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Abstract
It is well known that the nontrivial solutions of the equation

u(r) + k" (r) + f(u(r)) =0

blow up in finite time under suitable hypotheses on the initial data, x and f. These
solutions blow up with large oscillations. Knowledge of the blow-up profile of these
solutions is of great importance, for instance, in studying the dynamics of suspension
bridges. The equation is also commonly referred to as extended Fisher-Kolmogorov
equation or Swift-Hohenberg equation.

In this paper we provide details of the blow-up profile. The key idea is to relate
this blow-up profile to the existence of periodic solutions for an auxiliary equation.

Keywords: Suspension bridges, Fisher-Kolmogorov, Swift-Hohenberg, blow-up profile,
Computer assisted proof
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1 Introduction

This paper is devoted to the study of the blow-up profile of solutions of
u"(r) + k" (r) + f(u(r)) =0, (1.1)

where x € R and f is a locally Lipschitz nonlinear function. Equation arises in several
contexts. Depending on the value of k and on the form of f, many authors refer to as
extended Fisher-Kolmogorov equation or Swift-Hohenberg equation. This equation serves
as a model for pattern formation in many physical, chemical or biological systems, and is
often used to investigate localization and spreading of deformation of a strut confined by
an elastic foundation. We refer to the book by Peletier and Troy [I8] for more applications
of , and for further references. Equation is also connected to the dynamics of
suspension bridges through a model proposed by Lazer and McKenna [16]. For further
details and references on this subject, we also refer to the works [11, 12} 2, 1] which
contain a new point of view on the mathematical explanation of instability (and collapse)
of suspension bridges.
Much attention has received the case of the nonlinearity being superlinear, namely

there exist ¢ > 1 and ¢ > 0 such that f(¢£)t > ¢|t|”™ for any t € R, (1.2)

and, in particular, the case
F(8) = pt + [¢]7 e,
with g € R. In [7], the authors prove the following result.



Theorem 1.1 ([7]). Let ¢ > 1 and u be a global solution of
wd” (1) + Ju(r)|9T >0, r e R,
then u = 0.

The previous theorem implies that, if f € Lip,,.(R) satisfies (1.2)) and u solves
u"(r) + f(u(r)) =0 (1.3)

with non trivial initial conditions, then u cannot exist on the whole real line, that is u
blows up in finite (forward and/or backward) time.
In [3], the authors prove that:

Theorem 1.2 ([3]). Let u be a solution of which blows up at time T' > 0. Then

liminfu(r) = —oo, limsupu(r) = +oc.
r—T r—T

Much effort has been devoted to understanding in detail the behavior of these widely
oscillating solutions, for instance the distance between consecutive zeros, the distance
between consecutive local extrema as well as the values attained at those extrema, e.g.
see [111 [12].

The main purpose of this paper is to draft a global picture of the behavior of solutions
of (1.1) by investigating their blow-up profile. We will preliminarily focus our attention
on a prototype case, namely

o (r) + |u(,r.)|q—1 u(r) =0. (Uqg)

We will give several general results on solutions of (Ugq) for all ¢ > 1, but will be able
to obtain the strongest results by restricting ourselves to some special values of q. We
believe that the reason for this disparity is solely technical, and that the general picture is
much the same for all values of ¢ > 1. This claim will be supported by numerical evidence,
see Section [6

Here below we disclose, in a simplified form, one of the main results of this paper.

Theorem 1.3. There exist a T-periodic function v : R — R, a set Q C R* unbounded, arc-
connected, symmetric with respect to the origin, with non-empty interior, and a constant
a > 0, such that, for any solution u of

" (r) +u3(r) =0 (1.4)
with initial condition in , we have, up to a phase-shift of ~,

u(r) — (T_lr)ﬂ <ln <TT—7~>> ’ < (T 1), forallre0,T),

for some T, c > 0 that depend on the initial condition. Moreover, the function v satisfies:

i) v(s+7/2) = —7(s), for all s € R;



it) v vanishes exactly twice on [0, 7).

Details on how the set €2 and the periodic function v are constructed, information on
how the blow-up time T" depends on the initial conditions, as well as tight estimates on 7
and a, will be given in Section [2| and Section |3, whereas an extensive version of Theorem
will be given in Section [3| Before then, we want to emphasize that Theorem gives
insight into the nature of the qualitative behavior predicted by Theorem for a (fairly
large) family of solutions of , see Figure

Further refinements will allow us to extend the results of Theorem [L.3] to a wider
class of equations. For instance, via a continuation argument which is presented in full
generality in the Appendix, we are able to extend the validity of Theorem to values ¢
in a neighborhood of 3. Moreover, we will also prove the following two results.

Theorem 1.4. There exist g > 0 and Q C R* open set such that, if u is a solution of
u" (r) + pu(r) +u?(r) =0 (1.5)
with initial condition in Q and |u| < po, then the conclusions of Theorem hold.

Theorem 1.5. There exist a T-periodic function v: R — R, kg > 0, an open set  C R*
and a > 0 such that, for any solution u of

W (r) 4+ ku” (r) + u(r) = 0 (1.6)

with initial condition in Q and |k| < ko, we have that u blows up at T > 0 and up to a
phase-shift of v,

(T = rY2u(r) — ~ <ln <TTT>> ’ < T —r)", foralire0,T),

for some T, c > 0 that depend on the initial condition. Moreover, the function v satisfies

i) and ii) of Theorem[1.3

The impact of this results is connected to the simplicity of the equations under scrutiny,
and more important to their implications for the study of stability of suspension bridges.
In fact, solutions u of represent the vertical displacement of the bridge. Our results
provide a precise blow-up rate for a “measure” of vertical displacement as well as vertical
acceleration of the bridge, see Proposition 3.7 Again, we refer the interested reader to the
papers [11] 12] for a detailed description of this phenomenon. Furthermore, Theorem
gives a partial answer to some questions posed in [I2] about the behavior of solutions of
for k > 0, see Section |5} In this direction see also the recent papers [10] 19, [§].

Before diving into the details, we want to present the general strategy behind the proof
of our results. The main idea lies in the following ansatz:

u solves (Uq) and blows up at 7' = w has the form u(r) = ﬁw(gp(r)) (1.7)

where ¢ is a suitable change of variable and w is a function defined on [0 + oo). Ideally,
the purpose of this transformation is to damp the oscillations in u and scale T' to 400,
see Figure [ Much effort will be devoted to studying the differential equation satisfied
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Figure 1: On the left a solution u of (Uq) that blows up at finite time 7" = 1, on the right
the function w obtained by appropriately re-scaling/damping u as indicated in (1.7)).

by w, that will be referred to as the “auxiliary equation”, and labelled as (Wq). Note
that knowledge about the existence of non-trivial bounded solutions for (W) immediately
translates into a picture of the blow-up behavior for solutions u of (Ug). In fact, we will
prove that, for ¢ in a neighborhood of 3, (W) admits a periodic solution. We also wish
to point out that there is actually a strong interplay between equations (Uq) and (W)
so that we often resorted to one in order to obtain information on the other.

Besides playing a key role in the theoretical analysis of this paper, the transformation
turns out to be of great help also in the numerical investigation of equation (Ug), as
it renders a problem which is generally much easier to treat numerically. We will elaborate
more on this matter in Section [6l

The proof of existence of a periodic solution requires several distinct steps. The first
step is to setup an equivalent formulation of the form F(x) = 0 (where F : X — Y with
X and Y two infinite dimensional Banach spaces) whose solution z € X corresponds to
the targeted periodic solution. Setting up the operator F' requires expanding the solution
using Fourier series. A point x € X identifies the period and the Fourier coefficients of the
periodic solution. The next step is to consider a finite dimensional Galerkin projection of
F, to apply Newton’s method on it and to obtain a numerical approximation Z of F' = 0.
With the help of the computer, we then construct an injective approximate inverse A
of DF(Z) so that AF : X — X. We define a Newton-like operator 7' : X — X by
T(z) =x — AF(z), and we aim at obtaining

(a) the existence of & € X such that T'(Z) = Z, or equivalently (since A is injective) such
that F'(z) = 0;

(b) the existence of an explicit and small » > 0 such that ||z — Z||x <.

The existence of & € X and of r is obtained by applying the radii polynomial approach
which is Newton-Kantorovich type argument. The radii polynomials provide an efficient
mean of determining a closed ball Bz(r) C X of radius r centered at the numerical



approximation  on which the Newton-like operator T'(x) = x — AF(z) is a contraction.
Once the assumptions are satisfied, we obtain the proof of existence of the periodic solution.

The radii polynomial approach was introduced in [5] to study equilibria of PDEs. Since
then, it was adapted to many different situations, e.g. to the study of higher-dimensional
PDEs [9], delay equations [I7], Euler-Lagrange equations [4], radially symmetric localized
solutions of PDEs [22] and many more. In these previous work, the computer-assisted
proofs were all obtained in Banach spaces of solutions with low regularity. In the context of
the present work, we use heavily the rigorous numerical method of [I5], which adapted the
radii polynomial approach to prove existence of analytic solutions of differential equations,
and in particular analytic periodic solutions. In this case, the Banach space X is a weighed
¢ space consisting of Fourier coefficients decaying exponentially fast to 0.

We notice that for ¢ = 3 our solutions are analytic, and this allows us to use the above
mentioned rigorous numerical method. Moreover, since we are looking for a periodic
solution possessing some specified symmetries (see i) of Theorem , we seek existence
of fixed points of T in a proper subspace inheriting these symmetries. Let us mention that
we had to adapt slightly the approach of [I5] in order to show that the fixed point has the
proper symmetry. See Sections [4] for more details.

Finally, we point out that the reasons why we deal with a single specific value of ¢
relies on the fact that, in order to apply the rigorous numerical method, we have to fix
the parameters of the equation under study, and work out ad hoc estimates. We are
convinced that the rigorous numerical method employed in this paper can be adapted to
get similar results for any ¢ > 1 odd (and consequently, by continuation arguments, to
open neighborhoods of any such q).

A plan of this paper is as follows. In Section [2| we introduce the transformation hinted
at in (L.7), and give several preliminary results about equations (Ug) and (Wq). In
Section [3| we present the main results of the paper, chiefly concerned with the blow-up
profile of solutions of (Uq). Sectiond|is devoted to the computer assisted proof of existence
of a periodic solution of (W), and to some of its relevant properties such as symmetries,
zeros, and stability. In Section [5| we show how some of the main results obtained in
Section [3| for (Ug) can be appropriately extended to some instances to the more general
equation . In Section |§| we present some numerical experiments aimed at clarifying
how the idea behind the ansatz (|1.7)) is also of practical help in the numerical investigation
of , and conclude with two conjectures. Finally, in the appendix we present a general
result on persistence of periodic solutions under perturbations where one is interested in
retaining certain symmetries.

Notations. For convenience, here we list the notations used in this paper in the same
order as they appear.

ug The vector of initial conditions for equation
W™ (r) + [u(r)| " u(r) = 0. (Uq)
o(-,up) The solution of (Ugq) with initial condition uy.

(R_,Ry) The lifespan of ¢(-,up).
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gauge,; (p)

The solution of (Ug) with initial condition ug in the phase space R%.

The orbit trought ug, O(ug) := {®(r,up) : 7 € (R—, R4+ )}.
4

q—1"
o(r) := —In(1 —r), see (2.4).
p1(s) = 1— %, see (24).

cow + crw’ + cow” + csw”, where

(g+3)Bq+1)(g+1) (3¢+5)(¢*+10q+5)

co =8 =2

(¢—1)* o (q—1)3 ’
11¢%> +50q +35 3q+5 (2:9)
Cy 1= , c3 =2 .
(q—1)? q—1

The initial condition for the auxiliary equation

w" + N(w) + |w|¢ w = 0. (Wq)

The solution of (Wg) with initial condition wy.

The solution of the auxiliary equation (W¢q) with initial condition wgq in
phase space R%.

The lifespan of ¥(-, wy).
The matrix diag([a, a1, a2, a13]), see (2.8).

alu(ar).
(1 0 0 0
0 -1 00 The matrix defined in (2.12))
0 0 1 o0} —"
0 0 0 -1
[ 1 0 0 0
— 1 0 0 The matrix defined in (|2.14))
n? —om—1 1 o —"
—n® 3% +3n+1 -3n-3 1

UpeM Ua>0 D(Oé)p
A non trivial periodic solution of (Wg).

O(7), the orbit of the periodic solution 7.

{wo € R*: ¥(s,wg) — 0 as s — +oo}, that is the basin of attraction of the
origin for the problem (Wg).

sup{a > 0: D(a)p € M }.



2 Preliminary results and an auxiliary problem

In this Section we present several preliminary results and introduce a transformation that
will be key in proving the main results of this paper.

Let up € R*, with ¢(-,ug) we denote the solution of
u"" (1) + Ju(r)| u(r) =0 (Uq)

with initial condition [u(0),u’(0),u”(0), 4" (0)] = uwp. The maximal interval of existence
(or lifespan) of u(:) = ¢(-,up) will be denoted by (R—, R+) = (R-(ug), Ry (ug)).
The scalar equation (Ug) can be canonically recast as a first order vector equation in its

phase coordinates u(r) = [uo(r), ui(r), ua(r), ug(r)] := [u(r),u'(r), " (r),u” ()], namely
UIET;
/ o . u2\r
W) =t = | 20 2.)
— Jug(r)|*~ uo(r)

The solution of with initial condition uy € R* will be denoted by ®(-,up), and
the family of maps {®(r,-)}, will be referred to as its flow. By virtue of the equivalence
of (Ug) and (2.1]), we will refer to both as (Ug).

For any ug € R*, the set

O(uy) = {®(r,ug) : r € (R—,Ry)}

will be referred to as the orbit of (Uq) through ug. If u = ¢(-,up), we may also write
O(u) instead of O(ug). A set M C R* will be said invariant with respect to (Uq) if

uyeM = O(UO)CM.

Throughout the rest of the paper, for any ¢ > 1, we set n := %. Given a solution u
of (Ugq), we consider the following transformation:

w(s) =e Pu(l—e?), (2.2)
or, equivalently,
)= (=) w (w (2 (2.3
ur)={1—) wilh{y—))- :
Setting
s =¢(r) = —In(1 —r), with inverse r = ¢~ *(s) =1 — e~ %, (2.4)

it follows that the transformations (2.2)) and (2.3) are valid for ¢~1(s) € (R_, Ry).
Therefore, if w and w are related by (2.2)), then w is a solution of (Ug) if and only if w
is a solution of the following equation

w” + N(w) + [w]”'w =0, (Wq)

where
N(w) == cow + ciw’ + cow” + ezw” | (2.5)



co = (¢+3)Bq+1)(¢+1) . _,Ba+5) (¢ +10q +5)

—1)4 —1)3

- 11q2+5(§?1+3)5 53475 =y (26)
Co 1= (q_1)2 y C3 1= q—l .
Letting w(s) = [wo(s),w1(s), wa(s),ws(s)] = [w(s),w'(s),w”(s),w” (s)], equation
(Wq) can be rewritten in vector form as
w1 (s)

w(s) = g(w(s)) = e , 27)

—N(w)(s) = |wo(s)|"~" wo(s)

where N(w) := cowg + crwy + cows + c3ws.

For solutions of (W) we will adopt notations similar to those introduced for (Uq), but
the solutions will be denoted by (-, wp) (or ¥(-,wp)), and their lifespan by (S_,Sy) =
(S—(wo), S+(wo)). Analogously, we shall refer indifferently to (Wq) or to as (Wgq).

We point out that, throughout the whole paper, we will reserve the letters v and w
for solutions of, respectively, (Uq) and (Wq), and omit to reference the relevant equation
whenever no confusion arises. Moreover, by periodic solution or T-periodic function we
always mean a nontrivial periodic function with least period 7 > 0.

Clearly, if v and w are related through the transformation (2.2)), then their lifespan
are related by the function ¢ defined in (2.4)).

Remark 2.1. Let u = u(r) be a solution of (Uq), and let w = w(s) be the corresponding
solution of (Wgq) defined as in (2.2)). Then we have:

i) if u blows up at Ry < 1, then w blows up at Sy = 1n (ﬁ) < 005

i1) if u blows up at finite Ry > 1, or u exists for all v > 0, then w exists for all s > 0;
in particular, if Ry > 1 (possibly Ry = +00), then w — 0 exponentially as s — +oo.

Viceversa: Let w = w(s) be a solution of (Wgq), and let u = u(r) be the corresponding
solution of (Ug) defined as in (2.3)). Then we have:

ii) if w blows up at S, < 0o, then u blows up at Ry =1 —e 5+ < 1;
i) if w exists for all s > 0, then Ry > 1;

v) if w exists for all s > 0, and limsup |w(s)| > 0, then u blows up at Ry = 1;

s——400

vi) if w exists for all s € R, w is bounded on R, and limsup |w(s)| >0, then u has
s—+00

lifespan (—o0,1), and u — 0 as r — —o0.

Now, for each o > 0, we define:

D(a) := . (2.8)



The following remark clarifies the role played by the matrix D when we rescale solutions

of (Ugq) by
r— ar.
Remark 2.2. Let u be a solution of (Uq). Then, for any o > 0, the function u, defined
as
U (r) := "u(ar)
is a solution of (Ugq). More precisely, if u(r) = ¢(r,ug), then ua(r) = ¢(r, D(a)ug). In
vector form, we have
D(a)®(ar,ug) = ®(r, D(a)up). (2.9)

Finally, if the lifespan of u is (R—, Ry.), then the lifespan of u,, is (R; &>.

a )«

Remark 2.3. Let u be a solution of (Ug) that blows up at T > 0. As observed in the
previous remark, up blows up at 1. Therefore, using (2.2), we have that

w(s) =T"e Pu(T(1 — e ?)) (2.10)

solves (Wq) for all s > 0. Viceversa, if w solves (Wgq) for all s > 0 and limsup |w(s)| > 0,
§—>+00

u(r) = <T1_r>nw<ln <T{T>> (2.11)

solves (Uq) and blows up at T > 0.

then

We conclude this subsection with a remark on the effect of the change of variables

r— —r
on solutions of (Ugq). Let
1 0 0 O
0 -1 0 O
T=1o 0 1 0 (212)
0 0 0 -1

Remark 2.4. For any ug € R*, we have R_(Jug) = —Ry(up), Ry (Jug) = —R_(up),
and

®(r, Jug) = ®(—r,up), r € (R_(Jug), Ry (Jup)).

2.1 Some explicit computations about the transformation

In this subsection we state some explicit computations that will be useful throught the
rest of the paper. Let u = ¢(-,up) and w = (-, wg) be solutions of, respectively, (Uq)
and (Wyq) related by (2.2]). Then, by repeated differentiation of (2.2)), we obtain:

w(s) = e Pulp(s)),

w'(s) = = ne Pu(p™ (s)) + e (971 (s)

w’(s) = e u(p ! (5) = (20 + Ve (971 (s)) + T (7N (s))
w(s) = =0’ Pulp™! (s)) + (307 +3n + e~ I (o7 (5))+

— (30 +3)e” R (o7 () + e T (7 (s))

10



4
where we recall that n = R and that ¢ (and consequently ¢ ~!) has been defined in

)
We can write the relations above as
w(s) 1 0 0 0 e Pu(e(s))
'UJ/(S) _ _77 1 0 0 e_(n+1 U (SO 1(8)) (2 13)
w'(s)| | —2m—1 L 0] [er sy (p71(s)) | 7 '
w'(s) -3 3?2 +3n+1 —3n—3 1] Le sy (o7 1(s))
Finally, letting
1 0 0 0
|- 1 0 0
L = i o1 1 ol (2.14)
—n* 3P +3n+1 -3n-3 1
and making use of (2.8]), we can rewrite (2.13) in compact form as
w(s) = LD(e™*)u(p™'(s)) = LD(1 — ¢~ (s))u(p ™" (). (2.15)

In particular, setting r = s = 0, we get the following relation for the vectors of initial
conditions ug and wy:

Wy = Luo. (216)
By inverting the relation (2.15) we obtain
1 -1
u(r)=D 1 L™ w(p(r)). (2.17)
—r

From and we easily deduce the following.
Proposition 2.5. Let wy € R*. Then we have
W(s,wo) = LD(e *)®(p 1(s), L wyq), for all s € (S_,S,). (2.18)
Let ug € R*. Then we have

1
1—r

®(r,ug) =D < ) LYW (p(r), Lug), for all v € (R_,min{1, Ry}). (2.19)

2.2 Invariant sets

Let M C R* by DM we denote the collection of the supports of all the curves a > 0

D(a)p, p € M, that is
= U U D(a)p. (2:20)
PEM o>0

For ug € R*, the set DO(ug) can be parametrized as
(a,7) € (0,+00) x (R_(ug), Ry (ug)) — D(a)®(r,up). (2.21)

If ug # 0, we can say more.

