 0. If z is the vector of unknown of the BVP-operator (12), then
ko =—1 and x = (zg) >k, With 21 = 6 € R? and zy = a;, € R” for k > 0. Similarly, if
f is the IVP-operator (9), then ko = 0 and if f is the BVP-operator (12), then kg = —1
and f = (fi)k>ko, With f_1 =17 € RP.

Given 0 € RP, let [|0||cc = max{|01],|02],...,|0,|}. Recall the weights (3). As a
consequence of Corollary 1.1, we define the IVP-operator and the BVP-operator on the
Banach space of decaying Chebyshev coefficients given by

X° = {a = (@)zko ¢ |l2]s = sup {lexllcwi} < oo}, (13)
E>ko
with ky = 0 in case of the IVP-operator and with kg = —1 in case of the BVP-operator.
The rest of the paper aims at introducing the rigorous method to prove existence of
solutions of f(x) = 0 within X* using the notion of the radii polynomials.

The paper is organized as follows. In Section 2, we introduce the rigorous computa-
tional method to prove existence of solutions of f(z) = 0 within X*, where f is either the
IVP-operator (9) or the BVP-operator (12). In Section 3, we present some applications.
In Section 3.1, rigorous computations of IVPs in the Lorenz equations are introduced
while in Section 3.2, we compute symmetric connecting orbits for the Gray-Scott equa-
tion. Note that the symmetric connecting orbits are obtained by computing solutions of
a BVP with one of the boundary values in the stable manifold. We conclude the paper
in Section 4 by presenting some possible extensions and improvements.



2 Rigorous computations

In this section, we introduce the rigorous computational method to compute z € X* that
are solutions of f(x) = 0, where the operator f is either the IVP-operator (9) or the
BVP-operator (12). Let us formalize the definition of the operator f on X*.

Lemma 2.1. Consider the Banach space X* with s > 1, the vector field (1), let x =
(k) k>ko € X*® and define u(t) = ag+2) ;< arTr(t), where ay = xy for k > 0. Assume
that the coefficients (cx)k>o0 of the Chebyshev series of ¥(u) given by (8) satisfy

l[ells = sup{{|ex|loowi} < o0 (14)
k>0

Consider f either the IVP-operator (9) or the BVP-operator (12). Then, f : X — X*~1.
Also, if © € X*® is a solution of f(x) = 0, then x € X®° for any so > 1. Finally,
uw(t) = ag + 2 5 apTr(t) is a solution of F = 0 where F is the integral operator (7)
(respectively (11)) if and only if * = (xk)k>k, € X° solves f(x) = 0 where f is the
IVP-operator (9) (respectively the BVP-operator (12)).

Before presenting the proof of Lemma 2.1, it is important to remark that the hy-
pothesis (14) is met for all polynomial vector fields, since for any s > 1, Q° L {a =
(ar)ken : ar € R, |ja]ls < oo} is an algebra under the discrete convolution. More pre-
cisely for any a,b € Q°, there exists a constant a« = a(a,b) < oo such that |(a *b)| =
|Zk1k+ke2z:k Ay Oy | < ﬁ (e.g. see [4] for the case s > 2 and see [15] for the case

€ (1,2)). This implies that a*b € 0%, and hence that (Q°, %) is an algebra. For ease of
notation we will henceforth omit the x.
Proof. (of Lemma 2.1) Consider = (2 )k>k, € X° and define u(t) = ao+2 >+, arTk(1),
with ag, = zy, for k > 0. In case kg = —1, one clearly has that || fx, (7)o = [|7(2)]|ec < 00.
Consider the Chebyshev coefficients (cg)r>0 of ¥(u) that satisfy |lc||s < oco. Hence,
leklloo < % and therefore ||, Jf—ilHoo < ||0H52j22m < o0. That implies
that ||fo(2)|lec < o0. Now, there exists a constant oy < oo such that ||fi(z)|lec =
I2kay + crr1 — ck1lloe < 2”?,”5 + ﬂi”s + ‘L‘f”s < 2 for all k > 1. It follows that
Wy k41 k—1 Wy,
|l f(z)]|s—1 < oo and therefore that f(x) € X*71.
Assume now that x € X*° is a solution of f(xz) = 0. Hence, for any k& > 1, fp(z) =
2kay, + cx+1 — cx—1 = 0 which implies that a; = _i(CkH,l — ¢k—1). Since ¢ = (cg)r>0
satisfies (14), there exists a constant as < 0o such that

1
sup{[|ax [|oowp 1} < sup{ - (flek+1loc + ler—1lloo )i ™1} < aa.
k>1 k>1

That shows that z = (zx)k>k, € X°1. Repeating the same argument inductively and
using the fact that X®' C X*2 for any s; > s, one gets that x € X*° for all s > 1.
Finally, the fact that u(t) = ap +2) ;- axTk(t) is a solution of F' = 0 where F is the
integral operator (7) (resp. (11)) if and only if = (zg)r>k, € X° solves f(z) = 0 where
f is the IVP-operator (9) (resp. the BVP-operator (12)) is trivial by construction. O

A consequence of Lemma 2.1 is that if one shows the existence of x € X* such that
f(z) = 0 (for some s > 1) where f is the IVP-operator (9) (resp. the BVP-operator
(12)), then the coefficients (ay ) decay faster than any algebraic decay and u(t) given by
(2) is a solution of the initial value problem (7) (resp. the boundary value problem (11)).



