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Abstract

In this paper, a rigorous method to compute Floquet normal forms of fundamental
matrix solutions of non-autonomous linear differential equations with periodic coeffi-
cients is introduced. The Floquet normal form of a fundamental matrix solution ®(t)
is a canonical decomposition of the form ®(t) = Q(t)e™, where Q(t) is a real periodic
matrix and R is a constant matrix. To compute rigorously the Floquet normal form,
the idea is to use the regularity of Q(¢) and to solve simultaneously for R and Q(t)
with the contraction mapping theorem in a Banach space of rapidly decaying coeffi-
cients. The explicit knowledge of R and @ can then be used to construct, in a rigorous
computer-assisted way, stable and unstable bundles of periodic orbits of vector fields.
The new proposed method does not require rigorous numerical integration of the ODE.
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1 Introduction

In his seminal work [?] of 1883, Gaston Floquet studied linear non-autonomous differential
equations of the form

y=At)y, (1)

where A(t) is a 7-periodic continuous matrix function of t. More precisely, Floquet intro-
duces a canonical decomposition of the fundamental matrix solutions of (?7).

Theorem 1.1. [Floquet Theorem)] Let A(t) be a T-periodic continuous matriz function
and denote by ®(t) a fundamental matriz solution of (??). Then ®(t+ 1) is also a funda-
mental matriz solution, ®(t + 1) = ®(t)®~1(0)®(7), and there exist a real constant matriz
R and a real nonsingular, continuously differentiable, 27-periodic matrix function Q(t) such
that

o(t) = Q(t)e"™. (2)
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The proof can be found for instance in [?]. The decomposition (??) is called a Floguet
normal form for the fundamental matrix solution ®(¢). The real time-dependent change of
coordinates z = Q1 (t)y transforms system (??) into a linear constant coefficients system
of the form Z = Rz. A stability theorem demonstrates that the linear stability of the zero
solution of (??) can be determined by the eigenvalues of the so-called monodromy matriz
®(7). While there has been several methods to compute (even rigorously) fundamental
matrix solutions of (?7), we are not aware of any rigorous method to compute Floquet
normal forms as introduced in Theorem ??. This is one of the goal of the present work.

The motivation for developing such computational method comes from the study of
dynamical systems, where (??) arises naturally when studying linear stability of periodic
solutions of vector fields § = g(y), where g : R® — R™ is a smooth map. Assume that T’
is a 7-periodic orbit of y = ¢(y) parameterized by ~(t) € R™ (¢t € [0,7]), and define the
T-periodic matrix function A(t) = Vg(y(t)), where Vg is the Jacobian matrix. Consider
®(¢) the principal fundamental matrix solution of y = A(t)y = Vg(v(¢))y, that is the unique
fundamental matrix solution so that ®(0) = I,, and assume that a Floquet normal form
®(t) = Q(t)ef is known. The information from the Floquet normal form can be used to
compute important dynamical properties of I': the linear stability of the periodic orbit I'
can be determined by the eigenvalues of R while the stable and unstable tangent bundles of
I" can be retrieved from the action of Q(t) (with ¢ € [0, 7]) on the eigenvectors of R (e.g. see
Theorem ?7). Also, using the parameterization method introduced in [?], the higher order
terms of a parameterization of an orientable invariant manifold of a periodic orbit can be
computed efficiently from the action of Q(t) on some given constant vectors. Therefore one
motivation for developing computer-assisted proofs for Floquet normal forms is to compute
rigorously high order parameterizations of invariant manifolds of periodic orbits.

Before proceeding further, let us mention that rigorous methods like the C'-Lohner
algorithm [?] can be used to study the linear stability of periodic orbits. For instance, a
method combining multiple shooting, the interval Krawczyk method and the use of the C-
Lohner algorithm to integrate the flow was introduced in [?] to obtain rigorous estimates
for the monodromy matrix. An important difference is that our method does not rely
on a rigorous time integration of the flow. Another important motivation for developing
such method is that the computation of invariant bundles of periodic orbits is one of the
key ingredient and one of the main difficulty in applying the parameterization method to
compute invariant manifold of periodic orbits of a concrete equation (e.g. see [?, 7, ?]). In
fact, once the invariant bundles are explicitly known, the computation of higher order terms
is rather straightforward. Hence, we believe that developing a general method to compute
Floquet normal form is important.

Let us now introduce the ideas behind the rigorous method. The first step is to substitute
the Floquet normal form ®(¢) = Q(t)e® in the differential equation (??). From this, it
follows that (R,Q(t)) is a solution of the differential equation with periodic coefficients
Q= A(t)Q — QR. On the converse, if a real constant matrix R and a 27-periodic matrix
function Q(t) solve

Q = A(t)Q - QR (3)
Q(O) = I,
then the matrix function ®(t) := Q(t)ef* is the principal fundamental solution of (?7).

Therefore, the problem of computing fundamental matrix solutions in the form ®(¢) =
Q(t)ef reduces to find (R, Q(t)) satisfying (??). The next step is to introduce a nonlinear
operator f (see Section ?? for details) whose zeros are in one-to-one correspondence with
the solutions of (??). Letting z = (R, Qp, Q1, Q2,...), where the Q’s are the Fourier
coefficients of Q(t), the problem of computing Floquet normal forms ®(t) = Q(t)e’* is then



equivalent to find x such that f(x) = 0. By the a priori knowledge of the smoothness
of Q(t), the Fourier coefficients Qj’s decay fast, meaning that the solutions of f(x) = 0
live in a suitable Banach space Q° of rapidly decaying coefficients. To prove existence,
in a constructive way, of solutions of the infinite dimensional nonlinear operator equation
f(x) = 0 in Q°, we use the so-called notion of rigorous numerics. To be more precise,
rigorous numerics aims at constructing algorithms that provide an approximate solution to
a problem together with precise bounds within which the exact solution is guaranteed to
exist in the mathematically rigorous sense. It is worth mentioning that by now, the use
of rigorous numerical methods is a standard approach to study differential equations and
dynamical systems (e.g. see [?, ?, 7, ?]) and that there is a vast literature on rigorous
methods to compute solutions of operators defined on Banach spaces (e.g. see [?, 7, ?] and
the references therein).

Based on the previous discussion, the idea consists of computing a numerical approxi-
mation Z of f(z) = 0 and to demonstrate that close to Z, there exists a genuine solution z*
of f(x) = 0, corresponding to the Floquet normal form of the principal fundamental matrix
solution ®(t) of (??). However, since the operator f is infinite dimensional, a finite dimen-
sional approximation of f must be introduced in order to compute an approximate solution
Z. This is done in Section ??7. Once T is computed, a Newton-like operator T : Q* — QF
defined by T'(z) = z— J f () is introduced, where J is an injective linear operator which acts
as an approximation for D f(z)~!. Since J is injective, the fixed points of 7' and the zeros of
f are in one-to-one correspondence. Denoting by B(r, s) the closed ball of radius r in %, the
idea is to consider the ball Bz(r,s) = & + B(r, s) of a priori unknown radius r and to solve
for v for which T : Bz(r,s) — Bz(r,s) is a contraction (see Section ??). This is done by
deriving a set of sufficient computable conditions in the form of polynomial inequalities, the
so-called radii polynomials {py,(r)} x>0 (first introduced in [?]), whose successful verification
leads to an application of the Contraction Mapping Theorem (CMT) on T. More precisely,
the radii polynomials {py(r)}x>0 are upper bounds satisfying

[(T(Z) = T)kloo +  sup
bl,bQGB(T,S)

[DT(@+bi)b],| — - <pulr), forall k>0,

00 wk

where 5 represents the radius of the kt" component of the ball B(r,s) C Q°, and where

pr(r) enﬁ:loses a defect bound measuring how good the numerical approximation is and a
uniform bound on the norm of DT over the entire ball. The construction of the polynomials
{pr(r)}r>0 is a combination of analytic estimates and interval arithmetic computations. As
shown in Theorem 7?7, if one can find r > 0 such that each radii polynomial is negative,
then by the CMT, there exists a unique fixed point of T within Bz(r, s). It is important to
note that only the coefficients of the p,’s are computed, and that the value of the radius r
is chosen a posteriori and optimally at the end of the process. This approach is somehow
different from the more standard one of fixing a priori the radius r of the ball, of computing
the necessary bounds and finally to verify the hypotheses of the CMT by verifying a set of
inequalities. The advantage of the radii polynomial approach is twofold. First, most of the
estimates are done analytically and generally, hence providing explicit formulas that can
give insights into the problems under study. Second, costly computations involving interval
arithmetic can be postponed to the very end of the proofs, hence reducing significantly the
computational cost (e.g. see [?, ?]). The radii polynomials are introduced in Section ?7?,
and we present the explicit bounds in Section 7?7 that lead directly to their construction.
The numerical results reported in this paper are only for the case when the state space is
three-dimensional and the nonlinearities of the vector fields are quadratic. These restrictions



allows on the one hand more complete visualization and on the other hand allows presenting
applications in a simple fashion. Increasing the dimension of the systems is straightforward
and increasing the degree of the polynomial nonlinearities should also be straightforward,
at least theoretically, by applying the analytic estimates of [?]. Let us finally mention that
our method should in principle be applicable to any analytic vector fields even though as of
now, only polynomial vector fields have been considered.

The paper is organized as follows. In Section 7?7, we introduce the rigorous compu-
tational method to compute Floquet normal forms of fundamental matrix solutions. In
Section 7?7, we demonstrate how to use the information from Floquet normal forms to com-
pute stable and unstable bundles of periodic orbits of vector field and how to determine
the linear stability properties of periodic orbits using that information. In Section 77, we
combine the ideas of Section ?? and Section 7?7 to construct rigorously stable and unstable
bundles of some periodic orbits of the Lorenz equations (Section ??) and of the ¢3-model
(Section ??). Finally, in Section ??, we discuss how to recover a posteriori the Floquet
multipliers associated to the periodic orbit v(t), that is the eigenvalues of the monodromy
matrix.