11



Proposition 2.6. For any ug # 0, DO(ug) is a reqular 2-dimensional manifold which is
invariant with respect to (Uq).

Proof. The parametrization (2.21)) is regular and it defines a 2-dimensional manifold pro-
vided that, for any given («, r) € (0, +00) x (R_(up), R+(up)), there exists a 2-dimensional
tangent space, i.e. the vectors
O D(a)®(r,u0), -2D(a)®(r, uo)

—D(a)®(r,uy), —D(a)®(r,u

el 0 or 0
are linearly independent. Clearly, none of the two vectors can be zero since ug # 0 and a #
0. Arguing by contradiction, assume that at a point («g,79) € (0, +00) x (R—(ug), R4+ (up))
those vectors are parallel, i.e. there exists v € R, v # 0, such that

0

aD(a)Q(r, ug) = V%D(a%ﬁ(r, ug) .

Then, r( is a solution of the following system of equations

nu(r) = voou'(r),

(n+ D/ (r) = vagu”(r),
(n + 2)u"(r) = vagu™(r),
(0 + 3)u" (r) = vaou"(r),

where u(r) = ¢(r,ug). Using all the equations above, and the fact that u solves (Uq), we
have

(vag)? (vag)?
nn+1)(n+2)(n+3) nn+1)m+2)(n+3

This is possible if and only if u(rg) = 0, which forces all derivatives of u to be zero at
r = rg as well, and this contradicts ug = 0.

Next, in order to prove the invariance of the manifold with respect to (Ug), consider
p € DO(uy), i.e. p= D(ap)®(rp,up) for some (a, rp). In light of Remark we have

u(ro) = u® (rg) = —

) Ju(ro) |7~ u(ro).

®(r,p) = ®(r, D(cvg)®(ro,up)) = D(vg) P (cxor, ®(ro,up)) = D(cvg)®(cvor + 79, 19) ,

which, by construction, belongs to DO(uy). O

The previous proposition generalizes to the following result.

Proposition 2.7. Let M C R* be invariant with respect to (Uq), then also DM is in-
variant with respect to (Ug).

Proof. Let p € DM, ie. p = D(ap)po for some ap > 0 and pp € M. Since M is
invariant, O(pg) C M, and hence DO(pg) C DM. But p € DO(py), so the claim follows
from Proposition O

With additional information on the blow-up time of a given solution of (Uq) we can
construct more invariant sets for (Ug) and (Wg).

Proposition 2.8. Let wo # 0 and assume Ry (L 'wo) < 1. Then, the set LDL~'O(wy)
is a 2-dimensional manifold invariant with respect to (Wq).
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Proposition 2.9. Let M C R* be invariant with respect to (Wq) and such that, for any
wo € M, we have Ry (L™ 'wg) < 1.
Then, DL™*M is invariant with respect to (Uy).

The proofs of the two propositions above rely on the following lemma, and we postpone
their proof to that of the lemma.

Lemma 2.10. Let wg € R*, wg # 0. Then:

i) O(wg) C LDO(L ™ wy),

i) LDO(L ™ wy) is invariant with respect to (W),
i) DL™1O(wq) C DO(L'wy),

) if Ry (L™ wo) <1, then

DL 'O(wo) = DO(L  wy). (2.22)

Proof. Let w(s) = W(s,wq) be defined for s € (S_,S5,), and set uy = L~ 'wq and

M = DO(L 1 wg). We begin recalling that M is a 2-dimensional manifold invariant with

respect to (Uq) (see Proposition [2.6)).

i) Let p € O(wyg), i.e. p = ¥(sp,wp) for some sy € (S_,5,). Let ro = ¢ !(s0) and

ag = 1 —rg. Note that, by the definition of ¢ in , we have ry < 1, hence ag > 0.
From , we have

p = ¥(sp,wo) = LD(e ) ®(0 1 (s0), L™ wg) = LD(1 — r¢)®(rg, up) =
= LD(Oéo)‘I)(T‘07uO) € LM,

and hence the claim follows.

i) Let p € LM. We have to show that ¥(s,p) € LM, for any s € (S_,S5;). Let
po=L'peM,sec(S_,5.), r=p !(s), and recall that r < 1. From (2.18)), we have

W(s,p) = LD(e*S)<I>(<p*1(s), Lilp) =LD(1 —7r)®(r,po)-

The claim will follow once we show that D(1 — r)®(r,pg) € M. To this end, observe
that, since pp € M and M is invariant with respect to (Ugq), we have that ®(r,po) =
D(a1)®(r1,up), for some suitable a; and 71, and hence

D(1—r)®(r,po) = D(1 —r)D(a1)®(r1,u9) = D(ag)®(r1,u9) € M,

with ag = (1 —r)ay > 0.
i) Tt follows applying first L™! to both sides of inclusion in i), and then D.

iv) We only need to show that M C DL~*O(wy). Let p € M, that is p = D(ag)®(ro, up),
for some a and rg. Since rp < R4 (ug) < 1, we can write sg = ¢(r9). Setting a3 = e,
we have

D(ag)®(ro,u0) = D(a1)D(e™*)® (¢ (s0), L~ 'wo),

13



which belongs to DL~1O(wy) since the set DL~*O(wy) can be written as

DL'O(wo) =] | D(a)L™"®(s, wo) UD ®(p1(s), L wy).
a>0 se(S-,54)

This concludes the proof. O

Proof of Proposition The fact that LDL™1O(wy) is invariant with respect to (W)
is a consequence of ii) and iv) in Lemma As for LDL~1O(wyg) being a 2-dimensional
manifold, it follows from the fact that it is the image of a regular 2-dimensional manifold
(see Proposition under the (linear) invertible map L. ]

Proof of Proposition Using the fact that M is invariant with respect to (W),
i.e. wo € M if and only if O(wg) C M, we can write DL™'M as

DL'M= |J DL 'wo= ] DL'O(wo).

woEM woEM

By we obtain
DL'M= [ DO(L 'wo).
woeM
Proposition assures that the manifolds DO(L~'wy) are invariant with respect to (Ug),
therefore, since we have written DL™'M as the union of sets which are invariant with
respect to (Uq), the proof is concluded. O

Corollary 2.11. Assume that (W) has a nontrivial periodic solution vy, and letT' = O(v)
be its orbit. Then, LDL™IT is a 2-dimensional manifold invariant with respect to (Wy).

The manifold LDL™!T plays an important role in the study of (Wg), most notably it
provides information about the unstable manifold associated to a periodic solution . See
the next subsection, and in particular Corollary [2.14]

Proof. The proof follows from Proposition [2.8] once we note that, if wg € T, then
u = ¢(-, L7 wy) is a solution of (Ug) that blows up at 1 (see Remark . O

Proposition 2.12. Assume that (Wgq) has a nontrivial periodic solution vy, and let I' =
O(7) be its orbit. Then, DL™'T" and JDL™'T are invariant with respect to (Ugq).

The manifolds DL™'T and JDL™'T will be helpful in studying solutions of (Uq) which
vanish as |r| — +o00. See Theorem

Proof. We prove that DL™!T is invariant with respect to (Ug). The rest of the claim
follows by inverting the direction of time, see Remark [2.4]

Let ug € DL7IT, ie. ug = D(a)L~15(sq) for some o > 0 and sy € R. By virtue of
Remark [2.2) and relation [2.18] we have

®(r,u9) = ®(r, D(a)L™'y(s0)) = D(a)®(ar, L' y(s0)) =
= D(a)D ((1 = ar)™") ®(p(ar), ¥(s0)),

for ar < min{1, R, (L~ 'v(sg))}. Now recall that R, (L~ '4(0)) = 1 (see v) of Remark
2.1), and therefore Ry (ug) = 1/c. Hence, we have that relation (2.23) holds for r < 1/«

and, since ¥(-,v(sp)) is periodic, the claim follows. O

(2.23)
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2.3 On the unstable manifold for the auxiliary equation

Here we present a theorem that concerns the stability of bounded solutions of (W) on
(—00,0]. Ultimately, this result will provide a characterization of the unstable manifold

for a periodic solution of (W), see Section

Theorem 2.13. Let wog € R*, wq # 0 and consider W(-,wg). Assume that S~ (wg) =
—o0, and that ¥ (-, wq) is bounded on (—o0,0].

Then, for any p € LDL™'O(wyq), ¥ (-, p) approaches ¥ (-, wq) with asymptotic phase
as s — —oo. More precisely, there exists ¢ > 0 such that

¥ (s,p) — ¥(s — so,wp)|| < ce®, forall s € (—oo, — |so], (2.24)

where sq is implicitly given by p = LD(a) L~ ¥ (In(a) — sg, o).
Moreover, if ¥(-,wq) is T-periodic, and p &€ O(wy), then there exist 5 = 5(wp) € R
and a vector v = v(wq) € RY, v # 0, such that

s s 5
W(s—n7,p) —W(E —nT—s0,wo) _ (L—ae v, forn — +oc. (2.25)
e "t «
Proof. Notice that the equation p = LD(a)L '¥(In(a) — s, wp) admits a solution.
Indeed, let pg € O(wy) be such that p = LD(a) L~ !po, then clearly we can find an s € R
such that pg = ¥(In(a) — s, wo).

For any s < 0, let » = ¢~ !(s) := 1 —e~*, and note that » < 0. Using (2.18) and (2.19)),
we obtain

U(s,p) = LD(e™*)®(¢~'(s), L7 'p) = LD(e"*)® (¢~ (s), D(e) L™ 'po) =
= LD(e *)D(a)®(ap (s), L py) = LD(e *)D(a)®(ar, L 'pg) =

o) B et o),

= LD(e~*)D(a)D (

Observing that

D(e_s)D(a)D< ! >

1—ar

(i) =2 ((-5) ).

-1
plar)=—In(l—ar)=—In(l—a+ae *)=s—lna—In (1— a es>,
a

and
W(s,pg) = ¥(s, ¥(ln(a) — sg, wp)) = (s + In(a) — sp, wp),

we have

-1\ -1
W(s,p)—LD((l—aa es> )Ll‘ll <s—lna—ln(l—aa es>,p0>
-1
:LD((l—a 165) )Ll\Il <3—30—1n<1—a 1es>,w0>.
a a

15




Now, for the sake of brevity, we set x = z(s) := O‘Tflei and observe that x — 0 as
s — —oo. Adding and subtracting ¥(s — sop — In(1 — z), wp), and writing ¥(-,wq) =

LL7'W¥(-, wq), we have

(s, p) — ¥(s — 50, Wo) =

L[D((1-x) ) LT (s — sp — In(1 — z), wo) — L7 (s — so — In(1 — ), wo)]
W(s—sg—In(l—xz),wp) — ¥(s— sg,Wp)

L[D((1—2)"") = L] L7"¥(s — 5o — In(1 — z), wo)

+W(s—sp—In(l —x),wp) — (s — sg, Wp), (2.26)

_l’_

where I, is the 4 x 4 identity matrix. Passing to the norm, we have

1€ (s, p) — ¥(s — s0, Wo)|
<L D (1= )1 = L] 2 (s = s0 = In(L = 2), wo)|
+ | ®(s —sop — In(1l —z), wg) — ¥(s — s9, wo)||
< e @ wo) oo 10 (1= 2)7) = L] + | #'owo) |, (1 )]

where we have used the Mean Value Theorem and the fact that also ¥/(-, wg) is bounded
in (—oo, — |sol].

Since
n 0 0 0
1 . o+l 0 0 |
g (PO =a ) =l =1y "o yie o | TN
0 0 0 7p+3

we conclude that

|P(s,p) — ¥(s— s0,wo)| < clz| < ce’
for —s large, and hence, possibly with a suitable replacement of the constant ¢, for any
s < —|sg]-

To conclude the proof, let ¥(-, wy) be 7-periodic, and p ¢ O(wy). Clearly we must
have o # 1, and hence z(s) # 0 for all s. Let 5§ € R be such that

v = LAL1W(5 — s, wo) + W'(5 — s, wp) # 0. (2.27)

Note that a such a value s must exist, otherwise the vector ¥(-, wg) would solve the linear
differential equation , and hence its components would be exponentials, contradicting
the hypothesis that ¥ (-, wy) is periodic.

Now, set s, := § — n7, and consequently x,, := z(s,) = %65". Plugging s = s, in

(2.26)), we obtain

U(sn,p) — ¥(sn — 50, Wo)
=L[D((1—2,)"") = L] L' ¥(s, — so — In(1 — z,,)), wo)
+W(sp, —so — In(1 — ), wo) — ¥(sp, — S0, Wo)
=L[D((1—2,)"") — L] L7 ¥ (5 — 59 — In(1 — 2,)), W)
+¥(5— 59— In(1l —x,),wo) — ¥(5 — so, Wop).
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The last chain of equalities implies that

\I’(Sna p) - ‘IJ(S’H - 807W0)

— LAL™YW (5 — 59, wo) + ®'(5 — sg, wo) = v # 0,
Tn

as n — 400, which is the claim. O

Corollary 2.14. Assume that (Wgq) admits a non trivial periodic solution . Then,
has an unstable manifold that contains the 2-dimensional manifold LDL~O(~).

2.4 On the basin of attraction of the origin for the auxiliary equation

Let A :=g/(0), where g is the right hand side of equation (W). We have that

A=

0 1 0 0
0 0 1 0
0 0 0 e (2.28)

where the ¢;’s are defined in (2.6]). Direct computation shows that the eigenvalues of A
are

Al:_na )\2:_77_]-a )‘3:_77_2a >\4:_77_3'
Since all the eigenvalues of A strictly negative, the origin is an asymptotically stable
equilibrium for (W), and its basin of attraction

B:={woeR: ¥(s,wy) = 0 as s — 400}

is an open set. We also recall that both I and its boundary 0B are invariant with respect
to (Wgq). See for instance [21].

It turns out that investigating the properties of B is of exceptional help in gaining
knowledge of the blow-up time of solutions of (Ug). In this section we collect several
results about B, particularly about 0B and its relation with the lifespan of solutions of
(Ug).

First, we introduce the notion of gauge of a point with respect to a set. For a set
M C R* M # (), and for any given p € M we define

gauge;(p) :=sup{a > 0: D(a)p € M}, (2.29)

with the agreement that gauge,;(p) = —oo when the sup is taken over the empty set.
The following proposition reveals the key role played by the function gauge in the
study of the blow-up time of solutions of (Ugq).

Proposition 2.15. For any uy € R*, we have:

gauge; —15(ug) = R (up).
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Proof. Let ug € R*, and o > 0 be such that D(a)ug € L~!B, then from iv) of Remark
we have R (D(a)ug) > 1, and therefore
Ry (up) = aR4(D(a)ug) > a.

Taking the supremum, we obtain

gauger-15(u0) < Ry (up).

To establish the converse inequality, we begin by considering the case R4 (ug) < +oo. To
simplify the notation, let 7" := R4 (uyg), so that Ry (D(T)up) = 1. For any 8 > 1, we have
R (D(T/B)ug) = B> 1,

which, in light of ii) of Remark implies
D(T/B)u € L7'B.
Hence, we have
; < gauge;-15(ug), for any g > 1.
Letting 5 \, 1, we obtain
T < gauger,-15(uo),

and the claim follows. The case Ry(ug) = +oo follows easily by observing that, in such
case, we would as well have gauge;-15(ug) = +00. O

We conjecture (see Section @ that OB completely characterizes the set of initial con-
ditions that lead to blow-up at time Ry = 1 in (Uq). We are unable to prove this fact,
but, instead, present two results (Propositions and which provide partial steps
in that direction.

Proposition 2.16. Let ug € R*. Then,
i) if Ry(ug) =1, then Lug € 0B;
ii) if Lug € 0B, then Ry (ug) < 1;
ii1) if Lug € OB and LD(a)uy € B for any « € [0,1), then R4 (ug) = 1.
Proof. i) Let ug € R* be such that R, (ug) = 1. Recall that, for any a > 0, we have

Ri(up) 1
R.(D it

(D)) = ) _ 2

If @ > 1, we have R4 (D(a)ug) < 1, which implies that LD(a)ug ¢ B. On the other hand,

if @ < 1, we have R4 (D(a)ug) > 1, and hence LD(a)ug € B. Since LD(a)ug — Lug as

o — 1, we have Lugy € 0B.

ii) Let ugp € L~10B. This means that there exist points u; € L~!B arbitrary close to uy.
For these points, from Proposition we have Ry(uj) > 1. It follows from the lower
semicontinuity of u +— Ry (u) that Ry (ug) < 1.

iii) Let ug € L~'0B and assume LD(a)ug € B for any a € [0,1). From the last as-
sumption, it follows that R, (ug) = gauge;-153u9 > 1. This, together with i), proves the
claim. |
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Proposition 2.17. Let wy € R%.
i) If wo € B, then LD(a)L~Ywq € B for all a € [0,1];
ii) if wo € OB, then one of the following two alternatives holds:
a) LD(a)L~Ywq € B for all a € [0,1);
b) there exists 0 < ap < 1 such that

LD(a)L ™ wq € 9B for all o € [y, 1],
LD(a)L 'wq € B for all a € [0, ).

Proof. i) Recalling Remarks and the claim follows by observing that

R (L"'wo)

Ry (D(a)L ™ wo) = 5

>1,

for all & € (0,1).
i1) Assume that wo € 9B, and that a) does not hold. Let

ap = sup{a > 0: LD(a)L 'wq € B} = gauge;—15(L 'wo).

Using the hypotheses, and recalling i) and the fact that B is open, we easily argue that
0 < ay <1,and LD(a)L™'wq € B for all a € [0,ap). Since wg € 9B, there exists a
sequence (wy,), C B such that w,, — wg as n — 4+00. Now, let a € [, 1]. Again, from
i) and the fact that B is open, one can argue that

LD(a)L 'wq ¢ B,
LD(a)L ™ wy, € B for any n,
LD(a)L™'w, — LD(a)L 'wq as n — +oc.

It follows that LD (o)L~ wq € 9B for all a € [, 1]. This completes the proof. O

Remark 2.18. Part i) of Propositz'on can be rephrased as
{up e R*: Ry (up) =1} c L7'0B.
Alternative i), b) of Proposz'tz'on is the only obstruction towards proving that
{up eR*: Ry (up) =1} = L7'98B. (2.30)

We believe that ii), b) does not occur (see Conjecture[d), in which case, i) and iii) of

Proposition would imply (2.30)).

In the remaining part of this subsection, we present some results which hold true
under the additional hypothesis that (W) admits a non-trivial periodic solution «. This
hypothesis is motivated by the results in the next section. First, we observe that the
(possible) stable manifold of v must be contained in dB. This fact if a straightforward

consequence of Remarks and
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Remark 2.19. Let v be a nontrivial periodic solution of (Wq), and let S be its stable
manifold. Then
Sc{wgeR: R (L 'wg) =1} C 9B.

Last, we conclude with considerations on the size of B. Under the hypothesis that (Wq)
admits a non-trivial periodic solution, the basin of attraction of the origin is unbounded,
and contains an unbounded 2-dimensional manifold.

Proposition 2.20. Let vy be a nontrivial periodic solution of (Wq), and let I' = O(v).
Then,
LDJL™'T C B.

This fact is a direct consequences of Corollary and of the following proposition.

Proposition 2.21. Let v be a nontrivial periodic solution of (Wgq), and let U be its
unstable manifold. Then
LJL™'U C B.

Proof. Let wo € LJL™'U, i.e. LJL 'wy € U, and let I' = O(y). By definition of
unstable manifold, we have that W (s, LJL 'wg) approaches I' as s — —o0, and hence it
is bounded for s € (—00,0]. By (2.19), we immediately have that ®(r, JL~'wy) vanishes
as r — —oo, and hence, by , ®(r, L~'wyq) vanishes as 7 — +oo. The claim follows by
213). O

2.4.1 An explicit estimate on the blow-up time

Here we provide an explicit lower bound on the blow-up time for solutions of (Ugq) by
constructing an open set (a “ball” in an appropriate metric) contained in B.