The strategy to find solutions of (6) is to consider an equivalent fixed point operator
T : X° — X°® whose fixed point are in one-to-one correspondence with the zeros of f.
More precisely, the operator T is a Newton-like operator about an approximate solution
z of f. In order to compute this numerical approximation we introduce a Galerkin
projection. Let m > 1 and define the finite dimensional projection IL,, : X°* — X by
I,z = (Ik)zn:_klo- The Galerkin projection of f is defined by

f XS = X3 s ap o M f(ar, 0, (15)

where 0y = (I — 1I1,,)0. Identifying (zr,0s) with xp € X5 = RPFT™ we think of
fOm)  Rptnm _y RPEP™ - Now assume that we have computed Zr € RPT™™ such that
fO)(zp) ~ 0 and let # = (Zr,0s) € X°. Let Bz(r) = Z + B(r), the closed ball in X*
of radius r centered at Z, where

r(k‘”, (16)

T T
B(r)=<ze X?: ||z|ls = sup{|lz Wl <ph = _—
n{ ol = sup (el < = T [-2 2

k>ko k

where d(—1) = p and d(k) = n for £ > 0. In order to define the fixed point operator

T, we introduce A,, ~ (D f(™) (:EF))_1 a numerical inverse of Df(™ (Zp). Assume that

the finite dimensional matrix A, is invertible (this hypothesis can be rigorously verified

with interval arithmetic). Define the linear invertible operator A : X* — X1 by
A (I, , k=ko....m—1

(Az)y = {( (M) 0227 (17)

(i) Tk, k> m.

Finally define the Newton-like operator T': X® — X about the numerical solution Z by
T(x) =2 —Af(x). (18)

The goal is to determine (if possible) a positive radius r of the ball Bz(r) so that
T : Bz(r) — Bz(r) is a contraction. Assuming that such r > 0 exists, an application
of the contraction mapping theorem yields the existence of a unique fixed point & of T
within the closed ball Bz (r). By invertibility of the linear operator A, one can conclude
that & is the unique solution of f(z) = 0 in the ball Bz(r). By construction, this
unique solution represents a solution u(t) of the IVP-operator (7) or the boundary value
problem (11), depending on the situation. Hence, all we need to do is to find r > 0
such that T : Bz(r) — Bz(r) is a contraction. This task is achieved with the notion of
the radii polynomials (originally introduced in [1] to compute equilibria of PDEs), which
provide an efficient way of constructing a set on which the contraction mapping theorem
is applicable. Their construction depends on some bounds that we introduce shortly.
Before that, we introduce the notation < to denote component-wise inequality, that is
given two vectors u,v, u < v if and only if ur < vy for all k. The same notation holds
for <. Consider now the bound Y = (Y} )r>, satisfying

‘[T(f)—f]k‘ <Y, k> ko, (19)

where Y;, € R} for k > 0. If kg = —1, then Y}, € RY. Consider the bound Z(r) =
(Zi(r))k>k, satistying

sup
£1,62€B(r)

(DT + €0)6a],| % Zetr), k= ko, (20)



where Zp(r) € R% for k > 0. If kg = —1, then Zy,(r) € RY. If the vector field (1) is
polynomial, then it is possible to obtain a polynomial expansion in r for Zi(r). As a
matter of fact, in this case, the degree of the polynomial Zj(r) is the same than the degree
of the polynomial vector field ¥(u). Otherwise, that is if the analytic vector field ¥(u)
is not polynomial, a Taylor expansion can be considered in order to obtain a polynomial
expression in r for Zi(r). We make now the following important assumption. Assume
that there exists a number M > m where m is the dimension of the Galerkin projection
(15) such that the bounds Y and Z satisfying (19) and (20) are such that

Al. Y, =0€R"” for all k> M.
A2. There exists a uniform polynomial bound Z;(r) € R? such that for all & > M,

ZM(T)

Z(r) = o

(21)

Before introducing the radii polynomials, let us briefly talk about the two above
assumptions. If the vector field W(u) is polynomial, then the nonlinear terms c(a) are
convolutions terms of the form (a;,)a;,) - -aj,))x which are eventually equal to zero
for large enough k since a; = 0 for k > m. Hence, by construction of A defined in
(17) and of the bound Y as in (19), there exists M such that Y, can be defined to be
0 € R™ for k > M. Again in case the vector field ¥(u) is polynomial, there are some
analytic convolution estimates (e.g. the ones developed in [4]) that allow computing
Zu(r) satisfying (21). The computation of the uniform polynomial bound Zy/(r) is
presented explicitly in the examples of Section 3.

Defintion 2.1. Denote by 1, € R"™ the vector whose components are all 1. We define
the finite radii polynomials (pk(r))kMZ_ki by

r
pk(T’):Yk‘f’Zk(?“)—Eln, k’:k07...7M—1, (22)
k

and the tail radii polynomial by
pu (1) = Zy(r) — rly. (23)
The following result justifies the construction of the radii polynomials of Definition 2.1.

Theorem 2.1. If there exists v > 0 such that pr(r) < 0 for all k = ko,..., M, then
T : Bz(r) — Bz(r) is a contraction and therefore there exists a unique & € Bz(r) such
that T(Z) = . Hence, there exists a unique & € Bz(r) such that f(Z) = 0.