2 Rigorous computation of Floquet normal forms

In this section, we introduce the rigorous numerical method to compute Floquet normal
forms ®(t) = Q(t)ef* of fundamental matrix solutions of systems of the form (??). Before
doing that, let us fix some notation that is adopted throughout the paper.

Notation
e Mat(n,R) denotes the space of n x n matrices with real entries.
e [, is the n x n identity matrix, 1, is the n X n matrix whose entries are all 1.

Let A, B be matrices with entries A = {a;;}, B ={b; ;} and let A = (Ay,..., A,),
B = (Bj,...,By,) be vectors of matrices.

e ||Alloc is the standard infinity matrix norm: [[Alle =max; >, |a;;l;
o |A| = {|a; ;|} is the matrix of absolute values, where |-| denotes both the real and com-

plex absolute value depending wether a; ; is real or complex, and |A|o, = max; j{|a; ;|}.
For vectors |A| = (|41],...,|Ax|) and |A|o = max{|A1|cc;-- -, |An|oc}

o <., is the component-wise inequality: A <., B means a;; < b; ; for any ¢, j. In case
b is a scalar, A <., b means a; ; < b. In case of vectors A <., B and A <., b extends
as A <cw Br and A <.y b, for any k= 1...n. The same for >.,, >cw, <cw;

2.1 Set-up of the operator equation f(x) =0

As already mentioned in Section 7?7, the first step is to introduce the nonlinear operator f
whose zeros are in one-to-one correspondence with the solutions of (77).

The computation of the Floquet normal form of the principal fundamental matrix solu-
tion is done by solving system (?7?) where the unknowns are the 27-periodic matrix-valued
function Q(t) and the constant matrix R, while the 7-periodic matrix-valued function A(¢)
is known. Let us consider the expansion of Q(¢) in Fourier series

QB = Qo+ 3 (Qui+iQua) ™o, (4)

kez\{0}



where the Fourier coefficients Qq, Qr,; € Mat(n,R) satisfy Q_p1 = Qprand Q_p 2 = —Qk 2
for any k > 1. Being 7-periodic, the matrix function A(t) is also 27-periodic and therefore
can be expanded as

2T
At) = Ao+ D (Ara +idga)e™2r?, (5)

kez\{0}

where Ag, A; € Mat(n,R) and A_j 1 = Ag1 and A_j 2 = —Ap 2. In addition, since A(%)
is 7-periodic, Ay = Ak = 0 for k£ odd and Ay ; = /All,,- where Al,i is the [-th Fourier

2T
coefficient of A(t) in the basis {e’* = '},. From now on, we use the notation
A = Ak1 +iAk2

to denote the k" complex Fourier coefficient of A(t), unless it is necessary to separate the
real and imaginary part of the Fourier coefficients of A(t).

Substituting the expansions (?7?) and (?7?) in (??) results in an equation of the form
F(t) =0, where F(t) is a 27-periodic matrix function. Expanding F'(¢) in the Fourier basis

{eik%t}, it follows that solving (??) is equivalent to solve for the unknowns
R, Qo € Mat(n,R) and Qp := (Qk1,Qkz2) € Mat(n,R)2
the infinite dimensional algebraic system
f(R,Qoy--,Qk,-..)=0 (6)

f: (f*vf()vfla"'afka"')
defined by

for=Qo+2) Qui—1,

k>1

fo:=QoR—(AxQ)o (7)

)

foom fr _ —k%Qk,Q + QiR — (A% Q)i B> 1
" fr2 k2 Qp1 + QR — (Ax Q)2 ’ B

where (A%Q)x 1, (A% Q)2 denote respectively the real and imaginary part of the convolution

(A Q= Y (A1 + Ak 2)(Qnait + 1Dk, 2)-

k1+ko=k

Since fy, fo € Mat(n,R) and fr € Mat(n,R)? for every k > 1, (??) consists of a system
of n? real scalar equations for f, = 0, n? real scalar equations for fy = 0 and 2n? real
scalar equations for each fr =0 (k > 1). More precisely, f, represents the initial condition
Q(0) — I, = 0 given by the second component of (??), while fy and fi correspond to the

inner product in L? ([0, 2Z]) of F(t) with each element of the Fourier basis {eik%t}.

Consider the space of unknowns by

= 2
t- {x: (@0 @1seeesTpe) (R, Qo) € Mat(n,R) }

zr = Q= (Qk.1, k. 2) € Mat(n,R)?, k> 1



Note that f: X — X. As mentioned already in Section ??, solving f(x) = 0 is transformed
into a fixed point problem equation T'(z) = x which is solved using the contraction map-
ping theorem (CMT). That requires chosing a suitable Banach subspace of X where the
investigation of existence of fixed points of T" is done. Hence, consider the weights

_ [kl k#0
w’“_{1 k=0,

and for any z = (R, Qo, 91,1,91,2,---> k.15 D2, - - ) € X define the s-norm of = by
ol = sup {|zilootwi} = sup { |Bluc, 1Qoloos sup{| Qut It | Qu2lowwi} -
k>0 E>1

Define 2° the space of sequences in X with algebraically decaying tails
O ={zeX .|zl < oo} (8)

For any s > 0 the space Q2° endowed with the s-norm is a Banach space and the inclusion
Q° O Q%! holds. The main motivation of working in Q° is that smoothness of an integrable
function is equivalent to fast decay of its Fourier coefficients. Indeed a periodic function,
whose series of Fourier coefficients belong to 2%, is at least of class C*~1. If A(t) is analytic,
it follows that the solution Q(t) of system (??) is analytic thus the Fourier coefficients of
Q(t) decay faster than any power rate and therefore they belong to Q° for any s. On the
other hand, even a weaker assumption on the function A(t), for instance that the Fourier
coefficients Ay decay algebraically with power rate s, is sufficient to conclude that the
solution x € Q°. For all applications presented in this paper, the function A(¢) comes from
an independent rigorous computation and its regularity is provided via an explicit knowledge
of the algebraic decay rate of its Fourier coefficients Ay.

Denoting by A = {A}r>0 the sequence of complex Fourier coefficients appearing in
(??), the s-norm of A is given by

[ Alls = sup{|Ak|scwp }- 9)
k>0

Lemma 2.1. Assume || Al|s+ < oo for s* > 2. Then f maps Q° in Q571 for any 2 < s < s*.

Proof. Let 2 < s < s* and suppose & € Q° . Then |Ag|oo < Clwgs and, from Lemma 2.1
in [?], [(A* Qrloo < L2 . Thus | fx(2)]eo < C3k|Qk|oo + Ci| Okl + Cowy* < Cwy *T, for

S s
Wi

suitable constants C, C;. This shows that f(z) € Q571. [ ]

Thus we look for solutions = = (R, Qo, Q1,1, 21,2, -, Qk,1, Dk,2,...) of (??7) within OQ°
for some s > 2. Instead of working directly with f(z) = 0, we introduce a suitable operator
T : Q% — Qf whose fixed points are in one-to-one correspondence with the zeros of f, and
we aim at proving the existence and local uniqueness of its fixed points by verifying the
hypothesis of the CMT. More explicitly, in Section 7?7, we first consider a finite dimensional
projection of (?7?) in a finite dimensional subspace of £2° and we compute a numerical solution
Z. Afterwards, in Section 7?7, the operator T : 2° — Qf is introduced as a modified Newton
operator around Z in a way that a fixed point x of T corresponds to a genuine solution of
f(z) = 0. The hope is that if Z is a good enough approximation, then T contracts a small
ball Bz(r,s) of radius r (a priori unknown) around Z, proving the existence of a unique
fixed point within Bz(r,s). Thus the method aims at detecting a value r and proving that
the operator T satisfies the hypotheses of the CMT on Bz(r,s) C °. Since the proof is a



combination of analysis and computations, the hypotheses of the CMT needs to be verifiable
on a computer. That can be done by means of the so-called radii polynomials introduced
in Section ??. The radii polynomial consist of a finite number of polynomial inequalities
whose verification is sufficient to conclude that the operator T is a contraction on Bz(r, s).
Their construction is performed in Section 7?7 where we show all the analytical estimates
necessary to end up with a finite number of computable conditions.

2.2 Finite dimensional projection

As mentioned earlier, the fist step involved in the computational method is to consider a
finite dimensional projection and to compute an approximate numerical solution of (77?).
For m > 1, consider the finite dimensional space X™ =[], Mat(n,R)? and define the
projections
m.:x —Xm
Im(z) =a™ = e _
T = (l‘) T (R7 Q07 ’ Qm 1) (10)
H%IZL’ '—)(Qm,Qerl,...)

so that z = (2™, II32(z)). Denote with 05° := IIS°(0). Moreover let us define the restriction
of f(x) on X™ as the map

fmxmo o xm (1)
Zm s T f (2™, 052).

For any x € X, the sequence (z,05°) € X and the finite dimensional projection II"™ applied
to f(x) reads as I f(x) = (f«, fo,..-, fm—1)(z). Since X™ is isomorphic to R™27°  one
has that f(m) : Rm2n* _y Rm2n°  Suppose that using a Newton-like iterative algorithm, one
computed

EZ(R7 QO;"Wmel) (12)

an approximate zero of f("™) that is (™) (Z) ~ 0. For sake of simplicity of the presentation,
the same notation Z is used to identify the vector Z € X™ defined in (??) and the sequence
(z,0%) € X. As already mentioned at the end of Section ??, the idea is to consider a
ball Bz(r,s) € Q° centered at the approximate solution Z and to show the existence of
a contraction mapping T' acting on Bz(r,s). Hence, let us now introduce the fixed point

operator T

2.3 The fixed point operator T and the radii polynomials

In this section, we reformulate the problem of studying the zeros of f(z) by establishing
an equivalent fixed point problem T'(z) = z in Q°, and we introduce the notion of the
so-called radii polynomials, which provide an efficient means of finding a set on which T is
a contraction. More precisely, the operator T is defined as T'(z) = = — J f(x), that is as a
Newton-like operator which depends on an approximation J of D f (f)_l. The advantage
of considering such approach is that if J is a good enough approximation of the inverse of
D f(z), then T has good chances of being a contraction on a small ball centered at . Hence,
the first goal of this section is to define J. In order to do so, we begin by introducing J*
(see (?7?)) an approximation for D f(Z) that we then use to construct, with the help of the
computer, the operator J introduced in (?7).