First, note that A, defined in , is a companion matrix. Consequently, its eigen-
vectors are given by the columns of the following Vandermonde matrix

1 1 1 1
A1 A2 A3 Mg
Ml PUAPCEPL EPVI R
NEPYIPL BBV

(2.31)

where the \;’s are the eigenvalues of A arranged in decreasing order.
From now on, we denote with |[|-||; the 1-norm defined as

and let
Bi(r):={z € R* : lz]|, <7}

the ball of radius r in 1-norm.
We have the following
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1
—1
Proposition 2.22. VB, ((31> ’ ) C B.

Proof. Let V be as in (2.31). We can write

-1 0 0 0
vlay = 8 S ! _770_ ) 8 = A. (2.32)
0 0 0 -n-3
Now define z(s) := V~lw(s). If w(-) solves (W), then
0
7 =Az V! 8 = Az — Jwo|" P wp ey, (2.33)
[ewo| ™" wg

where ¢4 = [1/6 —1/2 1/2 —1/6]T is the last column of V1. Next, since w = Vz,
denoting by r1 = [1 11 1] the first row of V', we have that wy = r; - z, and therefore
(2.33]) can be written as

Z =Az—|r; 2|7 (r1 - 2) ey (2.34)

Here below we show that, if z is a solution of (2.34)) with initial data z(0) = zg such that
/(g=1)

llzoll; < <qT31> , then z — 0 as s = 400, from which the claim immediately follows.

1/p

Let p > 1 and denote with |[z[[, the p-norm of 2, that is [|z[|, := (Z?:o ]zj]p> .

In the following, we denote by z’~! the vector with entries (|2j|P 2 z;);j=0123. By direct
computation, we have

1
dii ||z|\£ =z td =2 Az — |y 'z|q*1 (r1-2z) (271 cy). (2.35)
sp

Applying Holder’s inequality with exponents p and p’, we obtain

d1

p p q q -1 —
s p |12l = =izl + ey =1l 127~ H],, lleall, =

—1
= 25 (=0 + 218 Nzl leall, )

Therefore, if

1

. 1
lzl| <R, :=|-+————
P 1l lleall, ’

then [|z||} is decreasing, and by Gronwall’s Lemma we obtain that ||z, — 0 as s — +oc.
Writing B,(r) := {z € R* : |z[|,, <}, we have that

VB,(R,) C B.
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1 1/(g—1)

Finally, let ||zol|, < ( 3 )qil. Since, as p — 1, R, — (i

-1 q—1 and ||Hp - HHl’

we have that, for p sufficiently close to 1, zg € B,(R,), and this concludes the proof. O

Proposition translates into the following estimate for the blow-up time of solutions
of (Ug).

Corollary 2.23. Let ug € R*. If a > 0 is such that

D(a)ug € L7'VB (((ﬁl) “) , (2.36)

then Ry (ug) > «. Therefore, setting

on((2)°)

R (uo) > gauger-1y g« (o).

we have

We point out that gauge; -1y, p+(ug) provides an explicit —computable—, although cer-
tainly not sharp, lower bound of the blow-up time of the solution of (Uq) going through
ug.

2.5 Main results for the auxiliary equation

The main result of this section is the following theorem, which establishes existence and
stability properties of a periodic solution of equation (W) when g = 3.

Theorem 2.24. Let ¢ = 3. Then,
A) there exists a (nontrivial) T-periodic solution vy of equation (Wq), with

T € [1.908097232050663, 1.908097232051545] ;

B) the periodic solution v enjoys the following properties:

i) Y(s+71/2) = —(s), foralls € R,

i1) each of the first two components of v has exactly two distinct zeros inside [0, T)
and they are simple;

C) the periodic solution v possesses a 3-dimensional stable manifold S, such that any
solution W(-,wq), with wog € S, approaches asymptotically T' = O(7) in forward time.
More precisely, for any wo € S, there exist sg € [0,7) and ¢ > 0 such that

1 (s, wo) — (s — s0)[| < ce™*, forall s >0,

where A = 7 — 4.395973655577130 x 10~10;
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D) the periodic orbit vy possesses a 2-dimensional unstable manifold U, such that any
solution W(-,wq), with wg € U, approaches asymptotically T' = O(v) in backward
time. More precisely, for any wo € U, there exist sg € [0,7) and ¢ > 0 such that

| ®(s,wo) — (s —s0)|| < ce®, foralls <O0;
Moreover, U = LDL™'T;

E) S and U intersect transversally along I'.

The proofs of some facts stated in the above theorem rely on some results given in the
next section.

Proof. Part A) is essentially contained in Theorem Part B) follows from Theorems
4.14] 4.15) and |4.16| Parts C) and E) are standard consequences of the hyperbolicity
of v proved in Theorem In particular, the value of A is related to the smallest
interval that is guaranteed to contain the largest negative Floquet exponent of =, see end
of Section |4} The last thing we need to show is D). It follows from Theorem that the
unstable manifold of « contains LDL~!T. But, by virtue of Corollary LDL 'Tis a
2-dimensional manifold that contains I', Therefore ¢ and LDL™'T" must coincide. |

The next theorem shows that the results of Theorem hold essentially unchanged
for g in a neighborhood of 3.

Theorem 2.25. There exists a neighborhood (q—,q+) of 3 such that, for any q € (¢—, q+),
the following holds.

A) there exists a (nontrivial) T,-periodic solution v, of equation (Wq);
B) the periodic solution v, enjoys the following properties:

i) Yq(5+74/2) = —v,(8), forall s €R,

ii) each of the first two components of v, has exactly two distinct zeros inside [0, 7,)
and they are simple;

C) the periodic solution v, possesses a 3-dimensional manifold Sy, such that any solution
W(-,wo), with wg € S, approaches asymptotically I'y = O(vq) in forward time. More
precisely, for any wo € Sy, there exist so € [0,74) and ¢ > 0 such that

H\Il(s,wo) — Y45 — SO)H < ce ™5 foralls >0,
where A\g belongs to an appropriate neighborhood of A given in@ of Theorem |2.24|

D) the periodic solution v, possesses 2-dimensional unstable manifold, such that any solu-
tion W(-,wo), with wo € Uy, approaches asymptotically I'y = O(~,) in backward time.
More precisely, for any wo € Uy, there exist so € [0,7,) and ¢ > 0 such that

@ (s, wo) — v,(s — s0)|| < ce®, forall s <0;

Moreover, U, = LDIFlI‘q;
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E) S, and Uy intersect transversally along T',.

Finally, 7q, 74, Sq, Uy and Ny depend smoothly on q.

Proof. We first note that the map w — g(w) = g,(w) defined in is C' with
respect to gq. Because of the hyperbolicity and symmetry B), i) of the periodic solution
~ of Theorem [2.24] we are in the position to apply Theorem [A.T]in the Appendix, which
renders a family of periodic solutions v, that satisfy B), 7). The remaining part follows
from the smoothness of v, with respect to ¢, and from the considerations in Remark@D

Remark 2.26. We point out that, by continuity of 74 and A\, with respect to q, for q
close to 3 we have that 7, and \; are close, respectively, to the values of T and X given in
Theorem [2.24)

Remark 2.27. Note that B), i) of Theorem implies that each I'y = O(vq) is sym-
metric with respect to the origin, i.e. I'y = —I'.

3 Main theorem

This section contains the main results of this paper, mainly concerned with the behavior
of solutions u = u(r) of (Uq) as r approaches the endpoints of the maximal interval of
existence of u. The first theorem provides a detailed characterization of the blow-up profile
for solutions of (Ug) having initial condition inside a certain subset of R* when ¢ is in an
appropriate neighborhood of 3.

Theorem 3.1. Let D = D(«), L and D be as in, respectively, (2.8)), (2.14) and ([2.20)).
Let q € (q-,q+), let vq be the T4-periodic function and S; C R* be the 3-dimensional

manifold established in Theorem[2.25. Set
Q,:=DL'S,. (3.1)

Then,

A) the set Qg is unbounded, arc-connected, symmetric with respect to the origin, with
non-empty interior, and invariant with respect to (Uq);

Moreover, if u = u(r) is the solution of (Uq) with initial condition u(0) = ug € €, then
B) w blows up at 0 < T < +o00, where T is such that LD(T)ug € S,

C) there exists an asymptotically periodic function w : [0,400) — R such that

w(r) = (T —r) T w <ln (Ti«)); (3.2)

D) w approaches exponentially v with asymptotic phase, that is there exist sy € [0,7,)
such that

and \g >

(s = s0) — w(s)| < ce™ % (3-3)
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E) let (zj); be the sequence of positive consecutive zeros of w. Then, for j sufficiently
large, z; is simple,

T—zjt1 | —np2

=T e - , 3.4
T—2 e as j — oo (3.4)

Z5 — Zj—1

and there exist co > ¢1 > 0 such that
4
1 < [zjy1 — 27T My < e, (3.6)
where M; = max{|u(r)| : z; <7 < zj41}.

Remark 3.2. We point out that, in light of Remark for q close to 3, we have T,
belongs to a neighborhood of 1.90809723205 and A\, belongs to a neighborhood of 7.

Remark 3.3. Combining C) and D) of the theorem above, we have that, if v solves (Uq)
with initial condition ug € Qq, then there exists sy € [0,7,) such that

w(r) — (T — 1) <ln <TTT> _ so> ‘ <e(T=1) forallr€[0,T).  (3.7)

Note that, while T, s and ¢ depend on the initial condition ug, a > 0 does —not— depend
on ug. In fact, we have a < min{|\|;,|A|} —n where the \;’s are the negative Floquet
exponents associated to Sy (see Section; for q close to 3, one can choose a close to 5. The
inequality above shows that solutions whose initial condition lies in §)g blow-up according
to a precise profile (modulo the phase-shift sg). Figure @ provides a visual elucidation this
fact.

N\

Figure 2: Convergence of some solutions of (Ug) to their blow-up profile.
Proof. The proof relies to large extent on Theorem which establishes, for all ¢ €

(g—, q+), the existence of a 7,-periodic solution v, for (W) which possesses a 3-dimensional
stable manifold S,.
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B), C), D) Let u(r) = ¢(r,up), with ug € Q,. By definition, there exists 7" > 0 such that
LD(T)uy € S;. Now, let w(s) = ¢(s, LD(T)up). Then, follows directly from C) of
Theorem while follows by virtue of and Remark The fact that w(s)
approaches a non-trivial periodic function as s — 4o implies that u blows-up at T' (see

Remark .

A) The set Q, = DL‘lSq is clearly unbounded since each “fiber” DL~ 'wy, with wg € Sy,
is such. Since S, is connected, and hence L*ISq is connected, the arc-connectedness
follows from the fact that each fiber is an arc connecting a point not in L‘lSq to L_lSq.
The symmetry of €, with respect to the origin comes from the analogous property of S,
which, in turn, is a consequence of Remark and of the fact that, if w solves (W) with
initial condition wg, then —w solves (Wg) with initial condition —wyg. The invariance of
), with respect to (Uq) is a consequence of Proposition where the hypothesis that
Ry (L7 'wp) < 1 is satisfied for all wo € S, by virtue of v) in Remark Finally, lets
show that the interior of €, is not empty. Let I'; = O(v,) be the orbit of 7, in R*. For
each point in I'y, the tangent bundle of S; and that of the unstable manifold i, span
the whole R%. By continuity, they must remain transverse in a small neighborhood of r,.
Since the unstable manifold is given by LDL‘lfq (see Corollary, and L is invertible,
also DL™IT', (which is contained in Q) and L™1S, are transverse along L™ 'T';, from which
the claim follows.

E) Throughout the rest of the proof, we let

T
T—7r

¢@y:m< >Jm0<r<T, (3.8)

whose inverse is given by
0 H(s) =T —e™*), for s > 0. (3.9)

Consider 7, and assume, without loss of generality, that ,(0) = 0. Then, by virtue of
B) of Theorem the sequence of consecutive zeros of v, is given by (j7,/2);, and all
are simple.

From (2.11), we have that u(z;) = 0 if and only if w(s;) = 0, where s; = ¢(z;);
furthermore, (s;); is a sequence of consecutive zeros of w. Since w(s) — v4(s — s9) — 0 as
s — 400, we have that v4(s; — s9) = 0 as j — 400 which implies that there exists v € Z
such that

sj—80— (j+v)1g/2 = 0as j — 4o0. (3.10)

By direct computation, one obtains
' (z)) = (T = 2) 7" [nw(sy) +w'(s5)] = (T = 2;) 7" 1! (s).

Combining w'(s;) — vg(s; — so) — 0 as j — +oo with (3.10), we obtain that w'(s;) —
v, ((j +v)74/2) — 0. Hence, recalling the symmetry property of v, (see B), i) of Theorem
2.25), we conclude that |w'(s;)] — [74(0)] # 0 as j — +oco. This implies that [w(s;)| # 0
for j sufficiently large, from which it follows that z; is a simple zero of u for j sufficiently
large.
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Relation (3.4]) comes from
T —z;
D — g — . _ ) =1 J
sy =55 = plegen) = o) = In (7).
and
Sj41 — 85 — Tq/2 = 0 as j — +o0, (3.11)
the last one being a direct consequence of (3.10)).

Taking into account (3.11f), we have

ZJ+1 — Zj 6Tq/2 — So_l(sj‘i’l) B @_1(5.7) eTq/2 — eisj — eiSjJrl 67’q/2 — (312)
Zj = zj-1 o~ 1(sj) — 7 (sj-1) e %l — e %

— e5iTSi+1
sjor—sjhrg/2 LT €

= e — 1as j — +oo, (3.13)

1 — esi—175j
which is (3.5]).

In order to prove (3.6]), we argue as follows. For any j, let m; € (z;, zj+1) be such that
lu(mj)| = Mj, kj := p(m;) € (sj,8j+1), and o := k;j — s;. Notice that, because of (3.11]),
(aj); is bounded.

Now, observe that

ziv1 — 2 9 Msjun) — T (s) e — e

= = — % (1 — %5 %i+1
Tom; — T (k) o e e,

which, taking into account (3.11]), assures that there exist two constants ¢y > ¢; > 0 such
that

¢ < % < ¢3, for j sufficiently large.
J
Next, since
" n Z1 = %"
241 = 2" My = |21 = 2" Julmy)] = | S ——= | [w(k;)l,
J

we have that
¢ |w(ky)| < |zj41 — 2| Mj < & |w(kj)|, for j sufficiently large.

To conclude the proof, it suffices to prove that the sequence (w(k;)); is bounded and
definitively away from zero.

The boundedness of (w(k;)); is a consequence of the fact that w is asymptotically
periodic.

Arguing by contradiction, assume that there is a subsequence (kj, ); such that w(k;,) —
0 as i — 4o00. Up to a subsequence, we can choose the sequence (j;); so that the (j; +v)’s
are all even or all odd. Assume that each j; + v is even (the case “j; + v odd” is similar,
and its details will be omitted). Direct computation yields

0=u'(my) = (T —my) """ [qw(k;) +w' (k)] -
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Since (w(kj,)); vanishes as ¢ — +o00, necessarily (w’(k;,)); must do the same. From the
fact that, for 8 = 0,1, w® (s) —véﬂ)(s—so) — 0 as s = +00 we get that véﬁ)(kzji —s9) =0
as ¢ — +oo. Up to a subsequence, we can assume «j, = kj, — s;, to be convergent, say
aj, — d as 1 — +o00. Using the fact that v, is 74-periodic and that each j; + v is even, we
can write

WP (kjs = 50) = 1D (s, + i — s0) = 7P (550 = s0 = Ui + V)70/2 + az1),
for 5 =0,1. Letting ¢ — +o0, and taking into account (3.10)), we have that

0=(d), for B=0,1.

That is, 74 has a non-simple zero. This is a contradiction, and concludes the proof. O

Next, we turn our attention to solutions of (Uq) whose lifespan is unbounded. We know
that any non-trivial solution u = u(r) of (Uq) cannot be globally defined (see Theorem
. It could, however, be the case that blow-up occurs only in forward (or backward)
time. If u is a non-trivial solution of (Ugq) that is defined, say, for all > 0, then Gazzola
and Pavani show (see [12]) that v must vanish for » — 4o00. The next theorem not only
shows that there is no lack of those solutions, but also provides a precise characterization
of their asymptotic behavior.

Theorem 3.4. Let (q—,qy) and U, be as in Theorem and let q € (q—,q+). For any
up € RY, let u = u(r) be the solution ¢(r,ug) of (Uq). Then:

A) ifug € LU, ug # 0, then R_(ug) = —o0, T := Ry (ug) < +00 and

<%+j’ forallr <0 and j=0,1,2,3,

’u(j)(r)
(T —r)a-t

in particular, ®(r,up) — 0 as r — —o0;
B) ifup € JL*IL{q, ug # 0, then Ry(ug) = +oo, T = R_(ug) > —o0 and
C

)um(r)) < ————— forallr>0and j =0,1,2,3;
(T + 7)1t

in particular, ®(r,ug) — 0 as r — +oo.

Proof. First, note that A) and B) are specular, i.e. one follows from the other by
reversing the direction of r (this is the role played by J, see Remark . Therefore, we
only prove A).

We recall that U, is the 2-dimensional unstable manifold of the 7,-periodic solution v,
of (W) established in Theorem , and that U, = LDL'T,, where I'y = O(v,). Let
w € L~'U, = DL™'T, ug # 0. By definition, there exists T > 0 such that LD(T)ug € T,.
This means that ¢(s, LD(T)ug) = v4(s — so) for some sg € [0, 7). Then, from and
Remark [2.2] we deduce that

u(r) = (T —7) 71, (m (TT ) - 50> : (3.14)

-T
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Figure 3: A solution (solid line) that vanishes in forward time enclosed in its envelope
(dotted line).

This yields the desired inequality for 7 = 0. Differentiating, we get the claim for j = 1,2, 3.
O

From ([3.14]) we see that solutions that vanish as s — oo do so by means of damped
oscillations. Figure |3| depicts one of those solutions.
3.1 Preserved quantities

As observed in [I§], equation (Uq) has a first integral, or energy identity,

1
E(u) == §u"2 — v — F(u(r)) = constant = E,, (3.15)

where F’ = f. Clearly the constant F, depends on the solution u, and hence on the initial
condition: E, = Fy(up).
Furthermore defining

H = u'u" —uu”, (3.16)

one can recognize that H along the nontrivial solutions of (Ug) is increasing. Indeed, since
7‘[/(7“) —_ u1/2 + UU”” —_ ul/2 + Uf(U) > 0

we have that H is non decreasing. Writing H as

H(r) =H(0) + /07“ u(s)ds + /OT u(s) f(u(s))ds.

one recognizes that, if u is non-trivial, then # is strictly increasing (see also [11]). Com-
bining this last fact with [12, Lemma 9], one obtains the following proposition, the proof
of which is straightforward and, therefore, omitted.
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Proposition 3.5. A solution u of (Uq) blows up at Ry < oo if and only if there exists rg
such that H(rg) > 0. Moreover, if H(ro) > 0 for some ro, then H(r) — +oo asr — R,.

A consequence of the proposition above is that the set of initial conditions that lead
to blow-up in finite forward time is open.

Theorem 3.6. The sets {ug € R* : R (1) < +oo}, {up € R* : R_(ug) > —o0} and
{ug € R*: —c0 < R_(ug) < Ry(ug) < +oo} are open.

Proof. Clearly it suffices to prove the claim for the first set. Let up € R* be such that
Ri(ug) < 400. Throughout this proof, to highlight the dependence of H on ug, we will
write H(r) = H(®(r,ug)). By Proposition we have that O(up) must eventually enter
the region where H > 0, i.e. H(®(rg,up)) > 0 for some ry. Observing that H(®(ro,-))
is well defined and continuous in a neighborhood of ugy, we have that H(®(rg,-)) must
remain positive in a suitable neighborhood of ug. The claim follows appealing again to
Proposition |3.5 (W

Proposition also states that, if blow-up occurs at Ry < 400, then H diverges as
r approaches R;. The following result provides, under suitable hypotheses on the initial
condition, an estimate on the order of infinity of .