Proof. See Corollary 3.6 in [4]. O

The strategy to rigorously compute solutions of the IVP-operator f given in (7)
and the BVP-operator f given in (11) is therefore to construct the radii polynomials of
Definition 2.1, to verify (if possible) the hypothesis of Theorem 2.1, and to use the result
of Lemma 2.1 to conclude that u(t) = ap +2) .+, axTk(t) is a solution of F' = 0 where
F is either the integral operator given by (7) or the operator given by (11)

While the computation of the bound Y satisfying (19) is rather straightforward, the
computation of the polynomial bound Z(r) satisfying (20) is more involved. In order to
simplify its computation, we introduce the linear invertible operator AT : X* — X*~! by

(2k) zy, k> m. (24)



and we use the factorization T'(z) = 2 — Af(x) = (I — AAN)z — A(f(x) — Az). Letting
&1 = wr, & = vr with w,v € B(1), one has that

DT(Z + & )6 = (I — AANE — A (Df(T + &)& — ATE)

=[(I- AAT)U] r—A(Df(z+wr)or — AT’U’I’) , (25)
where the first term is of the form er, for e = (I — AAT)v € X* very small, and where the
coefficient of r in [D f(Z+wr)vr — ATvr]y, should be small as the dimension of the Galerkin
projection m is large. Hence, for m large enough, the coefficient in 7 of Zy(r) should be
small. That should increase the chances of the coefficient of  in the radii polynomials
defined in Definition 2.1 to be negative, and therefore increase the chances of verifying
the hypothesis of Theorem 2.1. We are now ready to present some applications.

3 Applications

In this section, we present two applications. The first application, presented in Sec-
tion 3.1, concerns initial value problems in the Lorenz equations. More precisely, we use
the notion of radii polynomials to compute rigorously solutions of the IVP-operator f
given by (9). This yields rigorous enclosures of solutions of the integral operator (7),
where W(u) is the vector field arising in the Lorenz equations. The second application,
presented in Section 3.2, concerns projected boundary value problems in the Gray-Scott
equation. More precisely, we use the notion of radii polynomials to compute rigorously
solutions of the BVP-operator f given by (12) where one of the boundary value is in the
stable manifold of a steady state. This yields rigorous enclosures of several symmetric
connecting orbits for the Gray-Scott equation.

3.1 Initial value problem in the Lorenz equations

Consider the Lorenz equations re-scaled by a time factor L given by

du O'(UQ — Ul)
— =U(u) =L | pus —us —ujus (26)
dt

uyug — Pug

at the classical parameter values o = 10, p = 28 and 8 = 8/3.
The Chebyshev coefficients (8) of (26) are given explicitly by

o((az)r — (a1)k)
e, =L plar)r — (a2)r — (a1a3)k (27)
(a1a2)r — B(as)k

with

(Anam)r = Z (an)lkl\(am)\kzl
ky+ko=k
ki, EZ
forn =1, m = 1,2 and k£ > 0. Given an initial condition pg, this results in an explicit
expression f(x) for the IVP-operator (9). We now present rigorous numerical results
illustrating the performance of our method.



Theorem 3.1. Consider

ph = (8.102574164767477,9.551574461919124, 24.429705657930224)
P2 = (—0.3074083926082352, 0.3943349846945122, 0)
po = (4.102702069909453, 8.936495309135337, 0.5789130478426856).

Let s = 2. For py € {p},p3,ps} consider the IVP-operator f given by (9) with c as in
(27). For each L in Table 1 or Table 2 corresponds a unique solution & € X*° of f(x) =0
in a ball Bi(rp(l),2,a) C X?® of radius Tpi2s centered at an approrimate solution .

L Jo0.1 0.2 0.3 0.4 0.5 0.54
my | 300 300 300 300 300 300
rpz | 201x1077 [ 321 x 107" | 580 x 107" [ 1.95 x 107'9 | 512 x 1077 | 452 x 10~°

Table 1: Given pZ and for a fix L, these are corresponding values of the Galerkin projection

dimension my2 and the radius Tp2 around the approximate solution z in X* for which

the radii polynomials approach was successful.

L 05 1 15 2 2.5 3

my | 50 100 200 250 300 500

mys | 150 200 300 400 500 600

rpr | 261X 1077 [1.27x10°% [ 2.85 x 10°° [ 877 x 10°° [ 453 x 107 | 1.03 x 10~°
rpg | 1.07x1077 [ 1.31x 1077 | 6.29 x 1077 | 1.09 x 10~° [ 1.40 x 107° [ 517 x 10~°

Table 2: Given p(l)’3 and for a fix L, these are corresponding values of the Galerkin
projection dimension m,1s and the radius Tpls around the approximate solution z in X*°
for which the radii polynomials approach was successful.

Before we discuss the proof via an application of Theorem 2.1 we comment on the
choice of the initial conditions. p} is chosen to lie approximately on the unstable manifold
of the positive eye equilibrium (\/ﬂ(p -1, \/B(p —1),p — 1), p¢ lies approximately on
the unstable manifold of the origin whereas pj3 is taken randomly. As one can see in
Tables 1 and 2, the data of the verification method depends strongly on the choice of the
initial condition. We assume that this stems from the presence of poles of the complex
extension of the solutions u : [—1,1] — R3 of (26) whose position in the complex plane
changes depending on the initial condition and the scaling factor L. By Theorem 1.2 this
influences the decay rate of the Chebychev coeffcients. This is illustrated in Figure 1.
We refer to Figure 2 for a representation in phase space of two solutions of Theorem 3.1.

The proof of Theorem 3.1 can be found in the MATLAB programs proofLorenz1.m,
proofLorenz2.m and proofLorenz3.m at [16]. It relies on Theorem 2.1 and uses the package
Intlab [17] for the interval computations and the package Chebfun [18]. In order to apply
Theorem 2.1 the construction of the radii polynomials as defined in (22) and (23) is
crucial. After the following remark we aim to give some details about the derivation of
the bounds defined in (19), (20) and (21) involved in the construction of the polynomials.