In order to write explicitly the action of J on Q% it is convenient to represent matrices
in Mat(n,R) as vectors in R"2, and to extend this representation to get an isomorphism



between the space of vectors of N matrices Mat(n,R) to the space RN"”. With this con-
struction, note that X™ is isomorphic to R2mn”

According to the chosen representation, given a vector V = [v1,...,UyN2,2] € R27°N e
denote by Vi € R27 the vector with 2n2 components Vi = [Ugon241, Uk2n242; - - - » V22 (k41))-
This choice of notation is motivates as follows. Suppose that V is the vector representation
of the sequence z = (R, Qy, Q1,...,9n-_1) € XV, then V} collects the entries of (R, Qp)
for k = 0 and of Q = (Qk,1, Qk,2) for k > 1.

Denote by Df(™) the Jacobian of f("™) with respect to ™ evaluated at Z, that is

O(f, fos f1s -5 fm—1)
Dfm™ .= DM (z) = IEEAEESAALE) z) € Mat(2n®m,R).
@ I(R,Qo,..-,Qm-1) @) ( R)
More explicitely,
r Ofs  Of Ofx Ofx Ofx Ofx 7]
OR  0Qo 0Q1,1 0Q1,2 0Qm-1,1 0Qm_1,2
dfo  Ofo 9 fo 9 fo 9 fo 9 fo
OR  0Qo 0Q1,1 0Qi1,2 0Qm-1,1 0Qm-_1,2
Of1 df1 of1 _
Df'™ = | awron 90 9 (r)  (13)
Ofm—1 Ofm—1 Ofm—1
L 9(R,Q0) 0Q1 0Qm—1 J
where for k,7=1,...,m — 1,
Ofk, Ofk, Ofka Ofka
afk o [ 8);%1 3501 ] afk o [ 09,1 09 2 ]
- Ofk,2  Ofkz2 |~ o Ofk,2 Ofk2 ’
8<R’ QO) OR 0Qo aQJ 0Qj1 0Qj 2

gé’f”l € Mat(n?,R) denotes the Jacobian matrix of the components of fi; with
J

respect to the components of Q;;. Moreover, for k > m, define

_on
09k

Lemma 2.2. Recall (??) and (??), and assume that | Al|s < oo for some s > 2. Then
there exists K € N such that for any k > K the linear operator Ay, is invertible. Moreover,
for any M > K there exists a constant Cy = Cp(M) such that

and each

Ay : (z) € Mat(2n* R). (14)

Proof. Given an index k, the real and imaginary parts of (A * Q) can be written as
(Ax Q)1 = (Ao + A2k1) k1 + Aok,2Qk,2 + W,

(A% Q)2 = Aok 2Qk,1 + (Ao — Ao1) Qi 2 + Wo,

where W3 and W5 do not depend on Oy, and Q2. Thus, looking at the definition of fj, in
(??), it follows that Ay is of the form

A1

_ —kj%]nz + /\1,2
o k%]rﬂ + )\271

Ak )\2,2 )

(16)



where the entries of A1 1 and g2 satisfy [A11|sos [A22|cc < [Rloo + [Ao|oo + [A2k|ee and
A21 = A1z satisfy [A21|eoc = [A1,2]lc0 < |A2k|co- By a row permutation, the invertibility of
Ay is equivalent to the invertibility of

k%%lnz + A2,1 A2,2

Ak = AL k22 + A

(17)
Since |A11|oos [A2.2/00 < |Rloo + |Aoloo + [A2k|oo and [A12]oo < |A2k|so, the hypothesis
|Alls < oo implies that the |\; j|s are uniformly bounded in k and |\ 2|~ is decreasing
as k increases. Thus there exists K such that for any £ > K the matrix Ay is diagonally
dominant, i.e. [Ag(i,4)| > >, [Ax(d, j)] forany i=1,..., 2n?. This is enough to conclude
that Ay is invertible for any k > K. Moreover, it follows (e.g. see from [?]) that

Ao < max { — — ' a
A7 i {|Ak(i,i)|—Zj#Mk(ivj”} "

Therefore, for any M > K, there exists a constant Cy = Cy (M) such that

~ - Ci
HAleoo = ||Ak1||oo < I vk > M.

A general construction of the constant Cj is done in the Appendix in Section 77 and its
formula is given by (?7?). Remark that this construction depends on the uniform bound of
the matrices Ay for k > M. For sake of generality, we considered the weakest hypothesis
|A]|s+ < oo, yielding the formula (?7?). However, more information about the behavior of
Agy, allows constructing a sharper bound Cy. An example of this is given in Section 77 in
the context of the Lorenz equations, where a sharper bound for Cy is provided.

Recalling (??) and (??), one has that if the finite dimensional projection m is taken large
enough, then the action of D f(z) should in principle be governed by D f(™ and {Ak}e>m-
Indeed, the off diagonal terms of the derivative Df(Z) are given by ggi and they depend
on A;_; which decreases to zero as |j — i| increases. However, since the phase condition
f«(z) given by the first component of (??) acts linearly on x, a better finite dimensional
approximation of Df(Z) is given by Lys : XM — XM defined by

r —é%j” () ... 65&*71(33) 7
D f(m) 0 0
0 - 0
LM - Am )
L Aprog

for a given M > m. Consider a linear operator J' : X — X acting as an approximation for
Df(z) defined, given z € X, by

. M — _
(JTx)k :: { (LM T )k- k=0,...,.M—1 (19)
Apzy, k> M.

As mentioned above, the operator J! is now used to construct the operator J. First we
numerically compute an invertible matrix .J,, € Mat(2n?>m,R) such that .J,, - Df (m) ~ [,



and we introduce an invertible linear operator Jy; : XM — XM

Im L

T = B! , such that Jys - Ly ~ Iy

(Aar—1)™ |

By straightforward calculations, the matrix £ can be easily constructed combining the

matrix J,,, with the matrices {(A)~!, 8865; (2)}51 . More explicitely, writing

L= Lo | Longr | oo | Laaer |, L € REPPmIX(@0)

we can compute Ly = —2(J,, )17 (A1), .n2)» where the notation ALKl (respectively
Ap,...k)) denotes the submatrix of A given by the first k columns (respectively rows) of A.
The constant —2 in £ comes from the fact that %f;l =2I,.

We are now ready to introduce the operator J which defines the fixed point operator T'.
Consider K the constant introduced in Lemma 7?7, the finite dimensional projection m > K
and the computational parameter M > m. We define J : X — X as the formal diagonal
concatenation of Jy; and the sequence A,;l, that is, given x € X,

M — _
(T = (hw L k=0, M—1 (20)
Alzll‘k k > M.

We can finally use the definition of J in (??) to define the operator T : X — X by
T(x):=z—Jf(x) (21)

Now that an approximation J for the inverse of D f(Z) has been chosen and that the
fixed point operator T has been defined, let us demonstrate some properties about 7.

Lemma 2.3. Recall (7?7) and (??), and assume that || Al|s» < oo for s* > 2. Then for any
2<s< s, T:Q° = QF and solutions of T(x) = x correspond to solutions of f(x) = 0.

Proof. Recalling (?7), the linear operator J defined in (??) maps Q°7! to Q°. Indeed,
considering k£ > M and using the fact that M > m > K, Lemma ?7 can be used to conclude
that Ay given by (??) is invertible and that |(Jz)kleo = A} Thloo < AL oolZk]oe <

C];A ”ZJ”S’I < C , for a positive constants C. Since f : Q° — Q°~! by Lemma ??, we

conclude that T Q% — Q°. Since Jy; is invertible by assumption and Ay is invertible for all
k > m > K, it follows that the linear operator .J is invertible and therefore that the fixed
points of T" are in one-to-one correspondence with the zeros of f. |

Now that  and T are fixed once and for all, the only remaining variable to be found is the
radius r of the ball Bz(r,s). In order to find a successful r, we construct a finite number of
polynomial inequalities, the so-called radii polynomials {p(r)} x>0, which provide sufficient
and efficient computable conditions to have that T : Bz(r,s) — Bz(r,s) is a contraction.
As mentioned earlier, the radii polynomials are a priori conditions that are derived using
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analytic estimates and interval arithmetic, and once their construction is done theoretically,
they are used to solve for the optimal radius of the ball Bz (r, s).

Before proceeding further, let us compare briefly the radii polynomials approach with
some more standard rigorous computational a posteriori methods. First, note that our ap-
proach is similar to the Krawczyk operator approach [?, ?] and to the method developed
by Yamamoto in [?]. However, these methods consist of applying directly the operator to
interval vectors (also in the form of small sets centered at a numerical approximation) and
then attempt to verify a posteriori the hypotheses of a contraction mapping argument. Sec-
ond, let us emphasize the differences between our approach and the a posteriori approaches
based on verifying the hypotheses of the following standard CMT (e.g. see [?]).

Theorem 2.4 (Standard CMT). If there exist two positive numbers p < 1 ande < (1—p)r
such that | T(2) — z||s < e and sup,ep, (s IDT(2)|ls < p, then there is a unique fized
point * of T in Bz(r,s) and ||z* — Z||s < /(1 — p).