Proposition 3.7. Assume that (Wq) admits a periodic solution possessing a stable man-
ifold S. Let u = ®(-,ug) be a solution of (Uq)and let H be defined as in (3.16). If
ug € DLLS, then there exist ca > ¢1 > 0 such that
3+5 3+5
ci(Ry —r) a1 <H(r) <ca(Ry —r) a1, forr close to Ry. (3.17)
This result is based on a counterpart of £ and #H for solutions of (W) that we present
below. In what follows, we denote with A and B the following matrices

0 0 0 -1 0 0 0 O

0 01 0 0 0 0 -1
A 0 10 0]’ B = 0o 0 1 0|’

-1 0 0 O 0 -1 0 0

and notice that the energies £ and H can be written, respectively, as

1 1 1
&= iuTBu ) lug|™tt = Ey(ug), H= §uTAu. (3.18)

Proposition 3.8. Let w = W (-, wy) be a solution of (Wgq). Then
A) There exists a constant FE,, = E,(wg) € R such that the identity

%WT(s)L_lTBL_lw(s) - qil ()1 = BetiTs (3.19)
holds for any s € (S_, S+)E| Moreover,
! The identity can be written explicitly as
%wf— é (B3+4n+n)wo® —n (2L +n) w2 + (34 2n% +6n) w1 +ws) wo +
f%wl (2(n + 2)wa + (27° + 3+ 8n) w1 + 2ws) — qJ%l lwo|*t = Ee” 1t
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i) the constants Ey,(wo) and E,(ug) coincide provided that wy = Luy,
it) if w is periodic, then E,(wg) = 0.
B) If wg # 0, the quantity
1 3¢+5 3q+5
S L AL w(s)]e 18 = h(s)e i1 ® (3.20)

is strictly increasmgﬂ. Moreover,
i) if ®(-, L 'wq) blows up at Ry (L 'wg) <1, then
w(s)TL_lTAL_lw(s) > 0, for s close to S (wy),
it) if w is periodic then
wl L VAL 'w > ¢ > 0, for all s € R.

iii) let v be a periodic solution of (Wq); if (-, wo) approaches v with asymptotic
phase as s — 400, then

w(s)TL_lTAL_lw(s) > ¢ > 0 for s sufficiently large.

Proof. Combining (3.18)), (2.19)), and the fact that
D(a)BD(a) = o*™B,

we obtain (3.19) and the claim A), i). The claim A), i) follows observing that the left
hand side of (3.19) is periodic, while the right hand side is strictly monotone for E,, # 0.
To prove the claims in B), first we notice that, since =1 (s) is increasing, also H (¢ ~1(s))

is increasing. Combining , , and the fact that
D(a)AD(a) = a*13 A,
we obtain that is increasing. Proposition yields
lim H(r) = +o0

r—R

and hence
lim H(p~'(s)) = +oc.

s—S4
From which B), i) follows. The claim B), ii) is a direct consequences of B), i) and of the

periodicity of w. The claim B), i) follows from B), i) since w(s) gets arbitrarily close
to v for s large enough. |

Proof of Proposition Without loss of generality, we may assume that Ry = 1. We

have that H(r) = h(s)eﬁs, where h(s) is bounded from below as stated in Proposition
and from above since w(s) approaches the periodic solution as s — +o00. The claim
follows noticing that e* = (Ry — 1)7L. O

2 Or, explicitly, the quantity

3q+5

ea—1° [ WaW1 +w12—|—277w12—277(1+77)w02 — (dnwr +ws + 27+ 3) w2 + 2w1) wo ]

is increasing.

31



Remark 3.9. From A), ii) we have that the orbit corresponding to any possible periodic
solution of (Wq) must lie on the manifold given by

1 7 1T 71 1 +1
- L'BL S o+l _ .
5 W (s) w(s) | wo(s)| 0

4 Rigorous numerics for the periodic solution and the Flo-
quet exponents

In this section we consider the equation (W¢q) with ¢ = 3, namely
w" + 14w"” + Tlw” 4 154w’ + 120w + w® = 0. (4.1)

Denote by w(t) an a priori unknown %J—”—periodic solution to this system. Denote its
Fourier expansion as
w(t) =) ageH. (4.2)
kEZ
The unknowns for this problem are the frequency w and the sequence of Fourier co-
efficients @ = {ay }xez of the periodic solution w(t). Since the differential equation
is analytic, any periodic solution is analytic. This implies that the Fourier coefficients of

w(t) decay exponentially fast to 0. Therefore, the infinite dimensional vector of unknowns
def

z = (w,a) is an element of the infinite dimensional space
X £ CxL, (4.3)
where
0, = {a={ar}rez |ar € C and |al, < oo}, (4.4)
with

def
lall, = > Japl*, (4.5)

kEZ

for some fixed weight v > 1. Note that with v = 1 the space £} is the classical Wiener
algebra.
We denote by = (w, a) an element of X and endow the space with the norm

2]l = max (|wl, [|all) - (4.6)

Lemma 4.1. The function space £ as defined in (4.4) is a Banach algebra under discrete
convolution, that is it is a Banach space and for any a,b € £L, axb = {(a*b)i}rez defined

by
(a*b)g ot Z ag, bi, (4.7)

ki1+ko=k

satisfy ax b € €% and ||a = b|l, < |lall,||b].-
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Proof. We omit the proof that X is a Banach space. Let a,b € £1, that is ||a|,, ||b]|, < oo.
Consider a * b defined component-wise by (4.7]). Then,

laxbll, = > Haxb)pl™=>"1 > apbg,|vM

keZ kEZ |k1+ko=k
k1,k2€Z
< Y0 arllbr ™ <> > g [ gy [
kEZ ki+ko=k kEZ ki+ko=k
k1,ko€Z k1,ko€Z
< D0 Jaw M) LT 1w ) = Jlall[B]]-
k1€Z ko€Z
That shows that X is a Banach algebra. O

Plugging (4.2)) in the differential equation (4.1)), we obtain that

S (u(@)ag + (@®)) 4 =, (4.8)

kEZ
where
pe(w) £ Wkt — 14i0’k® — 7T10%k? + 154iwk + 120, (4.9)
and
def
(a®)p = Z kg Aoy O3 - (4.10)

ki1+ko+ks=k
Therefore, given = € X, define the operator F(x) = {(F1(x))i trez component-wise by

(Fu@)k = p(w)ag + (0®). (4.11)
Throughout this section, we denote by conj(z) the complex conjugate of the complex
number z € C. From the previous discussion, we have the following result.

Lemma 4.2. Fiz an exponential decay rate v > 1. If x = (w,a) € Rx £ solves Fy(x) =0,
then the relation is satisfied for all t € R, that is the function w(t) as defined by
s a %”—periodic solution of . Moreover, if the sequence of Fourier coefficients
a = (ag)kez of satisfy a_y, = conj(ay), then the periodic solution w(t) is real.

The idea of the rigorous numerical method is to compute a numerical approximation
Z of F1 = 0 and then use the Contraction Mapping Theorem (CMT) to show that close to
Z, there exists £ € X such that F;(z) = 0. The CMT requires to have a locally isolated
solution. Note that periodic solutions of the form = = (w,a) given by w(t) represented
by are not isolated as any time shift of the form w(¢ + 7) still provides a periodic
solution. In order to isolate the periodic solution in the function space X, we therefore set
a phase condition. We impose that the solution u given by satisfies Z|k|§3 ar, = 0,
that is we impose that
Fo(x) = > ap =0. (4.12)

|k|<3
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Note that Fy(x) is a rough approximation for the value w(0) = >, ., ar. Given any

x € X, recall (4.12)) and (4.11)), and set
e Fo(z
F(z) & ( F?Ex; ) (4.13)

We will need some basis tools from functional analysis to show that we have a con-
traction.

4.1 Basic functional analytic background

Recall the classical fact that the dual space of £1, which is denoted (£1)*, is the space
¢, Similarly if v > 1 then the dual of £} is a weighted “ell-infinity” space which we
define now. For a bi-infinite sequence of complex numbers ¢ = {c }rez, the v-weighted
supremum norm is defined by

fellze % sup 1] (4.14)
kez VI
Let
0 ={c={cklrez | ck €CV k€Z, and |c[|;° < oo}. (4.15)

The key to the proof that £5° = (£1)* is the following bound which is itself useful in the
sequel.

Lemma 4.3. Suppose that a € % and c € {5°. Then

E Cray

kEZ

<> lexllarl < llellllall,.

kEZ

The following results states that £3° is the dual of £}, in the sense of isometric isomor-
phism. It follows that any linear functional on £ can be represented as an element of £°°,
and that the operator norm can be computed by taking the weighted “ell-infinity” norm
of the corresponding sequence.

Theorem 4.4. For any v > 1 we have that (£1)* = (°°.

A related result, which is not usually stated but which is useful in the work to follow,
is the following isometric isomorphism theorem for linear maps from C into /1.

Lemma 4.5. The set B(C,(L) of bounded linear maps from C into £ is isometrically
isomorphic to (L. Specifically | € B(C,LL) if and only if there exists a € (. so that
I(2) = za, for all z € C. Moreover ||l||g(c,e1) = llal]»-

The following result is a consequence of Lemma [4.3] and provides a useful and explicit
bound on the norm of an “eventually diagonal” linear operator on .. The proof is a direct
computation.

Corollary 4.6. Let AU™ be an (2m — 1) x (2m — 1) matriz with complex valued entries,
{0k }|k|>m @ bi-infinite sequence of complex numbers and 0, > 0 a real number such that

|0k| < O, for all |k| > m.
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Given a = (ap)rez € LY, denote by alm = (@ i1y G1,00,a1,. .., Qm_1) € C>M7L

Define the map A: £}, — (1 by

_ [A(m)a(m)]k, k| <m
Ala)lk = { Orag, |kl =m.

Then A is a bounded linear operator and
Al B 1y < max(K,dn),

where

def 1
K £ max oo > | Apal*. (4.16)
|k|<m

4.2 Rigorous computation of the periodic solution

We are ready to present the rigorous computational method to find a nontrivial zero of
This approach requires first the computation of a numerical approximation that is
obtained by computing on a finite dimensional projection. Given a = (ay)rez € £. denote
by ar = (ar)|kj<m € C2?m~=1 a finite part of a of size 2m — 1. Consider a finite dimensional

projection F(™ of ([4.13) given by

(4.17)

F(m)(w,ap) _ ( Fy(w, ap) >7

F™ (w,ar)

where Fl(m) (w,ar) € C*™~1 corresponds of the finite part of Fy of size 2m — 1, that is
Fl(m) = {(Fl(m))k}|k\<m' More explicitly,

(Fl)](cm)(g;(m)) = Iuk(w)ak + Z Aoy Qo A -
ki4ko+ks=Fk
\ki|<m

We have that F(™) : C x C2"~1 — C x C2™~1, and we seek a numerical solution of the
finite dimensional problem F(™) = 0 using Newton’s method. Let Z = (@,a) € C x C?"~!
be the approximate solution of F(™) so obtained, with a € C2m~ 1,

We would now like to employ some kind of Newton-Kantorovich argument in order
to establish the existence of a true solution of F' near z. We now look for zeros of F' in
X. Note that it is not the case that F maps X into itself. This is because a differential

operator is in general unbounded on /.. In order to overcome this problem we look for an
injective linear smoothing operator A: X — X having that

AF(z) € X, (4.18)
for all £ € X in some neighborhood of Z, and also that
|[I - A DF(7)|x < 1. (4.19)

Equation (4.18)) says that A is a smoothing operator, which sends F'(x) back into the space
X as defined in (4.3). Equation (4.19) says that A is a left approximate inverse for DF(Z).
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Note that the approximate inverse condition need only hold for the Frechet derivative at z,
while the smoothing condition must apply in a neighborhood of the approximate solution.

The choice of the approximate inverse A is presented in Section [4.2.2] For now we take
A as given and define the Newton-like operator by

T(zx)=x— AF(x) (4.20)

for  in some neighborhood of Z.

The injectivity of A implies that x is a solution of F(z) = 0 if and only if it is a
fixed point of T'. Moreover since T now maps X back into itself we study Equation
via the contraction mapping theorem applied on closed balls centered at the numerical
approximation .

Recall the definition of the norm on X in (4.6)), denote by B(r) = {z : [[z[|x <r} C X
the closed ball of radius 7 in X and denote

Bi(r) € &+ B(r). (4.21)
Given z = (w,a), with a = (@a—p+41,.-.,0-1,a0,G1, - - -, Gm—1), define the bounds
Y = (Yo, 1
( ) (4.22)

Z(r) = (Zo(r), Z1(r))

with Yo, Zo(r) € R and Y1 = ((Y1)k)kez, Z1(r) = ((Z1(r))k)kez satisfying

I[T(z) — z],| < Yo and . SEqu( )|DT0(:E +b)c| < Zp(r) (4.23)
(([T(2) — z]))kl < Y1)k and o )|[D(T1)1c(i’+b)d| < (Z1(r)k-

The proof of the following result can be found in [15].

Proposition 4.7. Consider the boundsY and Z(r) as (4.22)) and satisfying the component-
wise inequalities (4.23). If |Y||x +||Z(r)|lx <, then T : Bz(r) — Bz(r) is a contraction.
Moreover, there exists a unique T € Bz(r) such that F(z) = 0.

Consider an upper bound Y such that ||Y1]|, < Y; and an upper bound Z;(r) such
that | Z1(r)||, < Z;1(r). The previous remark justifies the following definition.

Definition 4.8. Given the bounds Y and Z(r) satisfying (4.23|) we define the radii poly-
nomials py and p; by

def

po(r) = Zo(r)—r+Yp (4.24)
pi(r) = Za(r)—r+ Y1 (4.25)

The next result (for the proof see [I5]) shows that the radii polynomials provide an
efficient strategy for obtaining sets on which the corresponding Newton-like operator 1" as
defined in (4.20) is a contraction mapping.
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Proposition 4.9. Fiz v > 1 an exponential decay rate and construct the radii polynomials

po(r) and pi(r) of Definition[4.8 Define
= {r>0]po(r) <0} {r>0]|pi(r) <0} (4.26)

If T # 0, then T is an open interval, and for any r € I, there exists a unique & € Bz(r)
such that F(z) = 0.

We will therefore demonstrate the existence of a periodic solution of by con-
structing the radii polynomials of Definition [4.8] and by applying Proposition [£.9] The
construction of the polynomials will use the results of Section and will require some
computations using MATLAB and interval arithmetic.

4.2.1 Symmetry of the fixed points of T

We are interested in showing the existence of a periodic solution u given by (4.2)) that is
real and that satisfies the symmetry property

a2 = 0, VjeZ. (4.27)
To do this, we design the method so that fixed points of 1" are in the symmetry space
Xoym = Rx 02, (4.28)

where .
0L = {aetlay =conj(ax) VkeZ, and ay =0 VjeZL}. (4.29)

Remark 4.10. The condition a_j = conj(ay) is imposed in the function space £ because
we want u to be a real periodic solution, that is conj(w(t)) = w(t).

Lemma 4.11. Assume that T € Xgym and consider the closed ball Bz(r) C X as in (4.21]).
Define T as in (4.20) and assume that the approximate inverse A satisfies

AF : Xy = Xeym. (4.30)

Assume that T : Bz(r) — Bz(r) is a contraction, and let T € X the unique fized point of
T in Bz(r) which exists by the CMT. Then, T € Xgym.

Proof. By (4.30), T : Xsym — Xsym. Using that Z € Xy N Bz(r), and that Xy, is a
closed subset of X, we obtain that

i= lim T™(Z) € Xgym. O

We now introduce an approximate inverse operator A that satisfies (4.30]).
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4.2.2 Definition of the approximate inverse operator A

In this section, we define an approximate inverse A for DF(Z) so that (4.30|) holds. We
begin the process assuming the existence of Z = (w,a) € Xym so that F(Z) ~ 0. The
Fréchet derivative DF(Z) can be visualized as

-\ 0 DaF()(f)
DE@)=5,R@) D.R(z))"
since 0, Fp(Z) = 0, and where

0.Fi1(Z) R — (L,
D,Fy(z) : £1 — R is a linear functional
D, Fi(z) : £}, — 1, is a linear operator with v/ < v.

We first approximate DF(Z) with the operator

Aw,l Aa,l

which acts on b = (b, b1) component-wise as

(Al = Alg-bi & Dy Fo(@) - 5"
(ATo)y = AL 1bo+ Al by € 2]

v

where ALJ = 8wF1(m) (z) and AZ,151 € ¢!, is defined component-wise by

(m) ()
(41,01) :{ (Dan F @) 1 <
k pie (@) (b1)gs k] = m.

Let A(™ a finite dimensional approximate inverse of DF (™) (%) which is obtained
numerically and which has the decomposition

(m) (m)
A(m) — Aw£ Aa,O

A( ) AEZE)

w,1

c (C2m><2m’

where A™ ¢ R, A((:z) e Clx@m-1) Aﬁjﬁ) c cCm-1)x1 414 A((ﬁ) c C@m—1)x(2m-1)

w,0
Assume moreover that A(™ satisfies the following symmetry assumptions:

k‘)a kf:—m—‘-l,...,m—l’

3. (Afjﬁ))fk,,j = conj ((A(;ﬁ))k,j) k= —mal. . m—1, (431)
gz))zk:o, V2ke{-m+1,...,m—1},

: (Agg))%,zjﬂ =0, V2k,2j+1e€{-m+1,...,m—1}.
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A consequence of assumption 1. of (4.31) is that (A(%))o € R while a consequence of

assumption 2. is that (Agﬁ))o e R.
By approzimate inverse we mean that for some € with 0 < e < 1,

chzm _ A ppm) (:E)H <e
We define the approximate inverse A of the infinite dimensional operator DF(Z) by

A A
A d:ef |: w,0 a,0:|
Aw,l Aa,l

where A acts on b= (bg,b;) € X = C x £}, component-wise as

(Ab)y = ATby + ATp™
(Ab); = ATbo+ Ag by,

where A™ ¢ C2m=1x1 i understood to be an element of ¢ by padding the tail with

w,1
zeros, and A, 101 € ¢! is defined component-wise by

(Ag@bgm))k, k| < m

Ag1b =
(Aarbu)y ) K] = m.

i (@)
Let us now verify that (4.18) holds.
Lemma 4.12. Let x € X. Then AF(z) € X.

Proof. Consider z = (w,a) € X and let F(x) = (Fy(x), Fi(x)), with Fy(z) given in
and Fi(x) given in (4.11)). For sake of simplicity of the presentation, we denote Fy = Fy(x)
and F1 = Fl(l‘)

We need to show that ||[(AF(z))1]], < co. Since

i 2 _ () o

k—=oo k(W) w

there exists C' < oo such that

1
(@)

() ' ’
111 (@)

’ < C, forall |k| > m.
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Then,

HAF@)l, = S (AF (@)1, M = Z]( P+ AuFr) o
keZ
|| Am) p(m) k|

< | [Bolv + > (A F v

|k|<m |k|<m
(W)ay, + (a®)g)| V¥
|k|>m

< ’ m) ’\Fo’u'k + Z ‘(Ag'})Fl(m))k)ulk'
|k|<m |k|<m
+C Z |ag| V' + C Z ‘(a3

|k[=m. |k|=m

< 3 |(a), [ 3 | (a0A)
|k[<m |k|<m
+Cllally + Cllal;, < oo,

where we used the fact that ||a®||, < |la]|2, because £} is a Banach algebra. O

Let us show that the operator A that we defined above satisfies the symmetry assump-
tion (4.30)).
Lemma 4.13. Let x € Xgym. Then AF () € Xgym.
Proof. Let # = (w,a) € Xgym = R x £}, with £} as defined in (&29). This implies that
a_p = conj(ag) and ag, = 0 for all k € Z. Denote Fy = Fy(x) and F} = Fi(z).