Remark 3.1. Consider an approximate solution T and a corresponding unique genuine
solution & € Bz(r) C X® of f(z) = 0 for a decay rate s > 1 and a radius r > 0.
Via the expansion (2) the sequences of Chebyshev coefficients T and & correspond to
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Figure 1: Comparison of the componentwise solution profiles of a solution u : [~1,1] — R? of
the Lorenz equations for the initial condition p§ (blue), pg (red) and p3 (green) for L = 1 and
of the decay rates of their Chebyshev coefficient sequences.

(a)

Figure 2: Profile in phase space of the solution (u1,u2,us) of the Lorenz equations starting at
(a) the initial condition pg; (b) the initial condition pj.

functions 4 and @ respectively, where @ solves (26) with respective initial condition py.
The following reasoning translates the inequality ||T — Z||s < r into an upper bound for
@ —afco = supie(—_1,1] [|2(t) — @(t)||oc- For every t € [~1,1] and every s > 1 we have

o0 o0
- _ _ _ _ 1
la(t) — a(t)lloo < llao — dollec +2 Y lar — dxllec |Tu(¢)] < (1 +2) ws) r

k=1 k=1 "k
2
< e .
< <3—|— s_1>r

Hence by taking the supremum over all t € [—1,1] we obtain ||t — @l|co < (3 + 531) r.

<1

We now turn to the computations of the bounds involved in the construction of the
radii polynomials.
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3.1.1 Derivation of the bounds required to construct the radii polynomials

Note here that kg = 0, p = 0 and n = 3. Choose a time scaling factor L. Consider f the
IVP-operator (9) with ¢ given in (27). Recalling (15), consider a Galerkin projection
dimension m and an approximate solution # = @ = (ap,0s), that is f(™)(ar) ~ 0.
Set the computational parameter M arising in hypotheses A1 and A2 to M = 2m — 1.
With this choice, A1 is fulfilled and we can directly compute Yp,..., Yy —1 from (19)
using interval arithmetic. Concerning the computation of Z1(r),..., Zy—1(r) satisfying
(20) and Zys(r) satisfying (21), the first step is to use (25) and to compute polynomials
z2(r) = zfr + 252 for k > 0 with 2/ € R?, such that [Df(Z + rw)rv — ATrv}k = z(r),
where w,v € B(1). Note that B(1) is given by (16) with » = 1. The derivation of an
upper bound for |z (r)| is a major step to obtain Zj(r) and is postponed to a separate
consideration. We remark that we have to distinguish the cases k =0, 1 <k <m —1
and m < k. A straightforward calculation leads to the expressions summarized in Table
3. Note that v! is defined for i = 1,2,3 by

(vl)k:{ 0, k=0,....m—1
K3 ( .

Vi)k, k>m

k=0

0 i 0 m—1 0
L —(ﬁsvrf)o —(ayvdo | - - —(53"01_{)1 —(ayvd) | -2 > - —(agv]); — @1vd);
0 (ayvd)o + (@zvd)o 2\ @ivd)1 + (@azvin 3=2 97 =1\ (@1vd); + (@zvd);

z

! Mot o((va); — (1)) 0 o 1 [felwa); — (1)) 0

-2 > ~ p(v1); — (v2)j | + (—(53”1>j - (61v3)]) -2 > 5 p(v1); — (v2); | + (—(53111)‘7 - (ﬁ1'03)j>
j=m 37— 1 —B(v3); (ajva)j + (agua); j=MJ° 1 —B(v3); (ayva); + (agva);

0 1 0 > 1

Z9 L || =(wzvy)o — (wiv3z)g | = 3 [ —(wzvi)o — (wivzdo | —2 > ~ —(w3vy); — (w1v3);
(wyva)o + (wy 1)o (wyva)o + (wavi)g j=237 — 1 \ (wywg)j + (wavy),
k=1,...

Z{C L ( (GSUl)k+l_(“113)k+1) ( (asvl)k 1—(“113>k 1)
(altz)k+1+(a2”2>k+1 (ayvd)p_ 1+(“2”é>k 1

Z5 L ( (w3”1)k+1*(w1”3)k+]> ( (wgvi)p— Jf(wws)k 1)
(wyvo)ppy + (wovi)pqq (wiva)p—1 + (wavi)g—1 /|

k>m

o((v2)g41 — (V1) g41)

0 o((v2)g—1 — (v1)p—1) 0
27 L pP(v1) 41 — (v2)py1 | + (*(a3vl)k+1 - (6103)k+1> - pP(v1)g—1 — (v2)p—1 | + (*(531’1)1«71 - (&IUS)k—1>
—B(v3) k41 (a1vg)p41 + (@2v2) k41 —B(v3)p_1 (ajva)p—1 + (agva)p_1
0

0
Z§ L (*(“-’3'"1)k+1 - ('W1'03)k+1> - (*('WS'Ul)kfl - ('U-'I'US)k71>
(w1v2) g1 + (Wav1) i1 (w1v9) 1 + (w201 ) k-1

Table 3: Formulas for z},

Our next goal is to compute polynomials Zj, (r) = Z{“r + 257“2 € R3 such that
|2f| = ZF, for 1=1,2 and k=0,...,M —1 (28)

and Zy;(r) = ZMr 4+ ZMr? € R® such that

Z]\/[
|zF| < 2 for 1=1,2 and k> M. (29)
W

To obtain the bounds Z{“ for k=0,...,M — 1 define the finite sums
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1
k,I e _
; def (|al|)|k1‘ T for k=0,...,M —1,
ki=—m-+1 k—k1
m—1 1
def —
DI (|az|)|k1‘ws , for k=0,..., M,
ki=—m+1 k—k1

where
s, def O, OSk‘Sm—l
B wp, k>m.