A common way to verify the hypotheses of Theorem 77 is to fix the radius r of the
ball Bz(r,s), to compute the bounds p and e, and to verify a posteriori that p < 1 and
e < (1—=p)r. If p and € do not satisfy these bounds, one can either increase or decrease the
radius r, and to start over the computations. Our approach is different in the sense that
first, we compute an upper bound for ||T'(Z) — Z||s by computing an upper bound Y} for each
component |[T'(Z) — Z]| and second, we compute an upper bound for sup,c g, () [|DT(z)| s
by expanding each component sup,, ., p(r,s) DTk (21 +Z)x2 as a polynomial Zi(r) in the a
priori unknown radius r. The component-wise resulting bounds are finally used to construct
each radii polynomials pg(r) = Yi + Zx(r) — sz Afterward, we solve for » > 0 such
that pg(r) < 0. Recalling the norm in Q° given by (??), the corresponding ¢ and p from
Theorem ?7? are given by € = ||Y||s and p = @ See the similarities with Theorem ?7.

Let us now be more explicit about the bounds Y and Z. Suppose there exist two matrices
sequences

Y =o,Y1,..Ye...), Zr)=(Zo(r), Z1(r),... Zk(r),...), Y, Z(r)e X
such that

(T(Z) — 2)k| <cw Ve, sup
b1,b2€B(r,s)

(DT +b0)ba], | e Zar), VB> 0. (22)

Theorem 2.5. Fiz s > 2 and let Y and Z be defined as in (??). If there exists r > 0 such
that ||Y + Z||s < r, then the operator T maps Bz (r,s) into itself and T : Bz(r,s) — Bz(r,s)
s a contraction. Thus, by the contraction mapping theorem, there exists an unique x* €
Bz (r, s) solution of T'(x*) = a* and therefore solution of f(z*) = 0.

Proof. Two statements need to be proved:
i) T(Bz(r,s)) C Bz(r,s), that is ||T(z) — Z||s < r for all x € Bz(r, s),
ii) T is a contraction, that is

Jk € (0,1) such that Va,y € Bz(r,s), |T(x) — TW)|ls < &l —yls.

For a given k£ > 0 and any x,y € Bz(r), the Mean Value Theorem implies that

Ty.(z) = Ti(y) = DTi(2)(x — y)

11



for some z € {tz 4+ (1 —t)y : ¢t € [0,1]} C Bz(r,s). Note that r H(;:;JH)S € B(r,s). Thus from
the inequalities in (?7?),
rz—y)|1 Zy(r)
Ti(x) = Th(y)| = |DTp(2) ——=| — ||z — yl|s <cw T —Y|s- 23
1i0) = ) = | DT T Doyl <on 2 e (23)

The triangular inequality applied component-wise gives
Ty (x) = Z| <cw [Th(@) — T (Z)| + |Th(Z) — Zp| <cw Yi + Zi(r)

and hence
|Th(2) = Zrloo < Y + Zi(7)|oo-

Therefore for any x € Bz(r, s)

1T (z) —2||s = 2up{\Tk($) — Tloowy } < 2up{|Yk + Zi(r)|oowi} = 1Y + Z(r)|ls <1
>0 >0

Z oo
Sl k()] I

This proves i). By (??), for any z,y € Bz(r,s), |Tk(x) — Te(¥)|co
r

Thus,

—ylls-

_ lze)

7@~ 1)l < Zhe ey,

Since all the entries of Y and Zi(r) are non negative, |Zx(r)|eo < |Yi + Zk(r)|e and
|Z(r)|ls < ||IY + Z(r)||s < r. Defining
Z(r)|ls
N LIGTR
T
we conclude that i) holds. An application of the contraction mapping theorem on the
Banach space Bz (r, s) gives the existence and unicity of a solution z* of the equation T'(z) =
2 in Bz(r,s) and, from Lemma ?7?, of a solution of f(x) = 0. |

One gets from Theorem 77 that a sufficient condition for the existence of a solution of
our problem is that the bounds Y, Z(r) satisfying (?7) also satisfy ||Y + Z(r)||s < r for some
r. We treat the last condition as an inequality to be solved in r and we introduce the radii
polynomials as a set of r-dependent polynomials pg(r) with the property that a common
solution 7* of pi(r*) < 0 implies that |Y + Z(r*)||s < r*. Each component of the full norm
inequality [|Y + Z(r)||s < r can be written as

Vi + Ze(r)]oe — — <0, Yk >0, (24)
Wy,

which is a system of infinitely many inequalities. In order to reduce (??) to a finite number
of inequalities, suppose that, for a given M, there exist Yy; and Z/(r) such that
S

?YM, Sup
b1,b2€B(r,s)

S

[(T(Z) = Z)kloo <

Zu(r), k> M. (25)

[DT(@+b)ba], | <

ok
We can finally define the set of M + 1 radii polynomials as follows.
Definition 1. The radii polynomials are defined as
pi(r) ==Yy + Zi(r) — %(11", 1,), k=0,....M—1
py =Y+ Zy(r) — o

B
M
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Theorem 2.6. Let M > m > K > 0 and suppose Y = {Yi}r>0,Z(r) = {Zk(r) }x>0 are
sequences of matrices such that Yy, Zi(r) satisfy (??) for k=0,...,M — 1 and

S S

M
Y. = Yy (1,1 V4 =
k LS M( ns n)a k(r) ks

Zy(r)(1p,1,), VkE>M
where Yy, Za(r) satisfy (7?). If there exists r > 0 such that pg(r) <cw 0 for all k =
0,...,M, then there exists a unique ©* € Bz(r,s) such that T'(x*) = z* and f(z*) = 0.

Proof. Condition (??) implies that Yy, Zp(r) satisfy (??) for all & > M. By definition
of Vi >cw 0, Zk(r) >cp 0, the relation pg(r) < 0 implies that |V + Zi ()] < ka for
k=0,...,M — 1. Moreover, from the hypothesis py;(r) < 0,

M* M3 r T
Y.+ Z = —(Y; Z —_— =—, Vk>M.
Ve + Zi(r)] o (Yu + Zn) < 90 wr >
Hence
1Y + Z||s = sup{[Yy + Zx|wi} <,
k>0
and the result follows from Theorem ?77. [ |

The strategy to compute rigorously Floquet normal forms of fundamental matrix solu-
tions is then to construct the radii polynomials of Definition ?? and then to attempt to
verify the hypotheses of Theorem ?7. In order to construct the radii polynomials, we need
to compute the bounds Y and Z(r) satisfying (??) and (?7?).

2.4 Construction of the bounds Y, Z(r)

This section is devoted to the construction of the matrices Yy, Zx(r) for k =0,..., M — 1
satisfying (??), and of the asymptotic bounds Yas, Zas(r) satisfying (?7). This construction
provides the complete description of the radii polynomials introduced in Definition ??7. With
the aim of remaining as general as possible, the only constraint we assume on the T-periodic
function A(t) is that the vector of Fourier coefficients A given in (?7?) satisfies ||Al|s+ < o0
for s* > 2. Nevertheless, further information on the coefficients Ay may be useful to get
sharper analytic estimates, as one shall see in the applications of Section ?7.

In what follows, the growth rate parameter s has been fixed so that 2 < s < s*, the
finite dimensional parameter m has been chosen so that m > K, where K is a lower bound
given in Lemma 7?7 and the computational parameter M has been chosen so that M > m.
Moreover, assume that a numerical solution Z of the form (?7?) of the finite dimensional
problem f (m)(x) = 0 has been computed and that A;l, the inverse of the matrices defined
in (?7?), for k=m,..., M — 1 is known. The last computation can be done analytically or,
if not possible, using rigorous numerics.

2.4.1 The bound Y
Recalling the definition of the Newton-like operator T in (??), one has that T'(Z) — & =

—J f(Z), and recalling the definition of J in (??), we can define Y}, as

Yk:KJMf(M)(i)) L k=0,...,M—1. (27)

k
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Recalling (?7?), the tail bound Yjs has to be chosen so that YM%: > |A;1fk(i')’w, for any
k > M. To define such bound, we use the fact that |A,;1fk(a?)’oo < 1AL ool & (Z)] 0o Since
Q;ﬁ = Qk,Q = 0 for any k > m, it follows that
_ —(Ax Q)
fu(@) = = )
—(A* Q)2 i
[ka|<m

—Re (Ag, (Qpa1 + 19k,,2))

. = , Vk>DM. (28)
—Im (Ak, (1 + Ok, 2))

Now, using the fact that [Ak|eo < ||.A||S*wk_s*, both |fx,1(Z)| and | fx,2(Z)| are component-
wise bounded by

Z Ak, (Qhey 1 + 19k, 2)| <ew Z | Ak, ||kt + 7Ok, 2

k1+ka=k k1+ko=k
|k2|<m |ka|<m

m—1

<ew [Ak]|Qo| + Z(|~Ak7l| + | Ae1])| Q1 + Qs 2|

=1

I Alls | we e 1 1
<cw wss [ E1n|Qol + Zwi (ws* + s*> 1,911 +in,2|] .
=1

ws” w
k k -+l k-1

Since & < 1 and w; <1* + L ) <14 (1—4) 7" for any k > M, it follows that
Wy, W41 W
| fr,i(@)]oc < k5[ Alle [W]es, for k= M,
where

_ m—1 l —s B _
W =1,]9| + Z <1+ (I—M) 1,|Q11 +1i9Q; 2]

=1

From Lemma ??, there exists Cy such that ||A;!|e < % for k > M. Finally, we let

1
YM :

= 7er Alls CalW e (29)

2.4.2 The bound Z

This section is devoted to the construction of the bounds {Zy(r)}k=o,... p—1 satisfying

sup
b17b2€B(T7S)

IZDT((E‘Fbl)bQ:Ik‘ Scw Zk(’r)’ k:()v"'aMf]-a

and of the tail bound Zj; satisfying (??). To achieve this goal, it is convenient to factor
the points by,by € B(r,s) as by = ru, bg = rv with u,v € B(1,s), to expand the derivative
as a polynomial in 7 and finally to compute a uniform bound for all u,v € B(1, s). Denote
u = [ug,u1,...,Ug,...], where each ug = (ug1,ur2) € Mat(n,R)%. For sake of simplicity
of the presentation, both matrices uy 1, ux 2 are denoted as uy. This abuse of notation can
be used because what really matters in the estimates is the bound |ug 1|, |uk2| <cw wy*
which is used to obtain the uniform estimates. We use a similar notation for vy.
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Since DT(% +ru) = I — JDf(% + ru), recalling the operator J' defined in (?7), we can
consider the splitting

DTz 4+ ru)yrv = [I — JDf(Z + ru)]rv

= [I—-JJrv—J[Df(@+ru)—J]rv, (30)

so that

[DT(z 4 ru)rv], ‘ <ew ‘ [(1—JJ7) o), ‘ + ‘ [J(Df(z+ru) — JT) o] (31)

Al
The construction of the bounds {Zj(r)}x=o,... m—1 follows as a combination of different
intermediate vector bounds Z°, Z', Z? satisfying

[[I—JJ ] ro| <ew 2%, Vo € B(1, s),

|[Df(Z + ru) — J1] | Sew Z'r + Z°r*, Vu,v € B(1, ), 32)

so that
Zulr) = 207+ [Il(Z v+ 22)M] | k=0, M -1,

The uniform bound of the tail elements of Z' and Z2 leads to the definition of Z,;. Let us
now be more explicit about the bounds Z°, Z! and Z2.