We begin the proof by showing that the operator F' preserves the symmetry conditions,

that is we show that Fy € R, (F1)_x = conj((F})x) and (F})ax = 0.
Recalling the definition of the Poincaré phase condition (4.12]),

= Z ar = a_3+a_1 + aj + ag = conj(ag) + conj(a;) + a; + az € R.
|k|<3

Also, from (4.9), we see that p_g(w) = conj (ur(w)). Then,

(Fl)fk = N*k(w)a*k"i_ Z Qg Oy Qg

ki+ko+ks=—k

= conj (up(w)ag) + Z Ay Oy Qg
ki1+ko+ks=k

= conj (pup(w)ag) + Z conj(ay, )conj(ak, )conj(ag,)
k1+ko+ks=k

= conj ((F1)k) -

Now,
(Fu)ok = pok(@)agk + (@®)ar = par(@)(0) + > agyagyan, =0, (4.32)

k1+ko+kz=2k

40



since the condition k; + ko + k3 = 2k implies that there exists ¢ € {1,2,3} such that k; is
even.
The second part of the proof is to show that AF preserves the symmetry conditions,
that is (AF(z))o € R, ((AF(x))1)—k = conj (((AF(x))1)x) and ((AF(z))1)2k = 0.
Combining that Ac(ﬂ))?FO € R, (Fi)_x = conj ((F1)x) and assumption 1 of (4.31]), we
have that

(AF(2))o = AR +AlY F™

= w0F0+ Z A%

k—ferl
m—1
— AT R+ Z Ye(FDk+ (AT o(F)o + 3 (A u(F)i
k=—m-+1 k=1

= AT Ey 4 (AT o(F)o + Z (conj ((A(m))k(Fl)k) n (A%))k(Fl)k) eR.
k=1

By assumptions 2 and 3 of (4.31)), for |k| < m, we have

((AF(QJ))l)—k = (Agﬁ)Fo + A, 1F1)7k

= (aY) R+ (AlPE™)
m—1
= (A(J?)_kFo—f— Z (Aal)fk,J(Fl)J
j=—m+1
m—1
= (Al) R+ Y Al ()
j=—m+1
= conj (AJ?) Fo)—i— Z (At(zl))k](Fl)J
j=—m
= conj (((AF(x))1)k),

and for |k| > m, we have

(AF@))-x = (ALYRo+AaiFi)
— (AF) = Ml(w)wn_k — conj (((AF(2))1)k)

That shows that ((AF(z))1)—x = conj (((AF(x))1)r) for all k. It remains to show that
((AF(2))1)2x = 0.
By assumptions 4 and 5 in (4.31)), and using (4.32)), we get that for |k| < m,

_ (m) _ o 4(m) (m) = (m)
(AF(@))1)2k = <Aw,1 Fo + AaJFl)% = (Aw,l )2k Fo + (Aa,l Fy >2k
m—1 m—1
= > A ) = >0 (A ) (F); =0,
j=—m+1 j=—m-+1
7 odd
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and for |k| > m,

1
(AF@)s = s (P =0 O

Having defined A satisfying (4.30) we can now define the Newton-like operator as in
(4.20) and use the radii polynomial approach to prove existence of a non trivial fixed point
of T, by applying Proposition

4.2.3 Construction of the radii polynomials for the periodic solution

We begin the construction of the radii polynomials (4.24) and (4.25) by constructing the
bounds Y, Y1 such that

[(T'(z) = Z)o| = [(AF(Z))o| < Yo
I(T(Z) = 2)lly = [[(AF (@)1l < Y1

The upper bound Y{ can be obtained by computing the finite sum

(AF(@))ol = [ATH Fo(z) + ATy F™ (7)
with interval arithmetic. To obtain Y1, realize that

(T(@) = 2)1ll, = [I(AF(@)hll,
= [l Aw1Fo(Z) + Aan F1(2)],,

= Z\ Au 1 Fo(Z)]k + [Aa, 1 F1(T)]k] ylFl

kEZ
m—1

= > ‘[A%)Fo(f)]kﬂf‘l( 'F"(@ ’ N ([Aa  Pu(@)]kl v
k=—m+1 |k|>m

where the first summand is finite and the second summand, since a; = 0 for |k| > m,
satisfies

> A By (2)]k| v = Z k(@)ay + (@*)) | v
|k[>m |k|>m
- z o
m<|k|<3m—2 |,LLk ‘
We are done by setting
Yo ¥ [AlYR @) + AL F™ @) (4.33)
m—1
YIS A @) + (AT @)l o (4.34)
k=—m-+1
+ > @) v
m<|k|<3m—2 |'uk |
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The next step in the construction of the radii polynomials (4.24) and ( is to
construct the bounds Zy(r), Zi(r). Let b,c € B(r) C X. Then

DT(Z+b)c=[I — ADF(Z+b)lc=[I — AAT|c — A[DF (% +b) — AT]c. (4.35)

We first bound the quantities involved in the first term of (4.35). Let B LT — AAT
which we express as
B — |:BUJ,O Ba,0:|

Bw,l Ba,l
By definition of B, [(Bc)1]y = 0 for |k| > m and ¢ € B(r) C R x £.. Define
(0) gt [(Bao)k|
Zy' = |Bu, (1};112% T (4.36)
0 def
27 S (Bl max i 3 (Bl (4.37)
|k|<m |k|<m

Now, recalling (4.14) and Lemma we have that

By oco + Z(Ba,o)k(cl)k

keZ
Recalling Lemma Corollary and (4.16), we get that

0
1(Be)illy = |1Bu,ico + Bajeill, < (1Bl + [ Banllp@.m) r < 27

(Be)o| = < (|Buo| + | BaolZ) r = 257

We therefore have all estimates to bound the first term of (4.35]). Next, we bound the
quantities involved in the second term. Denote b = (bg,b1) € B(r) C X = C x £.. For
j=0,1,let z; = ([DF(z +b) — AT]c)j and set z = (z0,21). Recalling [#.12), we get
that if m > 3, then 29 = 0. Set b = (by,b1) and ¢ = (¢, &) such that b = (bor, b17) and
¢ = (¢or,¢1r). Hence, b,¢ € By(1) C X. Denote Z = (w,a). For j =1,

5
> z1r
i=1
where each component of z1; = ((21,i)k) ey IS given component-wise by

(Zl l)k = { 3(a20{)k ’k| =m

3(a%cy)g, k| > m
and
(z12)r = (12k'@% — 84ik3w — 142k?) bocoay, + 6(ab1é1)x
+ (ARG — 42ik30% — 142k%0 + 154ik) (50(131)k + Bo(él)k)
(z13)r = (12K — 42ik®) Biéoar + 3(b3é1), + (126102 — 84ik>w — 142k?) boco(br)x
(6k*w? — 42ik*w — T1K?) B3 (é1)i
(1a)e = (4k'o — 14iK3) B3 (&), + (126w — 42ik%) b3co (b1)1, + 4k b3coar,

(ZI,S)k = k4[~)3(51)k+4k45350(51)k.
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Recalling that zp = 0, the second term of ([#.35) is A[DF(Z +b) — Af]lc = Az given
component-wise (j = 0,1) by
(A[DF(QE +b)— AT]C) = (A2); = Ag 1.
j
Defining the following vectors will be useful when constructing upper bounds for |(Az);|
for the cases j =0, 1.

j(m) 4-2 3 2\ (4(m)
Ay = {(12mie? - sainte — 14262) (A )k}|k|<m
Bl = { (ke - 21707 — 142470 + 154ik) (Afl”g))k}‘k‘
’ ’ <m
A(m) 3 (m)
Ca,O - {(1 — 42ik ) (AaO )k}|k|<m
Him) 4-2 3~ 2\ ( 4(m)
Doy = {(6r'a? - a2ik’s — T1k%) (AL} )k}|k|<m
p(m) 4~ 3 (m)
EYY = { (ko - 14ik?) (a7 )k}|k|<m
p(m) 40 A(m)
Fa,O - {k (Aa,O )k}|k|<m
Case 1: a bound on |(Az)o| = |Aq0z1| = |A((l"8)z§m)|
5
A - Z(Ai’?é’z%?))ri
1= 1
= {3 a cl }lemr

+ fl((l 0) {bocoak}\ka

~(m) (m) jm) 7~ 7
<Ca0 {bocoak}|k|<m+3Aa’0 {(b101) }|k|<m+Aa’0 {boco(bl)k}|k|<m
+ f)%) {Bg(él)k}lk<m> r?
(m) [73 Alm) [72~ (7 p(m) [73~ 4
+ (an {b (Cl)k}|k|<m+Ca,0 {bOCO(bl)k}|k|<m+4Fa,0 {bOCOak}k<m) r
fr(m) [74,~ (m) [73~ (7 5
+ <Fa,o {bo(cl)k}|kl<m+4Fa,o {bOCO(bl)k}|k|<m> .
J def

Let w' = u*k}|k|>m, and let

+

[=N
9]

= 3L (P Dk} o

(4.38)

=A@ + 61ATE Il + 2B I
a,0 ‘l/ aHV ” a,0 ‘l/ aHV ” a,0 ||V ( )

3 e MU = m) oo AL |00 Him) oo

2" NG I Nall + 3IATE 1+ IAZS I + 1D 1 (4:40)
4 e (M) 0o ~(m) 100 () 100 || 5

26" = BRI + G + 4N EG 1 all. (4.41)
5 e (1) 100

z& = s|ER. (4.42)
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Note that [bo|, [|b1 ], o], [|é1]l, < 1. Using Lemma [4.3] we get that
(Al = |Alg")|
31ATY | { (a2l )k} T
+ (1A U2 all, + 61 ATS 1 all, + 20 BIE 1) r2
+ (ISP lal, + 31ATE 12 + NATE 12 + 1 DY)
+ (IBSD 12 + ICSD I + AU 1 al, )

+5) ED oo
5 o
= Z Z(()l)rz.
=1

Case 2: a bound on ||(Az2)1]l, = ||Aa121]lv -
Define the linear functionals

IN

Aoy = {12k'0% — 84ik°w — 142k}, _,
Bay = {4k'0® —42ik°0* — 142k%0 + 154ik},
Can = {12k'0 — 4217},
Doy = {6k'@* - 42ik’0 — 71K%}, _,
Eo1 = {4k'0 - 14i8%},,
~a=1 - {k4}keZ‘

Let

m—1
1 e m _ 3 _
Z 3 3 (Jal el )r) oM+ a2

k=—m+1 [ (@)
(2) (m) =
2)  def m 4-2 Q3134 2| 15, |4,k
72 HA H ( 12k 84ik3w — 142k
1 ol || g ) k:;-H‘ @ ik’ Hak\u
+6llall + 20| B )

. m—1

2P Al (> 12k - 420k Jay
B(zl/?KV) k:_m+1

3+ 1Al + 1Dan )
m—1

1Banll + 1CanllZ+4 > larlv*)
k=—m-+1

z{V HA‘(;E)HB(@,Z},)<

z? Al (501 Fus )

o1 HB(@,@)
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First, we have that

[Aarz10ll, = Z |(Aa,1z1,1)k|V‘k‘+ Z |(Aa,121,1)k|y‘k‘
|k|<m |k|>m
< 3 Z A(m ERED |k|—|—3z — |acl |1/|
k—m+1( >k [k|>m "uk(w |
3 _ 1)
<3 (alPw")r) oM+ ———lall; = 2.
k_;l( )M @ 1

which is a finite sum that is evaluated using interval arithmetic. Now,

| Aa,121,2],

| Aa,121,3l,,

| Aa,121,4][,,
[ Aa121,5]l,

- HA‘“1 HB(ZH;) 2121l
m—1
< [lal?| (3 2wte? - saiko — 1424 gl
Hisaa \,_~
+6lall, + 21 BaslI3*) = 27,
m—1
(m) 4—  4o:1.3| 1= |,k
< HA“’I HB(@},,@;) ( _ZmH |12k%@ — 42ik°| |ag|v
3+ [ Aaa 2+ 1Das ) = 287,
< z{¥
< 7P,

where using Corollary we get that

H @b | Ber 1) |n|<m 1/‘”‘ Z

Hence, we get that

5 5
l(A2)1]l, = ||Aaaz1lly < Z ”Aa,lzl,iHl,Ti _ ZZY)TJ"
i=1 i=1

Combining (1.36), (£.37), [.38), @39), ([@.40), @A41), (*.42), [@.43), (@.44), (4.40),

, , we set

Zo(r)

Zl(T)

def

2000 4 20+ 200+ 2P0+ (20 + 20 ) (4.50)

def

< z000 4 20 4 20+ 2P0+ (20 4 200 r (4.51)

Using (4.33)), (4.34),

(4.50) and (4.51)), we can define the two radii polynomials as defined

in Definition 4.8
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4.2.4 Proof of existence of the symmetric periodic solution ~(¢t)
Using the radii polynomial approach, we have proved the following result.

Theorem 4.14. There exists a periodic solution y(t) # 0 of (4.1) with period T that
satisfies
7 € [1.908097232050663 , 1.908097232051545].

The periodic solution has a Fourier expansion

Y1) =) et telo,7], (4.52)
kEZ

where @ 1is its frequency, a_p = conj(ay), and asr = 0 for all k € Z, that is v is a real
T-periodic symmetric solution of (4.1). We refer to Fz'gurefor the graph of the solution.

30

20

_30 I I I I I I I I I
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

Figure 4: Graph of the periodic solution v given in (4.52)).

Proof. Fix v = 1.3 and let z = (@,a) € R x C3! as given in Figure

In the separate computer MATLAB program script_proof-gamma.m available at [0]
which uses the Matlab toolbox INTLAB for reliable computing [20], we construct the two
quintic radii polynomials pg(r) and p;(r) of Deﬁnition and then apply Proposition
to show that

T={r>0]po(r) <O} [{r>0]p(r) <0} #0.

The program verifies with interval arithmetic that Z C [r_ r] where
r_ = 7.595549832526767 x 107 and r, = 1.275811117241133 x 1073.

Moreover, for any r € Z, there exists a unique & = (0, a) € Bz(r) such that T'(Z) = . We
also have that
[ — || x = max (jo — |, [|a —all,) <r-. (4.53)
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w
3.292906253223528
k ak
1 1.780548377519241 x 10~ T + (1.334498530100925 x 10 1)i
3 —1.780548377519304 x 107" + (6.415134398797947 x 10~?)i
5 —1.116766962688650 x 1073 — (5.237561088492284 x 10™*)i
7 —1.723996326464334 x 1075 — (6.620322617252511 x 107%)i
9 2.006586787990499 x 1078 — (2.909959121074274 x 10~%)i
11 1.732979780563067 x 1070 — (2.102402650424280 x 1071)i
13 6.243643874701474 x 10713 + (5.489211652414192 x 10~ %)i
15 3.239760646543639 x 10™'7 + (3.859717081491257 x 10~ '9)i
>16 0

Figure 5: We show ay for k > 1, as a_; = conj(ax). Note that all even coefficients are 0.

Since A is an injective linear operator, we get that # is the unique zero of F' in Bz(r).
Moreover, T € Xy, and then by Lemma Z € Xgym. With interval arithmetic, the
program verifies that

o 2
72 2T [1.908097232050663 , 1.908097232051545].

w

Since & € Xgym, then @ € R, a_j, = conj(ay), and ag = 0 for all k € Z. By Lemma [4.2]
we get that
() =Y e, teo0,7]
k€EZ
is a real 7-periodic symmetric solution of (4.1]). O

4.2.5 Studying the zeroes of v(t) and ~/(t)

In this short section, we demonstrate that v(¢) and +/(¢) only vanish twice on the interval
[0, 7]. More precisely, we show the following two results.

Theorem 4.15. Consider the periodic solution v given by (4.52)). Then there exist to,t1 €
[0,7) with to < t1 such that y(to) = Y(t1) = 0, v (to) # 0 and v/ (t1) # 0. Moreover,
Vtelo,7)\ {to,t1}, v(t) #0.

Theorem 4.16. Consider the periodic solution v given by (4.52)). Then there exist to, t3 €
[0,7) with ta < tg such that +'(t2) = +'(t3) = 0, v"(t2) # 0 and v"(t3) # 0. Moreover,
Vitelo,7)\ {ta, ts}, 7' (t) #0.

To simplify the proof of Theorem and Theorem let us rescale time using the

transformation

)
t = —t.
2T

Hence, a new parameterization for the periodic solution (4.52)) is given by

y(t) = Z g et2™, t€10,1].
kEZ
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For the proof of the theorems, we will bound the values of v, 4/ and 7" on some time
intervals.

Bound on «: Since v = 1.3 > 1 and by (4.53)), we have that

Z(ak _ (—zk)eiQka

kEZ

<l|la—ali <l|la—al, <r- = 7.595549832526767 x 10713

Therefore, the value of v(f) can be enclosed using
y(t) = Z(&k - c‘zk)ei%kE + Z ape2™ ¢ [—r_,r_]+ Z ae'2™, (4.54)
kEZ keZ |k|<16

where the second quantity is easily evaluated using interval arithmetic.
Bound on +’: Now, since ||a—al|, < r_, then for any k € Z, |a —ax|v* < ||a—al|, < r_,
and therefore

|C~Lk - dk’ < T;
Ld
Defining
v
S U Ee——
: ”<(V_1>2>7" |
we get that

21271_/{( Qg _akz) i2nkt

keZ

k
§47T Zﬁ T'_:Cl.

k>1

Therefore, the value of 7/(#) can be enclosed using

Z iQWk(ELk - C_Lk)ei%rkt + Z i27‘rk‘flk6i27rk£
keZ keZ
€ [-C1,Ci]+ Y i2mkage®™, (4.55)
|k|<16

where the second quantity is easily evaluated using interval arithmetic.
Bound on +"”: Letting

k2 v(v+1)
def 2 2V
02 = 87 E ﬁ =8m (]/— 1)37'7,
k>1

we get that
o 17 k2
> —(2rk)* (@ — ag)e®™ | <8 [ > = | ro =
keZ k>1 v
Then, the value of 7" (#) can be enclosed using

,Y//(i’) _ Z (2’/’1’/6) (ak—é ) 127rkt+z 27T]€ 127rkt~

keZ kEZ

[—Cs, Ca] + Z (27k) 2,2k (4.56)
k|<16

m
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where the second quantity is easily evaluated using interval arithmetic.
Using the above estimates, we can prove the two above theorems.

100~
80
60 -

40t

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

Figure 6: Graph of the derivative +/(¢) of the periodic solution.

Proof of Theorem [{.15 The proof is computer-assisted and is performed by running the
MATLAB program script_zeroes_of-gamma.m available at [6] which uses the Matlab tool-
box INTLAB for reliable computing [20]. The program has 4 parts.

First, consider the mesh

so = 0,51 =.0001, s = .001, s3 = .01, 54 = .05, 55 = .2, 56 = .4, s7 = .49, sg = .499

of the interval [0, .499]. For j = 0,...,7, let s; = [sj, Sj4+1]. Then we use (4.54) and
interval arithmetic to show that

y(sj) € [—r—,r_] + Z are?™si ¢ (—o0,0),
k<16

for each j = 0,...,7. Second, let sg = [ss,s9] = [499, .5], use (4.55) and interval
arithmetic to show that

7 (ss) € [~C1,Ch] + ) i2wkage™ ™ C (0, 00).
|k|<16

Third, consider the mesh
S9 — .5,810 = .5001,511 = .501, S12 = .51,813 = .59,

S14 = .78, S15 = .95, S16 = .997, S17 = 999
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of the interval [.5, .999]. For j =9,...,16, let s; = [s;, s;j4+1]. Then we use (4.54) and
interval arithmetic to show that

Y(sj) € [=ro,r ]+ Y @™ C (0,00),
k<16

for each 7 = 9,...,16. Finally, let s;7 = [s17,s18] = [.999, 1], use (4.55) and interval
arithmetic to show that

Y (s17) € [-C1, Chl + ) | i2rkare®™7 C (—o00,0).
k<16

Combining the above, we conclude that v > 0 on [0, .499], v/ > 0 on [.499, .5], ¥ < 0 on
[.5, .999] and 7' < 0 on [.999, 1]. That shows that v has exactly two distinct zeroes. [

Proof of Theorem [{.16, The proof is computer-assisted and is performed by running the

MATLAB program script_zeroes_of-gamma_prime.m available at [6]. This program re-

quires the Matlab toolbox INTLAB for reliable computing [20]. The program has 5 parts.
First, consider the mesh

sg=0,s1 =.16,50 = .23,53 = .25

of the interval [0, .25]. For j =0,1,2, let s; = [sj, sj+1]. Then we use (4.55) and interval
arithmetic to show that

V(s;) € [-C1,Cil + ) i2mkage®™® C (—00,0),
|k|<16

for each j = 0,1,2. Second, let s3 = [s3, s4] = [.25, .28], use (4.56) and interval arithmetic
to show that .
7(s3) € [~Co, Co] + > —(2mk)%are®™=s C (0, 00).
Ik|<16

Third, consider the mesh
S4 = .28, S5 = .38, S = .56, S7 = .69, S8 = .74,

of the interval [.28, .74]. For j = 4,5,6,7, let s; = [s;, s;j4+1]. Then we use (4.55) and
interval arithmetic to show that

7' (s;) € [-C1,Ch] + Z i2rkage?™si C (0, 00),
k<16

for each j = 4,5,6,7. Fourth, let sg = [sg,s9] = [.74, .78], use (4.56) and interval
arithmetic to show that

7" (sg) € [—Cq, Ca] + Z —(2mk)%agel?™ss ¢ (—o0,0).
k|<16

Finally, consider the mesh
Sg9 = .78, S10 — .88, S11 = 1
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of the interval [.78, 1]. For j = 9,10, let s; = [sj, sj4+1]. Then we use (4.55)) and interval
arithmetic to show that

V(sj) € [-C1.Ch] + Y i2mkape®™ C (—o0,0),
k<16
for j = 9,10.
Combining the above, we conclude that v < 0 on [0, .25], v > 0 on [.25, .28], 7' > 0

on [.28, .74], 4" < 0 on [.74, .78] and that 4’ < 0 on [.78, 1]. That shows that 4’ has
exactly two distinct zeroes. O

4.3 Rigorous computation of the Floquet exponents

Let ~(t) the real symmetric periodic solution of (4.1)) given by (4.52). In this section, we
compute rigorously its Floquet exponents. More precisely, we prove the following result.