To define the uniform bound Z{” for k > M we set for i =1,2,3

ZM b= (las])o + Z |ai|)x ( (1k1)s>

ki=1 M—1

In order to compute Zf fork=0,...,M and Zé\/[ we employ estimates whose detailed
explanation can be found in [4]. For M > 6 and s > 2, define the constant

(M S+ 41n(M72)+7r276 L+EH
MEE\M 1 M 3 MT2)

and in addition define

M
1+22 25 +m7 k=0
ki1=1
2M 2k 2k° _
Y = Zwklwk+k1 G- T2 Z“’kl‘*’k Ky 1sksM-1
ki=1 ki=1
M
2+2Zw +m+7Ma k> M.
ki1=1

This yields that

1 oM

E < ks , for k>0.
Wiy W w
K1 tha=k k12 k

Combining these definitions a direct reasoning leads to the bounds of Table 4.

We are now in position to take the last step in defining Zy(r) = Z¥r + Zr? for
k=0,...,M—1specified in (20) and Zy;(r) = ZMr+ ZMr? given by (21). As previously
mentioned, by definition of A and Af, there is a small e such that for all & > 0,

‘ (I - AAT)rv]k| < rels.

In particular for £ > m we have ¢ = 0 by definition of A and AT given respectively by (17)
and (24). We let Vi = (Z9,..., Z"" ') € R®" for | = 1,2 to obtain for k =0,...,m —1

Z{C = [|Am|vl]k +€l3

30

12



0 B 0 m—1 0
0,1 0,1 1,1 1,1 g, 1 g, 1
v ESI+261 +; E‘?IJrE%I +2 X i2 —1 231+211
ZO =By =Ry g=2 9 =5+ sy
1
M=z oy [ 1 [ 200 50 2 2|0 Mot M1
+2 3 = — |lel 1]+ [ Z3+= ||+ > 7 |l 1]+ E;?\ +E}v
jSm 32 =1 w8 B =1+ 3] (M = 1)2 = 1)(s — 1)(M — 2)* 18] sM-1 g st
— 5 M - — . 2, M—1 oM —1
ZO L 2:15"]»1 N &fM 1 +2le 203 . 10 (lJ
2 g “f S (Z-Des (M- D2 - -nw -2t

El +Zg ’ +22
k o 2, B 0
ZQ L | k4L o 2
k41 k-1 2

2,M—1 2,M—1 0
7k Y41 k-1
2 L|kfL b 2
k41 k—1 2
k>M

0
7 M 1 s [ 2] . _ q—
A L <1+<Mf‘£1>é>(\p|+1 F O+ (gL E}f 1+z§’ 1
181 R

- —
) Lo+ (gMLp®edM (3)

Table 4: Formulas for Z}

where the absolute value is taken component-wise and for k =m, ..., M — 1
ZF =125 for 1=1,2 (31)
! 2k L7 T
Finally we set
_ 1 -
zM = leM, for 1=1,2. (32)

Combining the bounds Yp,...Ya—1 and the bounds (30), (31) and (32) completes the
construction of the radii polynomials defined in (22) and (23).

3.2 The Gray-Scott equation

Consider the Gray-Scott equation re-scaled by a time factor L given by

vf = L* (v1v3 — A(1 — vy))
vy = L? (%(Uz - Ulvg)) :

where v and A are real parameters. The Gray-Scott model serves as a model for a contin-
uously fed unstirred autocatalytic reaction. The homoclinic solutions we seek represent
non-trivial stationary spatial patterns in the form of pulses. See [19] and the references
therein for more details on the significance of the equation. Letting u; = vy, us = vi,
ug = vg, ug = vh and u = (ui, uz, usz, us)’, we re-write (33) as the vector field

(33)

Uy
du L? ()\ul +uguf — )\)
i U(u) = Uy . (34)
L? (%u;), — %ulug)

13



Hence, the Chebyshev coefficients (8) of (34) are given explicitly by

(a2)k
o | B o A0k (35)

12 (Aas)s — L (mad)e)

where dj, o is the Kronecker delta function and where

(@a3)e = Y (1)ky)(8) ks (@3) s
k14kotks=k
ki, EZL

We are interested in computing symmetric homoclinic orbits at p = (1,0,0,0)”. Con-
sider P(6) to be a parameterization of the local stable manifold Wi _(p) at the steady
state p. In order to compute P we employ the parametrization method developed in [20],
[21] and [22]. The philosophy is to use a power series expansion to solve an invariance
equation for P and thereby compute a multivariate polynomial approximation Py to P.
In addition the a-posteriori verification enables to find a domain V' and a bound ¢ such
that ||P(0) — Pn(0)|lcc < d for all § € V. For details on the implementation and the
a-posterori verification we refer the reader to [23].

We interpret symmetric homoclinic orbits as solutions of a BVP with the boundary
value u(1) = P(#), that is u(1) € W (p). We impose the even symmetry condition
of the orbit (v1,v2) with v{(—1) = ua(—1) = 0 and v4(—1) = us(—1) = 0. Hence, the
boundary condition (10) reads as G(u(—1),u(1)) = (uz(—1),us(—1))T € R%, p; = P(0)
and then the operator (11) is given by

’LLQ(—l)
F(0,u)(t) = u(=1) . (36)

1
u(t) + /t U(u(s))ds — P(0)

To obtain the first component 7 of (12), we use that Tj(—1) = (—=1)* for all k > 0 to get

T
77(9#1)—<02 0+22 *(a2)k, (a4 o+22 > . (37)

Together with (35) we obtain an explicit expression f(z) = fy (z) for the BVP-operator
(12) tailored to the problem of finding even homoclinics in the Gray-Scott system (34).