The bound Z°
By definition of J and JT, the multiplication [JJTz]; = x), for k > M. Thus the difference
I—JJ" acts non trivially only on the finite dimensional projection II™v. Hence, considering
the uniform bounds |vi| <co, wy, *, we can define 79 as
Lyp2n — I L [{w; *1, 151 k=0,...,.M—1
ZO — [| 2n2M ML M j nfj=0 lp> 3 )
@n={ s (33)

so that
|[I — JJT] rv| <ew 2.

In the above formula {w;°1, J]Vi " stands for the vector in R27"M that represents the vector
of matrices (1,,, 1, wy *1p, wy "Ly, ..., wy, 1y, wy/ (1,) according with the representa-
tion introduced in Section ?77.

Note that JT is an almost inverse of .J, indeed by definition Jy;Lys =~ I. Therefore |Z°|
is small and depends on the accuracy of the numerical method used to compute J,,.

The bounds Z', Z?
Since the function f(z) is quadratic in z, the derivative Df(Z + rv) depends linearly on
r, thus the idea is to express (Df(f +ru) — JT) rv as a quadratic polynomial in r. More
precisely we aim at finding coefficients cj ; so that

[(Df(z+ru) — JT) rv]k = Z Crar’. (34)

i=1,2

Then the construction of the components Z} can be derived as uniform bounds for ¢y ;,
1 =1,2. To better understand the coeflicients cy, ;, it is convenient to picture the operator
(Df(Z +ru) — JT) rv as an infinite dimensional matrix acting on the infinite dimensional
vector rv. This is represented in Figure ??. On the top left corner, up to k = m — 1, the
matrix JT is given by D f(") (Z) which implies that the only terms that survive the difference
Df™)(z + ru) — Df™) () are the derivatives of the quadratic terms of f;. For instance,
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R Q k=m k=M

, 0—0 O fe o
j}); D™z + ru) — e vo
_ vy
pfm@) |2 (3 + ru)
Tug 95 (7 + ru)
f. . ) .
Jo|T U %(j_Q_TU) \
Tug
TUug
: af; -
5 T (@ +ru) \

Figure 1: The operator (D f(Z + ru) — JT) rov pictured as an infinite dimensional matrix acting on
the infinite dimensional vector rv.

Orfo(Z +ru) — Orfo(Z) = Qo + rug — Qo = 7ug. In the matrix of Figure ??, the shadowed
parts underline the positions corresponding to nonlinear terms of f(x), namely Or f;, Do, , f;
and Jg, , fj for any j > 0. For m < k < M the matrix J1 compensates the derivative of the
phase condition and the derivative of the linear terms on the diagonal. However outside the
diagonal, we have the terms 0, f; that are the derivatives of the convolution terms. Since
the convolutions are linear in Oy ;, the derivatives depend only on the terms A ; and not
on (z + ru). Finally, for £ > M, we have the same situation as before with the adding of
the derivatives of the phase condition, i.e. dg, , fx = 2I,2.
Rewriting the convolution terms as

(A* Q)1 = Z (Ak1,1 Qkp1 — Ak1,2Qk2,2)?

ki+ko=k

(A% Q)= Z (Akl,Qng,l + Ak1,1Qk2,2>7

k1+ko=k

recalling that Qo = —Q_j 2 and denoting by sg(l) the sign of [ € Z, one gets that

Qka,

co1 = = Co = 0 (35)
0= -y (Ak1,1 - Sg(kz)Akl,z)U\k2| T2 oo + voug |
k1+ko=0
|k2|>m
3 A1 — 89(k2) Ak, 2 ) Uk, [ o + VEUo |
Ck,1 = — y  Ck2 = ) 36
iy Akl,z +39(k2)-/4k1,1 VUl URVo + VgpUg | ( )
|k2|>m
for k=1,...,m —1, and finally for £ > m, one has that
_ -Akl,l - 39(k2)-/4k1,2 Ulks| | ugvo + viuo
Chl = — Z A ko)A v Ck2 = UV + Vg | (37)
k1 +ha=k k1,2 + 59(k2) Aky 1 ) Uk,

k2| £k
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As mentioned above, the bounds Z', Z2 need to be defined so that Zk >ew |Ck1] and
Z]C >cw |ck,2], for any 0 < k < M — 1. To achieve this, it is enough to substitute in the
above expression the bounds |u|, [vg| <cw wi "1, and | £ A;j1 £ Ajo| <cw [Aja] + |Aj 2]
Since 1,1,, = nl,, one gets that

lco.2] Sew 2n[ . } _. 72,
’ (38)
‘Ck,2| <cw ank—s |: %Z :| =: Z]%, k> 1.

Consider now the coefficients ¢ 1. Due to the presence of series, the computation of the
uniform bounds is a little more involved. The idea is to split the series into a finite part
and an infinite tail part. The former is rigorously computed while the latter is estimated
analytically. The sharpness of the bounds depends on the length of the finite part and on
the decay rate of the coefficients Ay. Splitting the series at |ko| = M, we can write

0 -
lco,1] <ew > <|Ak1,1| + IAkl,zl)w;Z;]ln + Hy =: Z¢,
m& ksl <
ek 1| <cw Z il M 2] Ju T + Hy, =: Z}, E=1,....m-1
g | (Ml el Jo e
k1| <ew Z Mol + A2l Joi, +Hy =2, k=m,...,.M—1,
T it L (sl e,

(39)
where the matrices Hy are the infinite tail part of the series and are defined as follows. For
any g > 0, p > 1, define

1 1 1 1
C(g,p) == W + G+ 17 + p—1(g+ 1
and
Hy = { 2<(£fii)]l" } , Hi = hy { %Z } ) (40)

where for £k >0

V20| Al

= G k*( Z i+ 2, 25)). (41)

Hence, one has the following result.
Lemma 2.7. Formula (??) holds for Hy, Hy, defined in (77).

Proof. First note that for any M > 1 and s > 2

> < (42)
k=M



1

That can be seen from the fact that » .- ,, 1% = (Nl[)s + ﬁ + ZZO:M+2 = <an T

m + fj\(z_l x~°dzx. Hence, one has that

oo
2w | <ew
k=M

That proves the result for the upper half of Hy. For the remaining terms, note that (| Ag, 1|+
| Ak, 2] <ew V2|Ak, | <ew ﬁ%ﬂn. Hence, for any k > 0, the tail part satisfies
1

2¢(M, s)1,,

oo
. 1 1 .
E (lAkl,ll + |Ak1,2|)wk2 ]ln Scw \/§HAH5* E <’LUS* + o* ) ]lnwk;z ]ln

w
ki4ko=k ko=M k—k2 ktk2

|k2|>M
VAl & (1 AT
<cw =k Z s +— Wy, 1,

kot \ Wka—k  Whiks

where we used the fact that s* > s and the relation 1,,1,, = nl,. The result follows by
applying (?7?) once the last series has be rewritten as

> 1 1 > 1
Dol et = D wi + Z wiy
7 \Wka—k Wik, kQ_ (G Wy 4 gy

ko

The bound Z s
Recalling (?7?), Zn; needs to satisfy A’} sup
b1,b2€B(r,s)
Since for k > M, the first term on the right hand side of (??) is zero, and we have that

[DT(@ +b1)bs],| < Zay forany k > M.

[DT (Z + ru)rv],, Lo S ’ [J(Df (@ +ru) = JT) o], )oo (44)

<AL oo (k] + lek,2loor?)

Thus it remains to find uniform bounds for k > M of the coeflicients |cx 1]0os |Ck 2|00 glven
in given in (??). To do this, we proceed as in the proof of Lemma ?7?, that is we bound each
coefficient Ay ; in terms of the norm || A||s+ and we estimate the remaining series using the
following formula proved in [?]. For k > M, one has that

Z :
w; w;
ki+ko=k k1 k2
|k1|#k

2k

1 2 1
1425 - -
+ ;ls—i_MS*l(sfl)—i_nM w]

where

M r+[41og(M—2) 7r2—6} m 1}52.

nMZZ{M—l M 3 2
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Hence, letting § := 1+ 2 levil li + M+(@—1) + nar, we get the bounds

1 1 20| Al s
VIl Al Y e < VoAl S < Y2l Al

‘Ck-,1|00 < s = S 2,8
kytko=k k1 k2 kytko=k k1 ka Wk
[k2|#k |k2|#k
2n
‘ck,2|oo S e
Wy
Finally, combining (??) with & > M, it follows that [|A} " [e < %, and then we let
Tt 1= <A (V3 A b7+ 20%) (45)
M= TR s 0T + 2nr?).