Theorem 4.17. Let 7y the T-periodic solution given by (4.52)). Define
L'={y() : tel0,7]}. (4.57)

Then T" is a hyperbolic periodic orbit, it has two stable Flogquet exponents and one unstable
Floquet exponent. Therefore, attached to I, there exist a three-dimensional stable manifold
S =S8(I') and a two-dimensional unstable manifold U = U(T).

The rest of the section presents the proof of Theorem [1.17]
Let us first re-write the fourth order differential equation as a vector field

w1
def w9
w3

—120wp — w3 — 154w; — Tlwy — 1dws

where w = (wp, w1, wa,ws3) = (w,w’,w”, w"). Let

0 1 0 0
A(t) ¥ Dg((1)) = 8 oy
—120 — 3vy(t)®> —154 —71 —14
and consider the linear system with 7-periodic coefficients
d(t) = At)D(1). (4.58)

An invariant bundle v(¢) of the periodic orbit associated to the eigenvalue X satisfies the
equation
d(t)v(0) = eMu(t). (4.59)

Note that v(t) € R* is a periodic function with the same period as 7(t). Differentiating
equation (4.59) and using (4.58), we obtain the invariance equation

0(t) + Mo(t) — A(t)o(t) = 0. (4.60)
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Remark 4.18. Let (A, v) a solution of the eigenvalue problem (4.60). Then X is a Flogquet

exponent associated to the periodic orbit T' given by - The corresponding number

" e isa Floquet multiplier associated to I'. We know that one Floquet multiplier is

always equal to one.

Based on the above remark, the proof of Theorem is to find three solutions
(Aj,v5(t)) (j =1,2,3) of with the radii polynomial approach, and then to determine
the stability of the periodic orbit by studying wether each |e™| in inside or outside the
unit circle in the complex plane.

Denote v(t) = (v1(t),v2(t),v3(t),v4(t)), and expand each of its component as

vi(t) = _(a;)re™", (4.61)

kEZ

where @ is the frequency of the periodic solution « as given in Theorem Plugging
(4.61) in the invariance equation (4.60)), we obtain

> (i@k(a1)k + Mar) — (az)g) €% =0
keZ

Z (iwk(a2)r + Ma2)r — (a3)k) e“ht =
k€EZ

> (i@k(as)k + Maz)k — (as)p) € =0
keZ

Z (i@k(cu)k + )\(a4)k + 120(a1)k + 154(a2)k + 71(&3)k + 14(0,4)k + 3(d2a1)k) eia)kt =0,
keZ

where a = (ay)rez is the infinite dimensional vector of Fourier coefficients of v as given
in (4.52)). The unknowns for this problem are X and a; = ((a;)x)rez for j =1,2,3,4. Let
x = (A, a1,a2,a3,a4), and

filz) £ iok(a)r + Aa)k — (a2)k
folz) £ iok(ag)y + Aa2)k — (a3)k
fax) £ iok(as)y + Aas)k — (as)k
falx) Ei0k(as)r + AMag)k + 120(a1)i + 154(a2)r + 71(a3)i, + 14(as), + 3(@%a1)p

If (X, v) is a solution of (4.60)), then (X, cv) is also a solution of for any c € C.
Hence, we have to impose a phase condition in order to apply a contraction mapping
argument. We therefore fix the length of the eigenvector at time t = 0 to be approximately
equal to 1 by imposing the condition

=%
o

4
) 3" ((aj)-1 + (ag)o + (a)1)? —1=0.
J=1

Finally, we define the operator f = (fo, f1, f2, f3, f1), and look for solutions of

f(z) =0. (4.62)
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We look for solutions of (4.62)) in the space

def

XP e () (4.63)
endowed with the norm

def
)% = max (1AL, laall |zl las]v, Bllaall.) (4.64)

where [ is a weight to be fixed when performing the computer-assisted proof. We denote
by = = (), a1, as, a3, as) an element of X5,

As in Section {4 we need a good approximate inverse to apply the radii polynomial
approach on problem .

4.3.1 Definition of the approximate inverse operator A

Assume that using a finite dimensional projection f(™) : C x (C?™ 14 — C x (C?™ 1% of
([4.62)), we applied Newton’s method to find a numerical solution z = (), C_Lgm), @;m), dém), aim)) =

(X, @1, dg, a3, a4) € C x (C*™~ 1% such that (™) (z) ~ 0.

Denote
({“),\fo(a_:) DalfO(j) Dazfo(@ Da3f0(1_:) Da4f0(j)
8>\fl(j) Dalfl(j) Dazfl(i‘) Dasfl(j) Da4f1(f)
Df(a_:) - 8,\f2({f) DalfQ('f) Da2f2(-f) Da3f2('f) Da4f2(£') )
O\f3(%) Day f3(Z) Dayf3(Z) Dayf3(Z) Da,f3(Z)
Ofa(Z) Do, fa(Z) Day fa(Z) Dayfa(Z) Do, fa(Z)
where each component of Df(Z) is a linear operator having that

Mhfo(@):R—R

Orfi(Z) R — £ for j =1,2,3,4,

Dq, fo(Z) : €5 — R are linear functionals (i = 1,2,3,4)

D, fi(Z) : £} — 1, are linear operators for i,j = 1,2,3,4 with v/ < v.

We first approximate D f(z) with the operator

Al Al Al Al Al

a1,0 a2,0 as,0 as,0
ALy AL ALy ALy AL
AT d:ef AI\,2 (];1,2 :2,2,2 23,2 AZ4,2 ’
A;,Z’) AL,S AZ/Q,S AIL;;,?) AIM,S
ALy Al ALy Al Al

which acts on b = (bo, b1, bz, b3, by) component-wise as

4 4
(AT0)g = Al gbo+ > AL obi = Oxfo(Z)bo + Y Da, fo(7) - b
=1 =1

4
(AT); = Al bo+ Y Al bietl, (1=1,234),
=1
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where for j =1,2,3,4, Ai\j = 3,\f;m) (z) and Ali jbi € fll,, is defined component-wise by

(110, -{

Let A(™) g finite dimensional approximate inverse of D f(")
merically. Define the decomposition

k] <m
|k| > m.

(Dt @™
85,5 (10k) (b)) s

(Z) which is obtained nu-

A, A A Al
A Al A

A= |3 A AL A A e com-onea
Ay AT A A A
A Al A A Al

where AE\ O) € R, A( ())6 Clx@m=1), A( ]) c cCm—1)x1 g4 A(m) C@m—1)x(2m—1)_

appmxzmate muerse We mean that for some € with 0 < € < 1,
HI(C(Smfii)X(&nfS) - Df(m H <e

We define the approximate inverse A of the infinite dimensional operator D f(Z) by

Axo Aao Awo Aaso Aasp
Axi Aan Aaen Aasn Aasn
AZ Ao Agn Awp Asp Ado
Axz Aa 3 Aws Aass Aas
Axg Aga Aapa Aasa Aaa

A acts on b = (bg, by, b, b3, by) € X = C x (£L)* component-wise as

4
(Ab)y = AVbo+ > Al
i=1
4
(Ab); = A{bo+ " Awgbi€l,  (=1,2.3,4),
i=1
where AE\n;) e C2m=Dx1 j5 ynderstood to be an element of ¢L by padding the tail with

zeros, and Ay, jb; € £} is defined component-wise by

(AWWﬁ,|m<m

(Ag, ibi), = @l )k

e S (b, (k] = m
ok P =

Having defined A piece by piece, we can now define the Newton-like operator by
T(x) =x— AF(x).

We show existence of fixed points of T again with the radii polynomial approach.
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4.3.2 Construction of the radii polynomials for the Floquet problem

Define the bounds
Y = (Y07 }/11 Y27 Y37 }/;1)

Z(r) = (ZO(T)a Zl(r)a ZQ(T)v Z3(7a)7 Z4(T))

with Yo, Zo(r) € R and ¥; = (Y)))kez, Zi(r) = (Z;(r)i)kez € 5 (G = 1,2,3,4) satisfy-
ing

(4.65)

(T'(z) — )| < Yo and  sup |DTp(2 +b)c| < Zo(r) (4.66)
b,ceB(r)
(T(z) — 2);),| < (Yj)k and  sup |(DT;(Z + b)c),| < (Z;(r))i, for j=1,2,3,4.
b,ceB(r)

We begin by showing the following result.

Proposition 4.19. Consz'der the boundsY and Z(r) as (4.65)) and satisfying the component-
wise inequalities (4.66)). If HYHﬂ +|Z(r )H'?( <r, then T : Bz(r) — Bz(r) is a contraction.
Moreover, there emsts a unique T € Bg(r) such that f(Z) =

Proof. The ball of radius r centered at 0 in X7 is given by
B(r) = {o = (\araz,az,00) [l = max (N, ol s g Bllaall) < 7}

First, let € Bz(r) = Z + B(r). Then, y & & — z € B(r). There exists & € [0, 1] such
that
(T(z) = 2)ol = |To(z) — Al
To(x) — To(Z)| + | To(z) — A|
= |DTp(z + &oy)yl + |To(z) — Al
< Zo(’l") + Y.

IN

Similarly, for each j = 1,2,3,4 and each k € Z, there exists £ = £(k, j) € [0, 1] such that

| (T'(z) = );),. | [(T(2))k — (aj)x]

< (@) = T(2) |+ |(T5(2))k — (@)l
= [(DT3(Z + Ey)y)il + (Tj(2))k — (a5)k]
< (Zi(r)k + (Y))k,

and then

(T () = 2)ill = D 1(T(2) = 2))el™ <D (Z5 )k + V)™ = 1Yl + 1125() o

keZ kEZ
Therefore,

IT(z) — 2% = max((T(x) - 2)ol, |(T(x) = 2)llu, |(T(x) — Z)alus
(T () — )3, BT (2) — T)alls)

max (Yo + Zo(r), [Yilly + 1Z1(r)lu, , [ Vall + | Z2(),
Y3l + 1 Z5() s BUYallo + 11 Z4(r)]1))

Y% + 125 <.

IN
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That shows that T'(x) € Bz(r), that is T : Bz(r) — Bz(r). Let us now show that T is
a contraction. Consider z,y € Bz(r) such that = # y. There exists & € [0, 1] such that

(T@) ~ Tl = |DTolor + (1~ Eo)y)(x — )
T xr — B
. D%@mHﬂl—&wﬂw—w< B)” vl
le—ol%)|
Zo(r)

B
< = Ir- )
= , |2 y||x

Similarly, for each j = 1,2,3,4 and each k € Z, there exists £ = £(k,j) € [0,1] such
that

[(T'(=) = T(y))kl

|(DT;(§z + (1 = Ey)(x — y))xl

B | B P S N W
= |[DTj(¢x + (1 - O)y)(x — ) E

||33—?/HX k "
< Gy, s,

and moreover

@@~ = @) -l < 3 Gk gy Wiy, yye.
keZ kEZ

Since ||Y|% + |1Z(r)||% < r, then

B
o & ||Z(7“)||X
r

<1 (4.67)

Therefore,

IT@) - TW)% = max((T(x) = T@))ol, I(T(@) = T, (T (@) = T(®))2llv,
|

[(T(x) = T())sllv, BI(T(x) = T(y))all)

122(0)]
max e

IN

(2o -y P

1Z5(r)llv 1Za(r)ll
P o -yl 85 2 e — i

1213
= %

= wle—yl%.

This implies that 7' : Bz(r) — Bgz(r) is a contraction with contraction constant x < 1
defined by . By the contraction mapping theorem, there exists a unique & € Bz(r)
such that T'(z) =2 =7 — Af(Z). A is injective since k < 1. It follows that there exists a
unique Z € Bz(r) such that f(z) = 0. O

Consider bounds Y; such that ||Yj||, < Y, and bounds Z;(r) such that ||Z;(r)|, <
Zj(r), for j =1,2,3,4.
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Definition 4.20. Given the bounds Y and Z(r) satisfying (4.66) we define the five radii
polynomials po, p1,p2, P3, P4 by

po(r) £ Yo+ Zo(r)—r (4.68)
pi(r) = Y;+Zj(r)-7r, j=1,2,3 (4.69)
pa(r) Y, + Zy(r) — % (4.70)

Proposition 4.21. Fiz v > 1 an exponential decay rate and construct the five radii
polynomials po(r), ..., pa(r) of Definition|}.20} Define

4
T ({r>0]p;(r) <0} (4.71)
j=0

If T # 0, then T is an open interval, and for any r € I, there exists a unique & € Bz(r)
such that f(z) = 0.

Proof. Let r € T # (). Now since p;(r) < 0 for j =0,1,2,3,4, we have that

Y% +1Z2@)% = max (Yo + Zo()], 1Yl + 11220 lws s [ Yalls + 1 Z2()],

1Ysllo + 1 Zs(r)llvs BUIYally + 1 Za(r)l))
< max (Yo+ Zo(r), Y1+ Z1(r), Yo + Zy(r),
Y3+ Z3(T‘), B(Y4 =+ Z4(T))) <r. O

Computation of the bounds Y.

The computation of the bound Yj is easy, as one realizes that

4
(AF(@))o] = |ATY fo@) + 3 Al 1™ (@)
=1

For the computation of the bound Y; for j = 1,2,3,4, we first need to elaborate on
the computation of f4(Z). Notice that

fa(Z) = iwk(aq)g + Maa)r + 120(aq)g + 154(az)k + 71(as)x + 14(aq)r + 3(&2@1)k,

where @ = (ay)rez is the infinite vector of nonzero Fourier coefficients of the periodic
solution 7(t) given in (4.52)). From (4.53)), we get that

def

la—a?, <r,, 7, = 7.595549832526767 x 10713,

where @) is the numerical data given in Figure Let a & a—a e By(ry) C £}, Then,
|afl, < ry. Let & such that o = @r., so that ||&l|, <1 that is & € By(1) C £L. We have
that

3(d2d1)k = 3((6(7) + dTv)le)k = 3((d(7))2d1)k + G(d(v)ddl)]ﬁw + 3(&261)kr3.
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Denote

def .~

ga( i@ ( Dk 4 Maa)g + 120(a1)g + 154(ag)x + 71(@s)r + 14(aa)x + 3((@)%a1 )x
h4(£f') ot ( aa )kT"y + 3(652&1)167%:

8l
N—

so that f4(Z) = g4(Z) + ha(Z). The term g4(Z) is evaluated using interval arithmetic and
the term hy(Z) is controlled using analytic estimates.
Assume that m > 3m, — 2 = 46 and assume that

a") = (a))x =0, for [k| > m, = 16.
Then, ((@"))%a;); = 0, for all |k| > m > 3m, — 2. Hence for j = 1,2, 3,4, we have that

T(z) — 251, = ITAf(@)];1],
*HAAJfO( )+Aa13f1( )+Aa2jf2( )+Aa33f3( )+Aa4jf4<§7)H

=Y AN fo(@)k + [Aay 3 1)k + [Aasj 2 ()] + [Aag 3 3(E)]k + [Aas  fa(@)]k]

keZ
< 0 AL B @l AT A @)+ 1AL @)
|k|<m
m — 547
AL A @+ AL @ 48 Y | 2 (@)%,
|k|>m
51, b
6y ’ig}i(aww e, +3 S0 |2 (aPay)y | vHr2
|k|>m [k|>m
< 3 |14 1 @+ A AT @)+ 1AL @

|k|<m
HAG " @)+ 1AL 9™ @]

6 _ _ 3 _ 9
+ %54,1" a? | llafl,ry + %54,3'”(11”1/%7

which is evaluated using interval arithmetic.
Computation of the bounds Z.
The next step in the construction of the radii polynomials is to construct the bounds
Zo(r), Z1(r), Zo(r), Z3(1), Zs(r). Let b,c € B(r) C C x (£1)%. Then
DT(Z+b)c=[I — A-Df(Z+b)c=[I — AAT|c — A[Df(Z +b) — ATlc. (4.72)

We first bound the quantities involved in the first term of (4.72). Let B T — AAT
which we express as

Bxo Bao Bayo Baso Bago
Bx1 Bayi Bayg Bagi Bagn
B = |By2 Ba2 Ba2 Bas2 Bao
B)\ 3 Ba1,3 Ba2,3 Ba3,3 Ba4,3
B)\ 4 Ba1,4 Ba2,4 Ba3,4 Ba4,4
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Due to the structure of B, we have that [(Bc);ly = 0 for |k| > m, j = 1,2,3,4 and
c € B(r) c C x (£)*. Define

(0)  def a;i,0 )k:|
Zy’' = |Bxol+ E (|1]3|12§ I > (4.73)
Z](.O) & E |(Bxj) Vel + g max ‘n| g |(Ba.j) kn|vl , (4.74)
[n|<m vV
k|<m i=1 k|<m

for 7 =1,2,3,4. Now, recalling (4.14) and Lemma we have that

3 4
Baoco+ D Y (Bao)s(ci)i| < (me + ||Bai,ous<°> r=2¢"r.

i=1 k€Z =1

[(Be)o| =

Thus, for j = 1,2, 3,4, recalling Lemma Corollary and (4.16)), we get that

4

0
< (HBMHV + 5" [1Basy me)) r< 27,
y i=1

4
B jco + E By, jci
i=1

1(Be)illn =

which bounds the first term of (4.72)).
Next, we bound the quantities involved in the second term of (4.72)). Denote b =
(bo,bl,bg,bg,b4),c = (60,61,02,63,04) S B(T’) C X =Cx (fi)zl For 7 = 0,1,2,3,4, let

def

2 = (IDf(@+b) = Alle); and set 2 = (20,21, 22, 25, 24). Then

4
0 = 2) ((b o+ (b5)1) ((¢j)—1 + (¢j)o + (¢5)1)
j=1

2 = Mk} s — LC2rtkzm + 0 {(b1)k}rez + bo {(c1)k}pez

2 = M2k} s — 1)1 kzm + 0 {(b2)k} ez + bo {(c2)i} ez

zz = {3k }‘k‘>m —{(ca)k}kjzm + 0 {(b3)k} ez + bo{(c3)r}pez

2 = {Mear} sy, +120 {(cl)k}|k|>m + 154{(62)k}|k|>m + T1{(c3)k k5 m

14 {(ca)i} o +3{ (@) kY r<m T3 (a%c1) B} k>

+o {(ba)k}rez + bo {(ca)k}rez
The second term of ([#.72) is A[Df(Z + b) — Af]e = Az given component-wise by
4
(AIDf(@+0) = ATle) = (A2); = Ayjz0 + Y Aa g2
J i=1

Consider b = (bg, b1, by, b3, by), & = (¢o, &1, ¢, E3,¢4) € B(1) such that b = br and ¢ = ér for
r > 0. We now construct an upper bound for |(Az);| for the cases j =0,1,2,3,4.