It is shown in [19] that for parameter values YA = 1 and A > 4 there exists a family
of even symmetric homoclinics. More precisely for all (A,~) in the parameter set

1 2
Co{(%,y)- 0<’Y<9},

the functions given by

3y 3

% d N2
1+ Qcosh(-% and - va(t) = 1+ Q cosh

7}l(t)zl_ \/,7) (%)7

(38)

with Q(v) = /1 — 77, are even symmetric homoclinic orbits of (34). Furthermore in

Theorem C of [19] it is ensured that the homoclinics persist if Ay = 1 + € for some

14



small € and in [23] to a certain extent the magnitude of € for v = 0.15 is investigated.
More concretely the authors of [23] show in Theorem 1.1 the existence of 30 homoclinic
orbits on the line v = 0.15 in parameter space. We take a similar approach but extend
the considered region in parameter space. Before presenting the result, note that there
is a theoretical constraint in using the parameterization method to compute W} _(p)
in parameter space. This constraint comes from the presence of resonances between the

eigenvalues :l:% and +v/AL of D¥(p). A resonance occurs when Ay = n? or Ay = (1/n)?

for some n € N. Denote C, = {(\,7) : Ay = (n+1)?} for n > 0 and Ci/n =)y =
(1/n)?} for n > 2. The parameterization method uses a power series representation of
W .(p) and will fail to converge at resonances. As a matter of fact our rigorous numerical
method combining Chebyshev series and the parameterization method will necessarily
fail at those parameter values located on C,, (n > 1) and Cy/,, (n > 2).

Let us now formulate a result guaranteeing the existence of 297 homoclinics at the
parameter values v = 0.14, v = 0.15 and v = 0.16, and for several different values of .

Theorem 3.2. Define
1+ kA
A%,AA(’Y) = {(’Y,)\) A= f)\a k GI}v

over an index set . Let Ay = 0.03 and v; = 0.14 4+ (i — 1)0.01 for i = 1,2,3. Set
It (vi) = {1,...,90} fori = 1,2,3 and I~ (vi) = {1,..., K~ (v;)} where K~ (v;) is
specified in Table 5 fori=1,2,3. If
3
()\a'Y) € U A;+(%)7AA (’71) U A}(%)AA (’71’)7
i=1

there exists a ball Bz(ryx) C X*® (with fyx(Z) = 0) containing a unique solution T =
(0,a) of fy.a(x) =0 corresponding to an even homoclinic solution of (33).

For a geometric representation of the result of Theorem 3.2, we refer to Figure 3 and

Figure 4.
Beside these rigorously verified homoclinic solutions we investigated a bigger region in
parameter space by constructing the radii polynomials py (), ..., pas(r) without interval

arithmetic and finding an r > 0 such that p;(r) < 0 for all ¢ = 1,... M. The results are
marked in black in Figure 5. More precisely set Ay = 0.03 and ~; = 0.10 + (i — 1)0.1
fori =1,...,11 and let K*(v;) be specified by Table 5. Define Z,(v;) = {1,...,90} U
{110,..., K" (y;)} for i € {1,2,3,4,5,8,9,10,11}, Z,} (v;) = {110,..., K" (y;)} for i =
6,7,8 and Z_.(v;) = {1,..., K (v;)}. Note that “nr” stands for non rigorous. We found
symmetric homoclinic solutions for

11
i _
A € L_Jl (A2 02 D UAL ) 0, (0)

These computations are carried out by the MATLAB program nonrigoroushomoclin-
ics.m. The rigorous verification of Theorem 3.2 can be found in the MATLAB programs
proofLambdaplusy.m and proofLambdaminusy.m with v = 014,015,016, and relies on
Theorem 2.1. All codes can be downloaded from [16]. The programs make use of the
package Intlab [17] for the interval computations and of the package Chebfun [18]. Cheb-
fun is used to compute the Chebyshev coefficients of the exact solutions (38) from which
a continuation is performed. The main prerequisite for applying Theorem 2.1 is the
construction of the radii polynomials (22) and (23). We now give some details on their
derivation.
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Figure 3: Thirty-nine homoclinics from Theorem 3.2, where (\,v) € A?’l """ 30}’0'03(0.15) on
the left and (A7) € Ay, gy 903
homoclinic given by (38). Each couple (v1, v2) is the center of a ball in function space in which
an exact solution is guaranteed to exist. The blue part over [0, %] corresponds to the interval
[~1,1] for the operator (36), which in turn corresponds to the rescaling of [0, L*(0.15)]. The
green part is added by using the conjugacy relation (see equation (57) in [23]) fulfilled by the
parametrization P of Wy .(p), where we integrate for 2 time units on the time scale of (36) and
then rescale [—1, 3] to the interval [0,1]. The part over [—1,0] is obtained using the symmetry.

(0.15) on the right. The red solution corresponds to the exact

¥ 0.10 | 0.11 | 0.12 | 0.13 | 0.14 | 0.15 | 0.16 | 0.17 | 0.18 | 0.19 | 0.20
L*t(v) | 045 | 0.50 | 0.55 | 0.60 | 0.60 | 0.60 | 0.65 | 0.70 | 0.75 | 0.75 | 0.75
L= (y) | 0.50 | 0.55 | 0.55 | 0.55 | 0.60 | 0.70 | 0.65 | 0.65 | 0.70 | 0.70 | 0.7

KT(y) | 114 | 128 | 143 | 158 | 172 | 187 | 202 | 217 | 231 | 246 | 261
K (y) | 18 16 15 12 11 9 7 6 3 2 1

Table 5: Values of the rescaling factor L and the number of steps K¥ we take in the A direction
in dependence of the different values of ~.