Remark 2.8. The quantities Yar, hy and Zy; defined respectively in (??), (7?) and (?7)
depend on ||A|ls« < oo. However it is easy to see that formulas (??) and (??) can be
rewritten respectively with the quantities sup s yy_p, {|Ajloow; } and sup|;j> pr— g {1 Ajlocwj }
instead of ||Al|s«. Therefore, a more detailed knowledge of the behavior of the coefficients
Ay, should help choosing the computational parameter M in order to improve the estimates.
For instance, if there exists ¢ such that |Ay|w] < € for any |k| > ma, then setting
M > m +m_, the estimate (77) holds with € in place of || Al|s+.

3 Computing stable and unstable bundles of periodic
orbits via Floquet normal forms

Consider an autonomous differential equation

g=g(y), geC'(R") (46)

and suppose that (t) is a 7-periodic solution with v(0) = 7. Denote by T' = {v(¢),t €
[0,7]} the support of v and for any 6 € [0, 7], define y9(¢t) = (¢t + 6) the phase-shift re-
parametrization of I'. Being autonomous, system (??) has the property that any of the
curves Yg(t) is a T-periodic solution satisfying v9(0) = (). We refer to I" as the periodic
orbit and 7y as the periodic solutions.

Definition 2 (Monodromy matrix). Let v : R — R™ be a 7-periodic solution (??) and let
Dy (t) be the unique solution of the non-autonomous linear problem

{ izg) V:ggf)(t))% (47)

The matrix ®y(7) is called the monodromy matriz of ~y(t).

Having chosen v(t) = «o(t), in the following we identify ®(7) = ®o(7). The next two
results are classical results and they are direct consequences of ®y(t) being a fundamental
matrix solution. For sake of completeness, we present their proofs.

Lemma 3.1. For any 0 € [0, 7], the solution ®(t) of (?7) satisfies

(I)g(n’f + t) = (I)g(t)q)g(’r)n, Vi e R, VneN.
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Proof. Without loss of generality, let us consider § = 0. We proceed by induction on n > 0.
For n = 0 the result is obvious. Suppose the result holds for n — 1. Then

O(nt) =®((n— 1)1 +7) = B(1)®(1)" " = (7)™

Define
U(t) = &(t +nr)®(nT) "t

It follows that ¥(0) = I,, and that
U(t) = d(nr +t)®(n1) "t = A(nT + 1)®(n7 + 1)®(n7) ™1 = A1) U(t).
From unicity of solutions of the initial value problem, one has that ¥(t) = ®(¢). Hence,

O(t+n71) = O(t)®(nT) = ()P(7)", Vit € R.

[ |
Lemma 3.2. The matrices ®y(7) are equivalent under conjugation. In particular
Dy(7) = @(0)2(T)2(0) " (48)
Proof. The matrix d(t) := ®(t + 6) is a solution of the equation § = Vg(y(t + 0))y =
Vg(ve(t)), with ®(0) = ®(0). Since Py(¢) is the principal fundamental solution,
D(t) = Dy(t)D(H).
It follows
Dy(t) = D()P(O) L = (t +0)D(H) L, Vvt (49)
Using Lemma 7?7, one can then conclude that
Dy(7) = B(T+0)(0) " = () (T)D(0) .
|

The previous result implies that all monodromy matrices ®4(7) have the same eigenval-
ues. That motivates the following definition.

Definition 3. The eigenvalues o; of the monodromy matrix ®(7) are called the Floguet
multipliers of the periodic orbit T'.

As already mentioned in Section 77, in the theory of dynamical systems the monodromy
matrix ®(7) associated to a periodic solution v(¢) plays a fundamental role since it contains
information about the linear stability of 4. Indeed, as shown in Proposition 2.122 in [?],
the Floquet multipliers of v(¢) are in fact the eigenvalues of DP(+(0)), where P(z) denotes
the Poincaré map of v(t) on a (n — 1)-dimensional hypersurface transversal to v at v(0).
Moreover, at least one of the Floquet multipliers ; of ®(7) equals one, corresponding to the
eigenvector 4(0). Hence, we denote by o, = 1 the Floquet multiplier corresponding to +(0)
and by {o;};j=1, . n—1 the set of nontrivial Floquet multipliers. We refer to Section 2.4 in
[?] for a more extensive analysis of the links between Poincaré sections and Floquet theory.
Based on the above discussion, let us introduce the notion of stability of a periodic orbit.

Definition 4. Let I' = {v(t),t € [0,7]} be a 7-periodic orbit of the system (??) and let
{O'j } j=1,....,n—1 be the corresponding set of nontrivial Floquet multipliers. We say that
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o I'is stableif V j € {1,...,n—1}, |o;| < 1;
o I'is unstable if 3 j € {1,...,n — 1} such that |o;| > 1.

Moreover, if p < n — 1 Floquet multipliers have modulus less than one, and ¢ < n — p
Floquet multipliers have modulus greater than one, I is said to have p stable directions and
q unstable directions.

Let us mention that there is a variant to the Floquet normal form introduce in The-
orem ??, namely there exist a constant (possibly complex) matrix B and a nonsingular
(possibly complex) continuously differentiable, T-periodic matrix function P(¢) such that
®(t) = P(t)eP!. We refer to Theorem 2.83 in [?] for more details and for the proof. There-
fore, there exists a (possibly complex) matrix B such that ®(7) = e®7. Denoting by \; the

eigenvalues of B, it follows that o; = €™ is a Floquet multiplier. Note that for a given oj,
the solution \; of o; = €™ is not uniquely defined. Indeed for any k € Z, eT i) — oj.
This reflects the fact that in the compler Floquet normal form ®(t) = P(t)eP?, the matrix
B is also not uniquely defined. In the literature it is common to call a Floquet exponent
associated to o; any complex number A; so that o; = e™i. On the converse, for any 0

there is a unique real number I; so that |o;| = €!i7. That motivates the following definition.

Definition 5. A Lyapunov exponent associated to a Floquet multiplier o; is the unique
real number [; so that |o;| = €li™.

Note that using the notion Lyapunov exponents, a definition of stability of a periodic
orbit similar to the one of Definition 7?7 can be introduced. Indeed, given a 7-periodic orbit
' = {y(t),t € [0,7]} of (??) and considering {l,;},;=1....n—1 to be the corresponding set of
nontrivial Lyapunov exponents, we say that I' is stable if [; <0,V j =1,...,n—1 and that
I' is unstable if there exists j € {1,...,n — 1} such that [; > 0.

Given a real n x n diagonalizable matrix A, let us introduce the notation X(A) =
{ag, Vg tk=1,... n to denote the eigendecomposition of the square matrix A, i.e. Avy = agvg,
forallk=1,...,n.

The following result shows how the information from the couple (R, Q(t)) coming from
the Floquet normal form ®(t) = Q(t)ef* can directly be used to study the dynamical
properties of the periodic orbit I'. More explicitly, it demonstrates that the stability of T’
can be determined by the eigenvalues of R while the stable and unstable tangent bundles of
T can be retrieved from the action of Q(¢) (with ¢ € [0,7]) on the eigenvectors of R.

Theorem 3.3. Assume that T' = {7(t),t € [0,7]} is a T-periodic orbit of (??) and consider
®(t) the fundamental matriz solution of the non-autonomous linear equation § = Vg(y(t))y
such that ®(0) = I. Suppose that a Floguet normal form decomposition of Theorem ?7)
®(t) = Q(t)ef is known. Assume that the real n x n matriz R is diagonalizable and let
Y(R) = {pj,vj}j=1,..n the eigendecomposition of R. Then the Lyapunov exponents l; of T’
are given by

Ly = Re(iy). (50)
Furthermore, for any 0 € [0, 7], if one defines
w? = Q(0)v;, (51)

then wja. is an eigenvector of ®y(T) associated to the Lyapunov exponent l;. Note that w? 18

a smooth 21-periodic function of 9.
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Proof. Consider the eigendecomposition 3(R) = {u;,v;};=1,...» of the diagonalizable ma-
trix R, meaning that the set {v1,...,v,} consists of n linearly independent eigenvectors of
R. By Lemma ??, one has that ®(7)? = ®(27). Since Q(t) is 27-periodic and Q(0) = I,
it follows that ®(27) = ef**7. Since R is diagonalizable, ®(27) = ef**7 is also diagonaliz-
able. Since ®(27) = ®(7)? and since the matrix ®(7) is invertible and defined over the field
of complex number (which has zero characteristic), then it can then be showed that ®(7)
is also diagonalizable. Now, since ®(27) = ®(7)? one has that if (o,w) € X(®(7)), then
(0%, w) € X(®(27)). Combining this last point with ®(7), ®(27) being diagonalizable implies
that the eigenspaces of ®(7) and ®(27) are in one-to-one correspondence. That implies the
existence of a set {0 }j=1, . such that X(®(7)) = {0;,v,}=1,... n. From the property of the
exponential matrix operator, ¥(®(27)) = {7, v} j=1, 0 = B(®(7)?) = {03, vj}j=1,...n-
This implies that o7 = e#*™ for any j = 1,...,n. Note that [; = Re(y;) is the unique real
number so that |o;| = el7. Hence, l; is a Lyapunov exponent associated to the Floquet
multipliers o;.
Now, from (??), one has that

By(27) = B(27 + 0)B(0) " = Q(0)ePTHN RO ()71 Vo € [0, 7]

thus
Dy(27)Q(0)v; = Q(0)e* Fv; = 2™ Q(6)v;

showing that ¥(®y(27)) = {e*™",Q(#)v;}. Applying the same argument than above, one

can conclude that 3(®y(7)) = {0, Q(0)v;},=1,... . forms an eigendecomposition of the ma-

trix ®4(7). Hence, w? = Q(0)v; is an eigenvector of ®4(7). By the smoothness and the

27-periodicity of the matrix function Q(6), one can conclude that w? = Q(0)v; is also a
smooth 27-periodic function of 6. |

.....

Recall (??) and consider w‘j? = a? + ib?. We define the stable and unstable subspaces

EY EY C T, R" of the periodic orbit I at the point v(6) as
Ef = Span{a?,b! : |o;] < 1}

EfS = Span{a?,b! : |o;] > 1}.
That allows us to define the following.