Case 1: a bound on |(Az)g|. Note first that since ||b v, [1¢lly <1 for j =1,2,3 and
1oallv, Zall < 5. then for j = 1,2,3, [(b)l, [(&)k] < i for all k € Z and |(ba)il, |(€a)x| <
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%. Hence,
v

=~

2ol < 237 (|G| + |@)o| + |@)1] ) (1)1l + 1E5)ol + 1@E)al)

=1

3

1 1\ /1 1 1/1 1\ (1 1
2 <+1+>(+1+>r2+2<+1+)<+1+>r2
I\ v v v 8 \v v v v

2\ (v+2\° ,

= |6+ :

<+/3>( v )T

f ~

As before, let « = a—al") € By(r,) C £. Then, ||a||, < r,. Let & such that a = ar,
so that ||@]|, < 1. We have that

(@e))r = (@7 +ary)?e))r = (@D)’e])r + 2@V ac]) pro + (@) pr3

Letting

IN

25" = 3| Aa0- (1P )rl + 6] Aa ol F1aD llry + 3 Awollr] (475)

(2) def 2 V+ 2 2 0o 00
Zy = 6+5 —— ) 20 Aa ol + 2[ Aas 0ll7 (4.76)
2
+2||Aa370H§O =+ BHAaz;,OHgoa
we get that
4
(A2)o] < [Axoz0| + D [Aa 0%l
=1
2\ (v+2)2
< ol (64 5) (P52 2 4 2l ol 4 2 Auelr2 + 20 Auy o5
||Aa4,o||°°7“2 + 3| 40,0 - (@%c))r|
S (

2\ (v+2 )
<6+ 5)( ! ) +2\|Aa1,0H§°+2||Aa2,oH§°+2HAa37OH3°+ﬂ”AamOHSo) i

+ (31 4as0 - (1@ 2w ol + 61| Aay 021G o + 3] Aa o372 7
= Z(gl)r + Z(()Q)TQ.
Case 2: a bound on ||(Az)|., j =1,2,3,4.

For j =1, letting

L2 3| Al (DR ) el + 6 Al s pla Pl (4TT)

+3|| Aas 1l Beere1yr>

2 e m l/+2
7 HA&,BHV( )( )+2\Aa1,1

2
+2(| Az 1l Beer,ey + 2l Aas 1l B o) BHAM,IHB(Z}J,Z},)

B(£3,63) (4.78)
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we get that

(A1l < AT lul20] + [ Aay 1zl + | Aag 122l + \\Aag,lz?,uy + [ Ay, 124l
2\ /v +2\2
< 1470 <6+ﬁ>< v > o |k|> 2

|k|>m
+2||Aa1 1||B ooy’ + 2HAa2 1||B(€1 ayr’ + 2HAa3 1HB ooy

LIH

+3 45 @l el + ||Aa41HB ayr?

(m) 2 1/—1—2 A[+1
g (54 2) (122) 04 (A2,

+2(|1A2’1?1HB@ y + 1A sz + 1A s )+ 1AS e zl) 2

IN

7

+ (314 P el + 61AT s 1) 1800 o7 + BIAT ey 72 ) 7
= Z0r 4 2002

Similarly, for j = 2, letting

) oar A1 m m a
Z{N — +3||A242(\a 2w I)F!\y+6||z4( 2HB @ ella? |y (479)
+3HAa42||B o yra
2 e m v + 2 ? m
2SN VP <6+ ﬁ> ( V > +2HA§1)2IIB(@,€;) (4.80)

+2) AT s ) + 20 AT B ey + = HAM M e
we get that
1(A2)2]l < 207 + 2572,
For j = 3, we let

e A +1/8 _
zg) B L 3L (1 Pl pll + 6IAL s @y (481)

+3HAa4 3”B oL,

@) 0w 2\ (v+2)" L
7 A, (6+5)( £2) 214 e (1.82)

m m 2 m
24 s + 214 s, + 5140 By

to get that
Az)sll, < Z(l)r + Z(2)r2.
3 3 3
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Finally, for j = 4, letting

POREY IAl/B 4120 4+ 154 4+ 71 + 14/8
4 - =

- 314,75 (P P el (483)

+61L AT e ey 180 o7y + 3IAT Y e 172

1 _ _
+—— (1@ + 2@ oy +12)

2 e m 2 v+2 2 m
22 = gl (6+5) (52 + 24 s (489
m m 2 m
+20 A s o) + 20 A B ) + B\|A§4AHB@,@>

we have that
1(A2)ally < 20 + 2202,

Definition of the radii polynomials for the Floquet problem.

Using the estimates of Section we can compute bounds Yy, Y1, Yo, Y3, Y4, such
that |(T'(z) — z)o| < Yy and that ||(T'(z) — z),|l, <Y, for j =1,2,3,4.

Recall (4.73)), (4.75) and (4.76]), so that we can define the first radii polynomial by

po(r) =Yo + (Zéo) + Zél) - 1) r—+ Zéz)rz. (4.85)

For j = 1,2,3, recall [@.74), [@.77), (&.78), (*.79), @.80), (.81) and [{@.82) to define

pi(r) = Y1+ (Zfo) + Zg) — 1) T+ Z£2)7"2 (4.86)
() = Yot (27 + 20— 1) r 4 20 (4.87)
pa(r) = Yo+ (27 + 29— 1) r+ 2 (4.88)
Finally, recalling (4.74]), (4.83]) and (4.84]),
1
pa(r) = Ya + (Zﬁo) + 7z - 6) r+ 722, (4.89)

4.3.3 Proof of Theorem [4.17]

Fix the geometric decay rate to be v = 1.3 and the weight 3 in the Banach space X as
defined in to be 8 =1/20.

We computed each solution of using a finite dimensional reduction of dimension
8(16) —3 = 125, that is we used 16 Fourier coefficients to compute each v;. Using Newton’s
method, we computed four numerical approximations Z1, Zo2, Z3,Z4 € C!'?° of f(x) = 0
given by . Denote by j\j the first component of z; for j = 1,2, 3,4. Note that these
(approximate) Floquet exponents are given by

M=1 X=0 N\g=-7 M\ =-8.
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For the proof, we fixed m = 56 > 3m, — 2 = 46. In a separate computer program
in MATLAB that can be found at [6] and which uses the Matlab toolbox INTLAB for
reliable computing [20], we construct the five quadratic radii polynomials po(r), ..., ps(r)
as defined in Section and then apply Proposition to show that

4
= (V{r>0]pi(r) <0} #0.
k=0

For each approximate solution Z1, T2, T3, T4, the program verifies with interval arithmetic
that Z C [r— r4]. These radii are shown in Figure

approximation r— Ty
Z1 8.418031060851105 x 10~ ° | 6.065683532607337 x 10~>
To 2.723686358612173 x 1072 | 2.861864807487595 x 1073
T3 4.395973655577131 x 10710 | 7.100507274414346 x 10~*
T4 1.007563239163118 x 1071° | 2.325334375579078 x 1073

Figure 7: For each approximate solution, this figure shows the radii r_, ry for which it is
proved that Z C [r_ r4].

Moreover, for each j = 1,2, 3,4, there exists a unique ¥; € Bz, () such that T'(Z;) =
Zj. Denote by ij the first component of Z; for j = 1,2, 3,4 We then have that

A1 — M| < 8.418031060851105 x 10710
Ao — Xo| < 2.723686358612173 x 1077

Az —As| < 4.395973655577131 x 10710
A — M| < 1.007563239163118 x 10710,

Let 7 be the period of the periodic solution v rigorously computed in Section[d Note that
we have a proof that 7 € [1.908097232050663 , 1.908097232051545]. Define the Floquet
multipliers w1, a2, p3 and pg by

pp & eNT =1,2,3,4. (4.90)

Note that, since the monodromy matrix associated with ~ is real, and the balls around
each \; are disjoint, the Floquet exponents, as well as the Floquet multipliers, are real.
Using this fact, by means of interval arithmetic we obtain that

g1 € [6.740251443896278 , 6.740251465555177]
pz € [9.999999948029414 , 1.000000005197059)
ps € [1.582221595847551 x 1070 | 1.582221598511634 x 1079
py € [2.347422210428808 x 1077 | 2.347422211347963 x 1077).

We therefore have the proof of Theorem All the steps from this section are
performed by running the computer program script_proof_Floquet.m available at [6].
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5 Some extensions

In this section we will sketch an argument which allows us to study by looking at it
as a perturbation of (Ug).

First, we notice that the invariance described in Remark which holds for (Ug),
does not hold for more general forms of . For this reason, on we perform the
change of variables . With this choice, if u solves with initial condition uy,
then the function w solves the equation

w" (s) + N(w)(s) + e s m+d (T~"w(s)e"™) + kT?e 2 M (w)(s) = 0, (5.1)
where N is defined in and M is defined as
M(w) := w" + (2n + 1)w' + n(n + 1)w,
with initial condition
wo = LD(T)uy. (5.2)
In the particular case f = p[t[P~" ¢ + |97 ¢, becomes

W (s) + N(w)(s) + [w]"™ w(s)+

+p T et lwlP~tw(s) + k T? e"2M(w)(s) = 0. (5.3)
This equation is autonomous if and only if 4 = k = 0. Note that does not admit a
periodic solution if g # 0 or x # 0 since the non-autonomous term is non-periodic. We
are, therefore, forced to modify our approach. Yet, we will be able to do so building upon
the knowledge obtained for the case kK = p = 0 in Sections 2] and [3] In what follows we
shall make use of the following assumption

(Wq) has a 7 — periodic solution ~y
which possesses a 3-dimensional stable manifold S (5.4)
with corresponding Floquet exponents A1 and As.

For the sake of simplicity, we will provide a detailed proof only for the case p = 0,
namely we will consider the equation

w™(s) + N(w)(s) + |w|T™  w(s) + £ e 2 M(w)(s) + |w|?  w(s) = 0. (5.5)

The remaining cases (k = 0, # 0 and u # 0 # k) can be handled similarly, and we will
state the results below but leave the proof to the interested readers.

We begin with a result for (5.5)), which will be then translated into a result for the
corresponding form of equation .

Theorem 5.1. Assume that holds. Then there exists a 4-dimensional manifold
S C R’ containing S x {0} and such that, if (wo,20) € S, then the solution w of
with £ = zg and initial condition wq approaches exponentially v with asymptotic phase,
i.e. there exist sop € [0,7) and ¢ > 0 such that

|v(s — s0) — w(s)| < ce™, for all s > 0, (5.6)
with A < min{2, |R(A\1)], |[R(A2)|}-
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The key idea behind our result is to recast the non-autonomous 4™

(5.5) as an autonomous system, namely:

order equation

{w////(s) + N(w)(s) + |w’q—1 w(s) + z(s)M(w)(s) + |w‘q—1 w(s) =0 7 (5.7)

2'(s) = —2z(s)

with initial conditions w(0) = wg and z(0) = ¢.
Relabeling the unknown w = (wg, wi, wa, ws, wy) = (wo, w1, ws,ws, z) = (W, z), we
have that the system (5.7]) can be stated as

wi(s)
wg(s)
Wwi(s) = g(w):= ws(s) = (58
—wy(s)M(w)(s) = N(w)(s) — wo(s)|""" wo(s)
—2wy(s)
0
g(w(s)) 0
= + 0 ;
—wa(s)M(w)(s)
0 —2wy(s

where g is defined in . Having assumed that the “unperturbed problem” (Wy), i.e.
(5.5) with £ = 0, admits a periodic solution with a 3-dimensional stable manifold S (see
(5.4])), we will appropriately “grow” S into a 4-dimensional invariant manifold and obtain
asymptotically periodic solutions of with |w4(0)| small.

Proof. We begin noticing that the function ¥ = [yo, 71,72, 73, 7v4] := [7,0] is a periodic
solution of (5.7)), and that, if W is a solution of with initial condition w(0) € S x {0},
then w(s) approaches 4(s) with asymptotic phase as s — 400, that is to say that 4 has
a stable manifold S which contains the 3-dimensional manifold S x {0}.

Since equation and system are equivalent, the claim follows by proving that
4 has a 4-dimensional stable manifold S.

In order to study the stability of the periodic orbit 4 we need to study its Floquet ex-
ponents. Let X (t) be the principal matriz solution for the variational equation associated
with 4, i.e. the solution of the Cauchy problem

X'(t) = Ao()X (1), X(0) = I, (5.9)

where
Ao(t) = g'(7(1)),
and Iy is the 5 x 5 identity matrix. Recalling that 44 = 0, we have that

0 0
, 0 0
- 0
g = &) g |+ 0 (5.10)
0 —M(v)
0 0 0 -2

(@)
(@)



Evaluating X (t) at t = 7 we obtain

(5.11)

EE N

0 6—27’

where X (7) is the monodromy matrix associated with ~.

From this fact we easily recognize that the Floquet exponents associated with ~
are those associated with ~ along with —2. Therefore, the stable manifold of 4 is
4-dimensional. Moreover, because of , the tangent bundle of S and the vector
[0,0,0,0,1] are transverse along 4. This concludes the proof. O

Remark 5.2. Under the same hypotheses of Theorem[5.1], and using the same notations
as in its proof, we notice that the 2-dimensional unstable manifold U of v is contamed
in the unstable manifold U for the periodic solution 5. Actually, we have U x {0} =
Indeed, one inclusion is trivial, whereas the other follows by a dimensional argument.

As a consequence we have that there is no solution of with ¢ # 0 approaching
as s — —oo.

As a consequences of Theorem we can characterize the blow up profile for some
solutions of the equation

" (1) + k! (r) 4 |u| u(r) = 0. (5.12)

Before presenting these results, we set

a’ 0 0 0 0
0 o™t 0 0 0
D(a) = [Dgo‘) 0?2] =lo o0 am 0 0], (5.13)
0 0 0 a™3 0
0 0 0 0 o
and
1 0 0 0 0
i —n 1 0 0 0
L:= {g ﬂ = | n? —2n—1 1 0 0 (5.14)
—n® 3?+3n+1 -3np—-3 1 0
0 0 0 0 1

Theorem 5.3. Assume that . ) holds, and let S C R® be the 4-dimensional manifold
established in Theorem 1 Define Q := DL™!S.

The set Q, as subset of R5, s unbounded, arc-connected, symmetric with respect to the
hyperplane k = 0 (that is, if (Wo, k) € Q then (—wo, k) € Q) and with non-empty interior
which contains L~

Let (ug, k) € Q Then the solution u of (5.12) with initial condition uo blows up at
T > 0, where T is such that LD(T)(ug, k) € S, and u can be written as in , that is

0= () w(n (7)), 519
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where w approaches asymptotically the periodic solution v as in (5.6), with A < min{2, [R(A1)], |R(A2)|}.
In particular, if ¢ > 3 and qf—l < min{|R(A1)|, |R(A2)|}, then there exist s > 0 and
¢ > 0 such that

- (725) )

where a > 0 does not depend on ug nor on k.

<ce(T—=nr) foralrel0,T), (5.16)

Proof. Let ug, x, and u as in the hypotheses of the theorem. Let w be defined by
, or equivalently by . As written above, w solves with initial condition
wo = LD(T)ug and ¢ = xT?. That is, w solves with (wg, ) € S. The first part of
the thesis follows by Theorem

The proof of the properties of ) follows by the same arguments used in the proof of
Theorem B.11

The estimate is a consequence of , the transformation and the choice
a=A—n>0. O

We recall that assumption (5.4]) holds for the values of ¢ considered in Theorem m
In which case, we have the following

Corollary 5.4. Let q € (¢—,q+) be as in Theorem . Then there exist a T-periodic
function v and a 4-dimensional manifold S C R® such that, if (ug, k) € DL7S, the
solution u of with initial condition ug blows up at T > 0, where T 1is such that
LD(T)(ug, k) € S, and u can be written as in with w approaching asymptotically
the periodic solution v as in (5.6), with A < min{2, [R(\1)|, |R(\2)[}.

In particular if ¢ € (3,q4+), then holds with a > 0 independent of ug nor of k
and suitable sg > 0 and c > 0.

Proof. We can always assume that the Floquet exponents of the stable manifold S, for
q < g4+ are larger than 2 > q%“l (indeed they lie in neighborhoods of 8 and 7). The claim
follows from Theorem [5.3] O

The proof of Theorem follows from the following remark.

Remark 5.5. Let T' = O(F), that is T = T x {0} where T = O(v). Since Q contains
an open set which in turn contains the 1-dimensional compact manifold M := LT, by
compactness argument we have that there exists an open neighborhood of M with uniform
radius ko > 0. More precisely, for each p € M, the ball Bs(p, ko) C R® (i.e. the ball in

the infinity norm centered at p of radius ko) is contained in €, i.e.

U Boo(pa KO) C Q
PEM

Let Q1 C R* be the open set obtained by intersecting Upe/\/l Boo(p, ko) with the hyper-
plane R* x {k} with |k| < ko, namely

0 x {r} = | Boo(p, ko) N (R* x {x}).
pPEM
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Note that the set 1 does not depend on the particular choice of k since we have used the
ball in the infinity norm and each point p € M lies on R* x {0}.

Finally, we hcwe that, if ug € Q1 and |k| < ko, then (ug,x) € Q and hence, for the
solution of (5.12)) with initial condition g, the conclusions of Theorem apply.

Now we consider the problem
w™ q—1 —428Pg p] o
(s) + N(w)(s) + |w|T  w(s) + L e "o 17 |Jw|P" " w(s) =0, (5.17)
with ¢ > p > 1. Arguing as for Theorem we deduce the following results.

Theorem 5.6. Assume that (| . holds. Then there exists a 4-dimensional manifold
S C R® containing S x {0}, such that if (wo,2z) € S, then the solutwn w of (5.17)

with £ = zg and initial condition wo approaches exponentially v as in , with A <
min{4ZE, [R(A1)], [R(A2)[}-

Analogously to the previous results, below we give the consequences of Theorem
for the equation

u”" (r) + Jul* u(r) + plu u(r) = 0. (5.18)
To this end we define
ol 0 0 0 0
0 ant! 0 0 0
Dia) = [Pl O 0 0 a”? o o |, (5.19)
0 aep)
0 0 0 a3 0
0 0 0 0 a"@—p)

Theorem 5.7. Assume that ( . ) holds, and let S C R® be the 4-dimensional manifold
established in the Theorem . Define Q := DL!S.

The set Q, as subset of R5, s unbounded, arc-connected, symmetric with respect to the
hyperplane ;=0 (that is if (wo, 1) € Q then (—wo, 1) € Q) and with non-empty interior
which contains L~

Let (ug, p) € Q Then the solution u of (5.18) with initial condition uo blows up at
T > 0, where T is such that LD(T)(uO, W) € S, and u can be written as in with w ap-
proaching asymptotically the pemodic solutiony as in (5.6)), with A < m1n{4q p SR [R(A2)|}-

In particular if ¢ > p+1 and A < min{|R(\)|, \5}%()\2)\} then there exist so > 0 and
c > 0 such that - holds wzth a > 0 independent of ug and p.

In particular we obtain the following

Corollary 5.8. Let q € (¢—,q+) be as in Theorem . Then there exist a T-periodic
function v and a 4 dimensional manifold S C R® such that if (ug, ) € DiL71S, then
the solution u of (5.18) with initial condition 11(] blows up at T > 0 where T is such that
LD(T)(uo,u) €S, and u can be written as in with w approaching asymptotically
the periodic solution ~y as in (5.6)), wzth A< mln{4q71, IR(A)|, [R(A2)]}-

In particular if ¢ > p+ 1, then ) holds wzth a > 0 independent of ug and u, and
suitable sg > 0 and ¢ > 0.
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The proofs of the results above are very similar to the ones provided for Theorems
and Corollary The proof of Theorem [I.4] is based on arguments similar to those
given in Remark We leave them to the interested readers.

Through the same ideas exposed so far in this section, one can obtain several results
by perturbing equation (Ug) (and consequently (Wg)) in different ways.
For instance, we consider as a last example the “doubly perturbed” equation:

" (1) 4 k" (1) 4 [u) T () + p e’ u(r) = 0. (5.20)

In this case the idea is to embed the corresponding non-autonomous equation in w (see
(5.3)) in an autonomous system of order 6. . .
In this case, defining, analogously to the previous case, Dy and Loy as

) D) 0 0 ) L 00
Dy(a):=| 0 o 0 and Ly:= |0 1 0], (5.21)
0 oft 001

we obtain the following result.