3.2.1 Derivation of the bounds required to construct the radii polynomials

We are in the case kg = —1, p = 2 and n = 4. Consider a dimension m for the Galerkin
projection (15) and an approximation z = (0,a) = (0, ar, 0s) such that £ (0,ar) ~ 0,
where f is the BVP-operator (12), ¢ is given in (35) and the boundary conditions
n: X* — RP is given by (37). For instance if (y,\) € A;+(0.15),AA we choose m = 37
and set L = 0.6. For (v,\) € A7 0.15),a, We choose m = 47 and let L = 0.7. Note
that if we set M = 3m — 2 assumption A1 is satisfied and Y7, ..., Y, can be computed
by (19). The strategy to construct the bounds Z;(r), ..., Zy—1(r) and Zy(r) defined in
(20) and (21) is analogue to the Lorenz example. Note that £1,& in (25) are now given
by & = r(0,w) and & = r(¢,v) with (0, w), (¢,v) € B(1) C X*. In addition we assume
that we have a bound A € Ri such that for every 6, ¢ corresponding to &; o

|IDP(§ +rf)p| < A

for all r with 0 < r < r,, where r, is an apriori bound on r that we set to r, = 0.004.
The explicit construction of A in the context of the Gray-Scott equations is presented in

Section 5 in [23]. In particular, at (v, A) € A;Jr(o_ls) A, We choose N =13 as the order of

the polynomial approximation Py and at (y,A) € A7

T-(0.15),a,> We choose N = 15.
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Figure 4: (Left) Components v1 (black) and vs (blue) of the homoclinic solution of Theorem 3.2

corresponding to the parameter value (v,\) = (0.15,%&%”) S A;+(0'15)70‘03(0.15). The

interval [0, 1] corresponds to the rescaled interval [—1,1] of (36), corresponding itself in turn
to a rescaling of [0,0.6]. The interval [—1,0] is added by symmetry. (Right) The Chebyshev
coefficients of v1 (black) and va (blue). Notice the fast decay of the coefficients to zero.
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Figure 5: The green points indicate the region in parameter space at which the rigorous proof
of existence of symmetric homoclinics was obtained by computing the radii polynomials with
interval arithmetic. The red points indicate the region investigated in [23]. The black points are
investigated using the radii polynomials computed without the use of interval arithmetic. Based
on the discussion about resonances, we portrait the curve C; and C1 at which our rigorous

2
method will necessarily fail. Note that Cy is the curve on which the exact homoclinics (38) exist.

For more details on the choice of m and N at v = 0.14,0.16 we refer to the code
at [16]. A central step is to compute the polynomials Zj(r) = Z?:l ZFrt € R* and
Zy(r) = Z?=1 ZMr! € R* fulfilling the analogue of (28) and (29). We only present Z}'
and ZlM for k=0,...,M —1and [ =1,2,3 in Tables 6 and 7 in the Appendix.

Our main technical tool to compute these bounds is given by the following Lemma
which is a simplified combination of Lemmas A.3 and A.4 in [4]. In order to explain
its usefulness in our context, we recall that given three sequences a, b, c € 2°; the cubic

17



convolution sums (abc), can be split as

(abe)y = (abo)p! + Ak, 1Dl €l

k1+kotks=k
max{|ky|,|k2l,|kg|} =M

i

where
M def
(abo)p" = ) Ay | blka| ks -

ky+ko+ks=Fk
[k;|<M,i=1,2,3
ki, €L

One of the aims of the following result is to bound the infinite tail sum.

Lemma 3.1. Let a,b,c € Q° and M > 6. Set A = |la|ls, B = ||bl|s and C =||c||s. Then
there exist computable numbers 5;3) = sg’)(M) fork=0,..., M such that

> e Bl el < B(ABC)e?.

ki4kotkz=k
max{|ky|,|k2|,|kg|}|=M+1

i

In addition there is a computable number as\g/'[)_l such that for k > M — 1

O‘E\? 1
> laliea bl Il < (ABC)—"=.

ky+kotkz=k k

ki, EZ

For a proof and for details on the computation see [4] as well as the code at [16].
Defining Ay 3 = ||@1,3]|s and for i = 1,3 and j =3

m—1 m—1
M*®
M-1 _ § g .- a.:
EZJ - (|al)k1|(|a]|)|k2ma’X{(M_l_kl_k2)s)]‘}

ki=—m+1 ko=—m+1

completes the ingredients for Tables 6 and 7.

4 Conclusion

Let us conclude this paper by presenting some potential extensions and improvements of
our proposed rigorous computational method to solve IVPs and BVPs of ODEs.

First, our method could probably be generalized to compute rigorously solutions of
higher-order differential equations without re-writing them as first order vector fields.
For example, we believe that computing solutions of BVPs associated to the Gray-Scott
equations (33) could be obtained by integrating twice each equation which could then be
solved rigorously by moving to the space of Chebyshev coefficients. The improvement
would be twofold. First, the linear part of the equations would grow as O(k?) (as opposed
to O(k) in the BVP-operator (12)), hence facilitating the use of a contraction mapping
argument based on a Newton-like operator. Second, the size of the finite dimensional
projection would be twice smaller. A downside is that we would obtain more compli-
cated formulas of the Chebyshev expansions of the equations resulting from the double
integration.
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A second extension of the method would be to use a multiple shooting approach
to solve the integral operators over long periods of time. Indeed, the theory of the
Chebyshev series presented in Section 1 suggests that integrating over long periods of time
(e.g. compute solutions with large scaling factor L) has the disadvantage of bringing the
(potentially existing) poles closer to the p-ellipse mentioned in Theorem 1.2. This implies
that the Chebyshev coefficients of the solutions decay to zero at a slow rate. Therefore,
an advantage of a multiple shooting approach based on integrating over many short
intervals (with corresponding short scaling factor L) would push away the poles, hence
bringing a faster decay rate to the Chebyshev coefficients of the solutions. We could
then potentially take smaller Galerkin projection dimensions to perform our rigorous
computations, thanks to the fast decay rates of the solutions on each sub-intervals. The
downside would again be a more complicated formulation of the operators which would
need to take care of solving simultaneously many parallel problems.