Definition 6. We define the stable and unstable tangent bundles of T respectively by

E,, E, CTTR"

E;= |J (o xel E.= |J (20} x EL.

0€l0,7] 0e0,7]

It is important to remark that from the conclusion of Theorem 7?7, the complete structure
of the stable and unstable bundles can be recovered by the action of the matrix function
Q(t) on the eigenvectors of R, which themselves correspond to the stable and unstable
directions at the point 4(0) on I'. Also, the proof of Theorem ?7? is constructive in the
sense that combined with the rigorous computational method of Section 77, it provides a
computationally efficient direct way to obtain the eigenvectors w? of ®y(7), which are the
ingredients defining the bundles of Definition 7?7. Note that one could be tempted to use
the fact that ®(7) = Q(7)e?” and then attempt to compute the eigendecomposition of
®(7) directly. However, that would imply having to compute the exponential of an interval
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valued matrix, which turns out to be a difficult task (e.g. see [?], [?]). This being said, the
rigorous computation of the eigendecomposition of the interval matrix R is not completely
straightforward. We addressed this problem by adapting the computational method based
on the radii polynomials in order to enclose all the solution {u, vy} of the nonlinear problem
(R — pl)v = 0 with some scaling constrain to isolate the solution. Further details on the
enclosure of the eigendecomposition of interval matrices is presented in [?].

4 Applications

In this section, we present some applications, where we construct rigorously tangent stable
and unstable bundles of some periodic orbits of the Lorenz equations in Section ?? and of
the ¢3-model in Section ??. Finally, in Section ?7, we discuss how to recover a posteriori
the Floquet multipliers associated to the periodic orbit «(t), that is the eigenvalues of the
matrices Py(7). Note that all rigorous computations were performed in Matlab with the
interval arithmetic package Intlab [?], while the codes necessary to compute the Floquet
normal forms in the context of the Lorenz equations can be found in [?].

4.1 Bundles of periodic orbits in the Lorenz equations

Consider the following three dimensional system of ODEs, known as the Lorenz equations

i = o(ug — uy)
1'1,2 = pU1 — U2 —ULU3 (52)
Uz = ujuz — fus

with the classical choice of parameters § = 8/3,0 = 10 and p left as a bifurcation parameter.
First we rigorously compute a family of periodic solutions v(t) = [y}, 72,73](t) of (?7) in

the form .
i j ik2m¢ .
V() =) &', j=1,2,3 (53)
keZ

one of each in a ball of radius 7., with respect to the Q*" norm, around a numerical solution
[7y,&k], & = 0 for |k| > m,. More explicitly, for a choice of the parameter p and a decay
rate s* > 2, we prove the existence of a 7,-periodic solution (t) so that

|7y — T <7y
i . i . (54)
|Re(&k) — Re(&r)loo < mywy®, [Im(&k) — Im(&k)loo < rywy®

Note that & € C? and £ = C(&), where C(z) is the complex conjugate of z. The
existence of such solutions has been achieved by applying a modified version of the method
discussed in the previous section. Even with some technical differences, the philosophy is
the same. Rewrite the system of ODEs as a infinite dimensional algebraic system where
7, and the Fourier coefficients {;, are the unknowns, then consider a finite dimensional
projection and compute a numerical approximate solution 7, (). Then, using the radii
polynomials, prove the existence, in a suitable Banach space, of a genuine solution 7., (§x)x
of the infinite dimensional problem in a small ball containing the approximate solution. In
the next subsection some of the results are presented.

Then, combining the method discussed in Section ?? and Theorem 7?7, we rigorously
enclose the stable and unstable tangent bundles of some of the rigorously computed periodic
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orbits (). This first requires the computation of the Floquet normal form of the principal
fundamental matrix solution ®(¢) of the linearized system along ~(t). More explicitly ®(t)
is the solution for ¢ € [0, 7,] of the non-autonomous system

(15508

where ¢ is the right hand side of (??), Vg denotes the Jacobian of the right hand side of
system (??) and I is the 3 x 3 identity matrix. The former system is nothing more than a
particular case of (??), where A(t) = Vg(vy(¢)) and n = 3. We now apply the computational
method presented in Section ?? to compute the Floquet normal form of ®(¢), which is
the solution of (??). In particular a constant matrix R and the Fourier coefficients Qy, of
a 27,-periodic function Q(t) is computed, so that ®(t) = Q(t)e™® solves (??). Once the
computation of R and the Qy is done, following the conclusion of Theorem 77?7, we compute
Y(R) = {(yj,v5) | j = 1,...,n}, we derive from the Lyapunov exponents l; := Re(u;)
the linear stability of the periodic orbit I' and using the eigenvectors {v1,...,v,} of R we
construct the tangent bundles as defined in Definition ?? and given by the formula (?7?).

Computation of R and Qy
To begin with, let us explicitly write the Jacobian of (?7)

—0 o 0
Vg(u)= [p—us —1 —uy
uz  up =

and, recalling (??), the Fourier coefficients Ay of A(t) = Vg(y(t))

—0 o 0 0 0 0
Ao = |p— fg -1 —53 , Ak = —fg 0 —fi , k>1.
& & B & & 0

Note that the hypothesis (??) for & to lie in a ball centered at & implies that ||.A||s < oo.
The computation of the approximate solution R, Ok 1, O 2 has been done as follow: consider
the approximation ¥(t) = Zlk\gmw £pe’ 2™/ of the periodic orbit (t) and numerically
solve system (??) up to time 27,. Denote by ¢(27,) the obtained result and numerically
compute
Z = log(j(27)).

Neglect the imaginary part of #Z and consider only its real part. Then numerically integrate
the system (??) up to time 27, with £ in place of R yielding the solution 2(¢). Fix the finite
dimensional parameter m and compute from 2(t) the matrices 2y 1, P 2, respectively
the real and imaginary part of the Fourier coefficients with |k| < m. Finally the vector
(2, (2%, 2k2)r) is considered as starting point for a Newton iteration scheme applied on
the finite dimensional projection defined by (??). Denote the output of the iterative process
by # = (R, (9,1, Qk2)k), that is an approximated solution f)(z) ~ 0 up to a desired
accuracy, with f(™) defined in (?7?).

Consider Ay given by (??). Note that in the case of the three-dimensional vector field
(??), Ag is a 18 x 18 matrix and one could compute its inverse analytically using the
mathematical software Maple. After having computed A;l one needs to check that the
chosen m satisfies m > K where K is the same as in Lemma ?7?, otherwise increase m.

Then the computational parameter M > m has to be fixed: in the following, as well as
in all the presented computations, we assume

M >m+m,.
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Given M, we compute the constant Cp (M) introduced in Lemma ??. As already mentioned
in Section 7?7, the knowledge of the behaviour of the matrices Agg for £k > M allows com-
puting a sharper bound C than the one given in Section ?? in the general setting. Indeed,
since for any k > m.,, we have |Re(&))|oo < mwi and |Tm(&x)]eo < rowj , it follows that

|A2k,1|, |A2k72| < Ay, for all £ > M, where

. 0 0 0
Ay =——1|1 0 1
M 1

Thus we can replace the matrix Ay given in (??) by

A = [ [An]n |R* — [Aoln| + [An]n }
M |R* - [AO]n| + [AM]n [AM]n ’

Moreover, note that A, has null diagonal, therefore we define Cy as

Cyp =

1
min {22 — 13" Ky (0,)}
J#i
Notice the difference with the general formula of Cy given in (??). Now that the parameters
m, M are chosen and C is computed, one can compute, for a given choice of decay rate
€ [2, s*], the coefficients Yy, Zx, k =0,..., M as shown in Section ??.
As already mentioned in Remark ??, the bound ||Al|s+ < oo is sufficient to proceed with

the computational method, we want to deepen what was highlighted in : it is easy to see
that

1
|Ak:|oo S \/57“7?, Vk > m~ (56)
k

thus the above choice of M implies that the tail elements Hy, Hy in (??) only contain the
terms A;’s satisfying |A;|e < \/ﬁr,ywj_s . Therefore the subsequent estimate for hj can be
improved by replacing ||.A||s» with /27, giving

M—1
2nr
hkzm( Z wl;;rkw;;—l—QC(Mﬂs)), for k=1,...,m—1.
ko=M—k

On the other hand, for k = m,..., M — 1 the above estimate does not holds, since M
could be less then k£ 4 m.. Therefore, for those k such that M > k 4 m., we continue using
the previous formula for hy, while for those k such that M < k + m, we proceed as follow.
Rewrite explicitly (part of) the vector Hy,

*
H, = Z (|.Ak1’1| + |Ak172|)wk:1n + 2r, Z wkls IankZS]ln
ki+ko=k k1+ko=k
MS‘k2|§k+mw |k2‘>k’+mw (57)
*
= Y (Ml Mo Tk 20, Y
ki1+ko=k k1+ko=k
MS‘k)QlSk?‘Fm.Y ‘k2‘>k+m7

The first is a finite sum and it is rigorously computed while, following (??), the second
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contribution can be estimated using

et s = 1 1 1
Z Wy, Wy, = Z [ws* + ) ]k

wi’
kit ka=k ko=k+m,+1 L k2—Fk ka+k

|k2|>k-+my
1 1 1 1
< —— + 5 (58)
s, L ) B

[NV

1 o 11
< = ik 1,2
S | 2 TRy TRk L2)

k'2=m7+1

Summarizing, for those k£ > m, k < M such that k 4+ m, > M, we define

k+m.
2nr 1 1
Ho= S (Ml Mol )urt+ —— [ S
ki ko= (my +1) koot 41 (B2 +R)* k3 (59)

M< k| <k+m.