Theorem 5.9. Assume that holds. Then there exists a 5-dimensional manifold
S C RS containing S x {(0, 0)} and such that if (v, k, 1) € ﬁgi;lg, then the solution u of
with initial condition ug blows up at T > 0 where T is such that LD(T)(ug, %, 1) €
, and u can be written as in with w approaching asymptotically the periodic solution

In particular if ¢ > p+1, ¢ > 3 and q% < min{|R(\1)|,|R(A2)|}, then there exist

s0 >0, ¢ > 0 such that (5.16) holds with a > 0 independent of ug and p.

We leave the proof and the discussion on the convergence to the blow up profile to the
interested readers.

Remark 5.10. Finally, below we list some further perturbations that can be handled with
the same methods presented in this section.
1) The nonlinearity f of (1.1)) could be chosen as

FE) = [ 4 p [+ o [t

with ¢ > p; > 1 (j =1,2). In this case the corresponding non-autonomous equation in w
should be recast into an autonomous system of order 7.

2) More linear perturbations could be obtained by adding further derivatives of u:
W) + g () + po” () + el () + () + Jul* () =0, (5.22)
3) Further nonlinear perturbations can be studied similarly. For instance, for the equa-

tion
u""(r) + wu” (1) + |u\‘ﬁ1 u(r) + G(u, v, v’ u")(r) =0, (5.23)

with
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o G=puv, and q>7/3;
o G =puu?, and ¢ > 3;

o G=pu'u", and g >5;
e G=ypud’, and q¢ > 3;

e more generally, if G is C' function homogeneous of degree d; with respect to u'9) with

d; =0 (that is G does not depend on u(j)) ord; > 1, and q > % > 0;

results similar to the previous ones could be obtained.

6 Numerics and conjectures

We begin this section by showing how applying the transformation is also of great
benefit in the numerical investigation of equations of the general type given in .
Motivated by the results we have obtained in Sections [3] and [f] and by the numerical
experiments reported in [I1], [12], we expect many solutions of to blow up in finite
time through progressively wider oscillations, for several types of non-linearity f. This
behavior poses several unavoidable difficulties in their numerical integration, which can
be effectively mitigated by turning to an “auxiliary equation” obtained through .
Below we illustrate this procedure, and prove its usefulness by means of a few examples.

Suppose we consider uy € R*, and are interested in gaining quantitative, as well as
qualitative, information about the solution u = u(t) of having initial condition ug
(e.g., its blow-up time, its blow-up profile, or its sequence of consecutive zeros) by means of
numerical experiments. Assume that « blows up at T' < +o0o. Instead of working directly
with » and , we perform the transformation and obtain a new differential
equation for w, namely , which we refer to as the auxiliary equationﬂ Let wo = wa(s)
be the solution of the auxiliary equation having initial condition LD(a)ug, with ac > 0. It
follows from that, if & < T, then w, vanishes exponentially as s — 400, whereas, if
a > T, then w, blows up in finite time. Ideally, o should be chosen as close as possible to
the blow-up time 7' (which, of course, is a priori unknown) in order to be able to recover
from wg, through the transformation , the sought information about u. What we
do in practice is computing the largest floating-point number @ > 0 such that wg(s) — 0
as s — +0o. We do this by applying the bisection method to the function

1 ifwe(s) > 0ass— +oo

raceF—=pla) = )
P ple) {—1 if wq(s) blows up at S < +oo

where I represents the set of floating point numbers in use.
Once we have obtained &, we integrate numerically the auxiliary equation with initial
condition LD(&)ug, and obtain the sought information about u through (2.11)).

Some observations follow in order:

3We recall that this notion has been extensively used throughout the paper. For instance, (Wq) is the
auxiliary equation for (Ug).
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e If we restrict our attention to the equation (Uq) and recall equation (2.29)), we can
interpret & as the “numerical gauge” of uy with respect to L™!'3; in this case, by
Proposition [2.15] it is legitimate to expect & being a good approximation of the
blow-up time T}

e For initial conditions ug that satisfy the typical assumption of many of the theorems
in Sections (3 and [5| (say, those in £, of Theorem , wg is known to converge
asymptotically to a periodic function . Numerically, this convergence cannot be
observed as it is hampered by the instability of v (this justifies the two alternatives
for p(a) given above); yet, we expect the outlined procedure to yield results that are
more accurate than the ones we could obtain by working with w;

e We point out that in —all- the experiments we have performed, we have always
observed wg to approach asymptotically a periodic function (before instability would
take over), even in the cases not currently covered by our theory; this suggests that
results stronger than the ones we have been able to prove hold.

Below we present some examples in which, for a given value of ug, we have applied the
procedure outlined above to compute an estimate of the blow-time of u, and of as many
zeros u as we could compute.

All experiments reported have been performed in MATLAB, with floating-point num-
bers represented in the (default) IEEE Standard 754 double-precision format. Numerical
integration of all differential equations has been performed through MATLAB’s solver
oded5 with the tightest absolute/relative possible tolerances.

Example 6.1. For several different combinations of f and k, we have computed the blow-
up time T" and a few consecutive zeros z; of the solution u of equation having initial
condition ug = [1,0,0,0]. The computations have been performed using the procedure
outlined above, and the results are reported in Table[fl The second column of the table can
be compared with [11l, Numerical result 5]. We believe our results to be more accurate than
the ones presented there because the auziliary equation is easier to integrate numerically,
and the transformation preserves the relative error in mapping zeros of w (solution
of the auziliary equation) in zeros of .

Much of the main results of this paper, collected in Sections [3] and [5] hold under
assumptions that we may recap as follows: (1) initial conditions belong to a specified
subset of R* (say, Q, of Theorem , and (2) g belongs to a certain neighborhood
(g—, q+) of 3. These restrictions on €2, and ¢ have much to do with the tools that have
been used to prove them. Specifically, the size of €}, is limited by the fact that the stable
manifold &, is only guaranteed to be —locally— transversal to the “fibers” generated by D,
whereas the choice of ¢ is influenced by the arguments in Section [4] that require analyticity
of the non-linearity in (W) (which only holds if ¢ is an odd integer) and by the fact that
the estimates required to carry out the computer assisted proofs in that section have been
sought only for ¢ = 3.

We believe that the situation is largely that same for all other values of ¢ > 1, and
that all non-trivial solutions blow-up according to the same profile. We conclude this
section by formulating two conjectures. Both are supported my numerical experiments,
and currently remain open.
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f&)=t,k=0

fO)=t+t3,k=0

fO)=t+t3 k=2

fi)=t+1° k=2

5.951916305391872

5.270364367304759

6.536969879267078

4.620922759247079

Z1

k)

z3

24

Z5

26

z7

z8

Z9

Z10
Z11
Z12
Z13
Z14
Z15
216
217
218
Z19
220
221
222
223
224
225
226
z227
228
229
230
231
<32
233
234
235
236
z37

2.235187278061087
4.524133986157715
5.401968847922506
5.740088413057987
5.870324771904173
5.920489007203656
5.939811188240718
5.947253675458953
5.950120360947892
5.951224546343381
5.951649854732570
5.951813674347151
5.951876774127930
5.951901078801974
5.951910440437991
5.951914046338187
5.951915435253137
5.951915970233207
5.951916176295987
5.951916255666924
5.951916286238895
5.951916298014560
5.951916302550292
5.951916304297358
5.951916304970290
5.951916305229489
5.951916305329327
5.951916305367781
5.951916305382594
5.951916305388299
5.951916305390498
5.951916305391344
5.951916305391669
5.951916305391795
5.951916305391843
5.951916305391863
5.951916305391869

1.873684837690039
3.967407791337167
4.768530324852534
5.077069010517033
5.195911169058382
5.241686601847287
5.259318310834631
5.266109664694681
5.268725547663634
5.269733129340024
5.270121228061048
5.270270715314329
5.270328294578786
5.270350472869060
5.270359015467930
5.270362305892689
5.270363573293309
5.270364061468682
5.270364249503301
5.270364321930179
5.270364349827450
0.270364360572876
5.270364364711783
5.270364366306000
5.270364366920059
5.270364367156581
5.270364367247684
5.270364367282775
5.270364367296292
5.270364367301497
5.270364367303503
5.270364367304275
0.270364367304573
5.270364367304688
5.270364367304731
5.270364367304748
5.270364367304754

2.008051005605458
4.366943378886131
5.642264262692262
6.188137669652720
6.402357081555895
6.485105553736973
6.516992037647651
6.529274798730553
6.534005897595732
6.535828217327979
6.536530135713155
6.536800499538011
6.536904637850143
6.536944749680997
6.536960199892745
6.536966150980939
6.536968443211705
6.536969326129535
6.536969666210434
6.536969797202256
6.536969847657481
6.536969867091745
6.536969874577403
6.536969877460718
6.536969878571308
6.536969878999084
6.536969879163854
6.536969879227319
6.536969879251766
6.536969879261181
6.536969879264808
6.536969879266205
6.536969879266743
6.536969879266950
6.536969879267030
6.536969879267060
6.536969879267073

1.774393022413332
3.659723928257193
4.255940618753756
4.480626289607646
4.566899868286294
4.600115236864337
4.612908203704770
4.617835728418425
4.619733701754597
4.620464759967336
4.620746347807399
4.620854809367000
4.620896586419438
4.620912678038606
4.620918876183099
4.620921263574620
4.620922183146321
4.620922537345497
4.620922673775378
4.620922726325224
4.620922746566292
4.620922754362714
4.620922757365727
4.620922758522423
4.620922758967957
4.620922759139567
4.620922759205668
4.620922759231129
4.620922759240935
4.620922759244713
4.620922759246167
4.620922759246728
4.620922759246945
4.620922759247027
4.620922759247059
4.620922759247072
4.620922759247076

Table 1: Outcome of the experiments illustrated in Example

Conjecture 1. For each q > 1, equation (Wq) admits a periodic solution v, which has

73



the following non-trivial Floquet exponents:

VAR
qg—1

_3q—|—5
qg—1

A(g) = Aa2(q) = . As(g) =1

Numerical evidence. To support our conjecture, we have sought numerical evidence for
the existence of a periodic solution of (Wq) for various values of ¢ odd. Namely, for each

qg=>5,7,...,31 we have constructed the finite Galerkin projection Fq(m) as in (4.17) (keep-
ing 100 Fourier modes) and successfully computed an approximate zero of Fq(m) though

Newton’s method. Such an approximate zero of Fq(m) provides numerical evidence for the
existence of a periodic solution 7, of (Wq). In Figure [8| we report on the computed period
for each of those solutions, which seems to exhibits logarithmic growth with respect to
q. Next, for each of those periodic solutions, we have computed an approximate mon-
odromy matrix, and consequently computed the corresponding Floquet exponents. Figure
[9] shows the remarkable agreement we have found between the expressions provided in the

statement and those obtained from the computations. O
L e O
6 5 ©

O
o O
50 o ©°
@)
@)
4 o
O

3r o
2r o
1,
0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

3 5 7 9 11 13 15 17 19 21 23 25 27 29 i

Figure 8: Period of the periodic solutions conjectured in Conjecture [I}

Remark 6.2. We point out that we do not foresee any obstruction in obtaining, for
the values of q reported in Conjecture estimates analogous to the ones presented in
Section . Obtaining (and rigorously verifying) such estimates would turn this “numerical
evidence” into computer assisted proofs of the existence of periodic solutions of (Wgq) for
open neighborhoods of those values of q. Seeking such estimates is, however, out of the
scope of this work. We also point out that the expressions of A1 and Ay are suggested by

the exponents in (3.19) and (3.20)), while the expression for A3 is suggested by (2.24)).

According to Conjecture[I} each of the periodic solutions 7, has a 3-dimensional stable
manifold S, associated to it (once again we recall that, for ¢ € (¢, ¢ ), this is true, see
Theorem . Below we state the next conjecture, which relates S; to the boundary of
the basin of attraction of the origin for (Wyg).
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Figure 9: Numerical evidence supporting Conjecture [I} Dotted curves represent the con-
jectured expression for the Floquet exponents, circles represent the result of the com-
putations. Curves appear in the same order (top to bottom) as the exponents in the
conjecture.

Conjecture 2. Let v, be as in Conjecture . Then, for each q > 1, the boundary of the
basin of attraction of the origin for (Wq) coincides with the stable manifold S, associated

to vq.

Numerical evidence. For each ¢ > 1, let B, C R* be the basin of attraction of the
origin for (Wg). Recall that, because of Remark we must have S, C 9B,. The
following experiments support our conjecture that 0B, C S;. We have performed the
experiment for ¢ = 3. First, we generated 10000 uniformly distributed points on S3, the
unit sphere in R*. Let us denote those points with pj, j = 1,2,...,10000. For each p;,
we have computed, using the procedure illustrated at eh beginning of this section, the
largest floating-point number o > 0 such that D(«;)p; € By. Each D(«;)p; is, roughly
speaking, as close as we can get to 0B,;. Finally, for each j, we integrated numerically
(Wq) starting from the initial condition D(a;)p; € By. Each numerical solution was
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observed to quickly convergence to 7, (apart from a phase-shift) over a finite interval, and
then vanish exponentially. O

Remark 6.3. Conjecture @ would also imply that each ~4 is the unique periodic solution
of (Wgq) .

Remark 6.4. Another consequence of Conjecture[3 would be the following global classifi-
cation of solutions of (Uq). Let ug € R, ug # 0, then:

Ri(ug) = +oo <= ug € DJL7'T,,
R_(ug) = —0 <= ug € DL™'T,
—00 < R_(up) < Ry (ug) < 400 <= ug € DL (S, \T,).

Note that the set of initial conditions ug € R* for which the lifetime of the solution ¢(-,up)
s unbounded would be given by the union of two smooth 2-dimensional manifolds embedded
in R*, which has zero Lebesque measure.

A Stability of symmetric periodic orbits

Let f: R x R® — R"™ be a C! function, and consider the family of differential equations

y'(t) = fle,y(t)). (A1)

Suppose that y'(t) = f(0,y(t)) admits a 7-periodic solution 7. It is natural to ask
whether admits a periodic solution also for |¢] > 0 small enough. Several results
in this direction are available in the literature, e.g. see [I3]. A typical case in which the
answer is affirmative is when the periodic orbit v is hyperbolic. Here, however, we are
interested in problems where the periodic solution 7 enjoys some special symmetries, and
our purpose is to investigate whether or not the periodic solutions of for ] > 0
small inherit the symmetries of . In this appendix we present a result in this spirit. We
believe the result to be of independent interest, and, to the best of our knowledge, missing
in the literature.

As is customary, we will consider the linearized problem along the periodic solution
~ of . In what follows, X (¢) stands for the principal matriz solution of the linear
variational equation associated with 7 , i.e. X (t) solves the Cauchy problem

(A.2)
where

and I, is the n x n identity matrix.

Theorem A.1. Consider (A.l)), and suppose that f(e,-) is odd for any |e| small. Assume
that, for e =0, (A.1) has a T-periodic solution v which enjoys the following property:

Yt +7/2) = —7(t), for anyt € R. (A.3)
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Furthermore, assume that
A =1 is a simple eigenvalue of X (T). (A4)
Then, for any |e| small, admits a 7*(€)-periodic solution v* (e, -), where 7(0) = T,
v*(-,0) =, 7*(-) and v*(-,-) are C' functions of each of their arguments, and
v (e, t +77(€)/2) = =" (e,t), for anyt € R. (A.5)

The main ingredients of the proof of Theorem will be the Implicit Function The-
orem and the following lemma

Lemma A.2. Assume that all the hypothesis of Theorem[A1] are satisfied. Then
A= —1 is a simple eigenvalue of X(7/2),
with v'(0) as an eigenvector.

Proof. Set v :=+/, and observe that

V() =9"(t) = fy(0,7(1)y'(t) = Ao(t)v(t).
It follows from ({A.2) that v(¢) = X (¢)v(0), for all t € R. Therefore, we have

X(1/2)v(0) = v(7/2) = +'(7/2) = = (0) = —v(0),

hence —1 is an eigenvalue of X (7/2) with v(0) = +/(0) as an eigenvector.
Now, recall that (A.4) holds. We are going to show that

X (1) = X(1/2)%, (A.6)
from which, through the relation
X(1) = N, = X(7/2)% = N1, = (X(7/2) — \,) (X(7/2) + \,,),

we immediately obtain that —1 must be a simple eigenvalue of X (7/2) (if not, then also
1 would not be a simple eigenvalue of X (7), contradicting (A.4)).

Now, let us show that (A.6) holds. First, we note that Ay is 7/2-periodic. In fact, we
have

Aot +7/2) = fy(0,7(t +7/2)) = f,(0, =7 (1)) = fy(0,7(t)) = Ao (),

where we have used (|A.3) and the fact that f,(e,-) is even for |¢] small. Making use of the
semigroup property of fundamental matrix solutions, we can write X (7) = Z(7)X(7/2),

where Z solves
{ Z'(t) = Ao(t) Z(t)

Z(r/2) = I, (A7)

The conclusion follows by observing that, because of Ag(t + 7/2) = Ap(t), and through
the change of variables t — t + 7/2, we obtain Z(7) = X(7/2). O

Proof of Theorem Let z :=+/(0) = f(0,7(0)), and recall that, as shown in Lemma
z is an eigenvector of X (7/2) associated to the —simple— eigenvalue —1. Being —1
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simple, we can write R” = span{z} @& V, where V is an invariant subspace of X (7/2).
Now, let w € R be such that span{w} = V=+, and set a := 7(0) - w. Denote by y(e,t,p)
the solution of with initial condition p = y(e,0,p), and let F': Rx RxR"™ — R x R"
be the function defined as

F(e,t,p) == (p-w—a, y(e,t/2,p) +p). (A.8)

The conclusion of the theorem will follow as an application of the Implicit Function The-
orem (IFT). To this end, first, we observe that

F(0,7,7v(0)) = (0,0).

Next, we consider the Jacobian of F' with respect to the variable (¢, p), and write its action
on a vector (a,v) € R x R" as

Foup)(&:,0)(a,0) = (v-w, S/(6,4/2,0) + Vpy(e,t/2,p)(v) +v)

Evaluating at (0,7,7(0)), we obtain

4 0.7/2,4(0) = S (7/2) = —2/(0) = —2
and
pr(&t/lp)’ = X(1/2).

(0,7,7(0))
Hence, we have

Flap(0,7/2.7(0) (@) = (v-w, =32+ (X(/2) + L)v)

Last, we show that F{; ,y(0,7/2,7(0)) is invertible as a linear map from R x R" onto itself.
To do so, we will show that its kernel is trivial. Suppose that

Flip)(0,7/2,7(0))(a,v) = (0,0). (A.9)

Equating the first components in (A.9)), we have that v € wt = V. Recalling that V is
invariant under the action of X (7/2), we obtain

(X(r/2) + I)v € V. (A.10)

Equating the second components in (A.9), we have —$z + (X(7/2) + I,)v = 0, from
which, because R™ = span{z} @ V, it follows that a = 0 and (X (7/2) + I,)v = 0. Since
X(7/2) 4 I, is invertible from V onto itself (again, because —1 is a simple eigenvalue of
X(7/2), see LemmalA.2)), we conclude that v = 0.

We are finally allowed to apply the IFT, and conclude that there exist ¢g > 0 and C!
maps p = p(e), 7" = 7%(e) such that p(0) = v(0), 7%(0) = 7, and

y(e, 7(€)/2,p(e)) = —ple), (A.11)

for all |g| < eo.
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Using (A.11)), and the fact that f(e,-) is odd, we obtain

yle,(e)p(e)) = yle, 7°(e)/2, (e, 77(€) /2, p(€))) =
=y(e,77(e)/2, —p(e)) = —y(e,77(¢)/2,p(e)) = p(e),

which shows that y(e,t,p(¢)) is 7" (g)-periodic.

We conclude the proof by setting v*(e,t) := y(e,t,p(e)), for all |¢| < €p, and observ-
ing that immediately translates into , while the smoothness of v*(,-) is a
mere consequence of smoothness of p(¢) and of solutions of with respect to initial
conditions. |

Remark A.3. If X(7) of Theorem has no eigenvalues on the unit circle in C besides
A =1, then it is a standard fact that stable and unstable manifolds associated to the periodic
solution y*(e,-) are smooth with respect to € (hence have constant dimension independent
of €), and intersect transversally along the periodic orbit. See [13].
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