A third extension of the method would be to combine the rigorous pseudo arc length
continuation method of [15, 24] to compute global smooth branches of solutions of BVPs.

A fourth and slightly more challenging improvement consists of modifying the pro-
posed approach to vector fields with nonlinearities that are non polynomial. That would
require extending the already existing convolution estimates to the non polynomial case.

A final and most ambitious extension would be to attempt to rigorously compute
solutions of spatially periodic PDEs combining a Chebyshev series expansion in time and
a Fourier series expansion in space.
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A Formulas for Z, for k = —1,...,M in the Gray-
Scott equations

We give an overview of the bounds Zy for k = —1,..., M involved in the construction of
the radii polynomials for the proof of Theorem 3.2.
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Table 6: Formulas for Zl’“, k=-1,0

21



k=1,....m—1

0 0
L2((lag 2ol H  +20a1llaglvd DAL D L@ L2(A; + 241 43)
0 ki1 0
27 P L2 -
Zk L= [(as 2o 1D, + 2(laxlaglivd DY, L= (a3 +24143)
1 o o
L2((ag 1?1t HM | + 2(1ayllasl v DM ) L@ L2(A5 + 241 Ag)
0 <k 0
2
[(\as\%ﬂhk,l+2<\a]|\a3\\v§\>£{1] L= (A3 + 24, 43)
_ 5 =
L22(lagllwsllv1 DRy + 2(laglwr llvg DRy + 2(la1llwsllvi DL ) 4 ae® L2(4A5 +247)
0 1 0
2 _ _ _ L
Zk L= [2dasllwallvi DY, +2(\a3uw1nv3\>kMH +2(lay | lwgllvr D ] L= a4z +241)
2
0
L <2<\a3\\w3\\vll>k_1+2(\a3\w1\\v3|)k_1+2(\aluw3uv1\>£{1> 2@ L2(4A5 +247)
0 €pl1 0
2 L2
L= [2agllwgllvi DAL | + 2(agllwallvg DR, + 2(larllwgllva DAL ] L= (443 +241)
0 0 0
L2((lws 2 log DR + 2w llwsllvg DR 1) @ |2 L (<\w3\2\v3|>k,1+2<\wluw3uug|>££1)
) o +oey | o |+
~ L
Tk L\ L= [(ws 121030y + 20w llwsllvs D, 4] [<|wg|2\us\>k,1+2<|w1|\wgum>k,l}
3 0
L2
9 | %
L2
m<k<M-1
1 0 0
1 [r2a . L2((lag? v DRy + 2(1arllas v DR ) (3) | L3(A3 +24143)
1 0 Sht1 0
wy 2 2
- k+1 | L2 L2 [/ 2 M s M L2 (4. .
Zk % L= [dasi2v1Dph ) + 21 llaslivg DAL L= (A3 +24143)
1 1 0 0
1 L2 L (<\a3|2\v1\>k,1+2(|a1\\a3uv3|>££1) L ® L2(A3 + 241 Ag)
1 + epl1 )
wi 2 2
k—1 L L
= L2 [(lag)2 vy DM, +2(la1 llagllvahPL ] L (A3 +24143)
B 0 0
L2(2(\a,3\|w3|\u1\)ﬁﬂrl+2(\ag|wl\\u3|)g{rl+2(\aluw3\|u1\)%rl> L L2(4A5 +241)
0 € 0
2 _ Y _ _ L2
ok L= [2d1asllwgllva DLy + 23lagllwillvs DSy + 2(lallwgllva DY ] L (a4 +241)
2 0 0
L22(agllwsllvr DM, + 2(laglwyllva DM, + 2(laq [lwallvr DAL ) e ® L2(4A5 + 24;)
0 enq 0
2 _ L2
L= [2<\a;\\w;\\171\>k,1 +2(agllwylvgDpLy + 2(axllwgllvi DAL ] 7(“3 +241)
[ 0
L%(\wg\zwswﬁl+2(\wmu3\\v3\)£§1> @ (2], L2<<\w3\2\u3|>,¢,1+2<\uqu«ugm|>k,1)
9ep 0
- L2 2 y
Zk LT [AwsI2lvgD M, +2(\w1\|w3|\1'3\)k+1] En L= [(\w3\2|v3\>£_1 +2(Jwy [lwgllvg M ]
3 o\
2
3 L
@ |-
L2
/|
k=M
1 0 1]
~ M-—1 M-—1
M L2 L2t +2n )
217 | a+ Moo |||+ o 13
2 2
L= L2 (M1 4 omM T
0
> M 3 L2(4A3+2A1)
ZZ A+ (g 1) )"5»1)71
%(4A3+2A1)
O
7 M 3 L2
ZB (1+(1V1]\{1)‘5)3O‘SW)—1 U
L2

Table 7: Formulas for Zlk, k=1,....M
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