+2¢(k +my + 1,25)]]1n

where, clearly, the dimension of the dynamical system is n = 3. Again, the knowledge of
the particular behavior of the coefficients Ay allows to provide a better estimate for Z;.
Indeed note that |Ag 1| <ew [Ar1| + w,;s*]ln, where Aj, denotes the matrix A; with the
entries £ in place of ¢ and the same holds for | Ay o|. It follows that | A 1]oo + [Ak.2)]e0 <
V2|€k oo + 2r7wgs* for 1 < |k| <m, and (??) for |k| > m,.

Therefore, the computation of the bound for |ck 1|ec when & > M, necessary for the
definition of Z,;, has been slightly modified as follows.

| 3 (Aeat Aes)wpt ) <o 30 (kal + 1Ak w1

|ck,1
ki+ko=k k1+ka=k
k2| 2k k1#£0,2k (60)
_ - B .
< Y (Ml et 120, 3w et
k1+ko=k k1+ko=k
k1#0, [k1|<m. |k2|#K

Then, using the fact that s* > s, for any &k > M

My
ek 1]o0 <cw n\/§2|§j\oo(w,:fj +wiy;) +2nry Z wyw
j=1 I+j=Fk
2k

My M
n ¢ s —s —s
Sew 72 | V2D IElock (Wi + wi) + 21y
j=1

1 2
142y —4 ———
. Z Is + Ms=1(s—1) N

>cw ks
=1

n o - 1
Scw E ﬁ;'&]‘w <(1_])5 + 1) +27‘,y

M

1+2§:l+#+
Lo T s -1

(61)
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(a) (b) (©)

Figure 2: (a) A simple bifurcation diagram for the Lorenz equations (??). The labelled points
correspond to the values p = p; (i = 1,2,...,5). (b) Some of the rigorously computed periodic
orbits on the branch joining the Hopf bifurcation and the homoclinic point. (c¢) The periodic
solutions corresponding to p = p; (i =1,...,5).

4.1.1 Computational results

For the choice o = 10, 8 = 8/3 it is known that there exists a branch of periodic solutions
470

parametrized by p joining a Hopf bifurcation at p = 3 ~ 24.736 and a homoclinic point
at p ~ 13.9265, see Figure ??(a). In what follows, we restrict our attention to the periodic
solutions lying on this branch. Table ?? presents data about the computer-assisted proofs
of existence of several periodic orbits in the form (?7?) with bounds of the form (?7?). As
mentioned previously, the existence of such solutions are done via the radii polynomials.
For each rigorous computation, we fixed s* = 2. Each line of Table 77 corresponds to a
different solution and reports the value of p, the period 7, of the numerical solution, the
dimension m. of the finite dimensional projection and the radius r. of the ball Bs(r,) =

v+ szo[_%) %}6 around the numerical solution 4 where the exact solution has been

proved to exist. Some of the periodic orbits are depicted in Figure ??(b). Note that
with the radii polynomials, it is possible to rigorously enclose the periodic solutions for
values of p close to the Hopf bifurcation and to the homoclinic point. As p approaches the
homoclinic point, the periodic solutions are flatter (e.g. see Figure ??), which means that
a larger number of Fourier coefficients contributes to their Fourier expansions. Therefore,
it is necessary to chose a larger finite dimensional projection m. as p decreases in order to
obtain rigorous computations of existence of periodic orbits using the radii polynomials.

The rigorous computation of the enclosure of the invariant bundles was done for a set of
periodic orbits lying on the same bifurcation branch (see Figure ?77), and the corresponding
values of p are

pr=14.85, po =17.32, p3=10.79, ps=22.26, ps=24.73.

Figure ?? contains the plot of five periodic orbits 4; (i =1,...,5) at p=p; (i =1,...,5),
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Figure 3: Periodic orbit at p = 13.927. On the left, the orbit is drawn in the state space,
while on right the x (blue), y (red), z (black) coordinates are plotted separately as function of
time. A genuine solution has been proved to exist with Fourier coefficients in a ball of radius
r = 1.893591107536733 - 10~ °® around the numerical solution.

P Ty My Ty
24.736  0.652859396941149 30  9.469873202388920 -10~ !
24.436  0.663384674511011 30  5.478345151088000 -10~ 12
23.200 0.710825719902523 40  3.071478394415574 -10~ 12
20.800 0.827536078261055 40  1.857127168671614 -10~12
16.000 1.302497474229172 40  2.574513942375312 1012
15.400 1.435095007378964 40  1.178559327141313 -10~ !
14.900 1.594009133698383 48  4.951779335080891 -10~ 12
14.300 1.955959084775736 48  5.924372707046972 -10—10
14.100 2.243447758187898 56  3.426711644299483 -10—10
14.000 2.565212920927481 56  2.018825516161773 -10~98
13.980 2.684270226581966 60  1.090913664984519 -10~98
13.960 2.859882454655782 60  6.320026130098352 -10~98
13.940 3.201446568839638 60  1.009627398529485 -10~96
13.932 3.540414720761810 60 8.496363668377804 -1096
13.928 4.038292895738813 80  3.658487332536346 -10~97
13.927 4.481359736174591 100 1.893591107536733 -10~98

Table 1: Data associated to the computer-assisted proofs of existence (done with the radii poly-
nomials) of several periodic orbits of the Lorenz equations (??) at different parameter values.

28



Figure 4: Plot of the radii polynomials pg(r) constructed for the rigorous computation of the
Floquet normal form of the fundamental matrix solution associated to the periodic solution #4
given by 4. On the right: a magnification of the radii polynomials close to » = 0. The red line
denotes the interval INT given in (??), where all the p(r) are negative.

and the Appendix contains the first 15 Fourier coefficients of 41 and 74. Table ?? contains
the data of the rigorous computation of the Floquet normal forms of the fundamental matrix
solutions associated to 4; and 74. More precisely, it contains the dimension m of the finite
dimensional projection, the computational parameter M and the enclosing radius 7.

# sol p m M r
1 14.85 | 180 | 900 | 1.734418508431413.10~7°
2 17.32 | 90 | 180 | 3.914300837825743-10~%°
3 19.79 | 70 | 120 | 3.157918269225057-10~1°
4 22.26 | 60 | 100 | 1.664781163947245 -10~10
5 24.73 | 40 | 80 | 1.404020127017372 -10~%

Table 2: Data associated to the rigorous computation of the Floquet normal form of the funda-
mental matrix solution for each of the periodic orbit v; (¢ = 1,...,5). m is the dimension of the
finite dimensional projection, M is the computational parameter and r is the radius of the ball
centered at the approximate solution in Q° within which a genuine solution of (??) exists.

Some of the radii polynomials pg (r) built during the rigorous computation of the Floquet
normal form of the fundamental matrix solution associated to the periodic orbit 7,4 are
plotted in Figure ??. The bold line on the r-axis corresponds to the interval

INT = [1.794002077820062 - 10~*  0.005654240115476] (62)

where all the radii polynomials are negative.

From the rigorous computations of the Floquet normal form, we noticed that the odd
Fourier coefficients of Q(t) are almost vanishing, suggesting that () is a 7,-periodic func-
tion, rather than 27.,-periodic. This is not in contradiction with Floquet Theorem. In the
Appendix, we present the numerical approximation R and the first even Fourier coefficients
Q. for the solutions #1 and #4. Since the Fourier coefficients Q;, corresponding to a pe-
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riodic orbit close to the homoclinic orbit decrease slower, larger values of m and M were
necessary to obtain successful computations.

We now have all the ingredients necessary to construct the tangent bundles: first we
compute the intervals containing the spectrum and the eigenvectors the interval value matrix
R, then, in light of Theorem 7?7, the multiplication of the stable and unstable directions
(given by the eigenvectors of R) with the function Q(f) yields rigorously the tube enclosing
the complete stable and unstable bundles. As already mentioned above, the codes necessary
to compute the Floquet normal forms for the Lorenz equations can be found in [?].

Sol # Center Radius

1 | -15.109380514113965 6.535796640191043 - 10~°
1.442713847447833  2.445722953735543 - 104

2 | -14.418434214853773  1.581998979110051 - 102
0.751767548187609  2.292988975871850 - 10~7

3 | -14.075379469563303  1.120430189449109 - 10~°
0.408712802896790  1.443149018164319 - 108

4 | -13.840311255652775  4.525292794068323 - 10~ 10
0.173644588986231  6.273796862526999 - 10~°

5 | -13.667080400789002  4.104230777149636 - 10~°
0.000413734122254  9.998501090433916 - 106

Table 3: Lyapunov exponents for each of the periodic orbit v; (¢ = 1,...,5). For each solution,
we report the center and the radius of the interval vectors enclosing the exponents. Note that we

could prove the existence of the eigenvectors v; associated to u; within accuracy given by r.

Table ?7 lists the Lyapunov exponents of the periodic orbits, as defined in Definition 77,
and it also contains the radii of the intervals enclosing the stable and unstable eigen-couple
of R while in Figure 7?7 the tangent bundles are depicted. In Appendix the complete list of
the eigen-decomposition of the interval matrices R is also provided.

Before closing this section, let us make few remarks. The radii r of the ball Bz(r,s)
showed in Table ?? come as result of different ingredients which are in some sense in compe-
tition. First of all the accuracy of the enclosure of the Floquet normal form is limited by the
enclosure of the periodic orbit ~(¢): if s = s* one can not expect the radius r to be smaller
then the radius 7. Moreover the radius r of the ball Bz(r, s) in Q°, where the existence of
the genuine solution is proved to exist, depends on how close the numerical approximation is
to the real solution. As already said, the definition of the numerical solution (R, Q)) comes
from the combination of two numerical integrations, from where we extract Z and 2, and
the implementation of a Newton scheme to find the zeros of the finite dimensional problem
f™) = 0. For the first we adopted a variable time step Runge Kutta method of fourth
order, as implemented in the built in Matlab function ode45, while the Newton scheme is
run until | £(™)|,, < 2-10~'4. Finally, the performance of r is given by the choice of the finite
dimensional parameter m and the computational parameter M. While the first addresses
a theoretical issue and fixes the dimension of the Garlerkin projection, the second serves to
better estimate the various bounds necessary in the proof. If on one side a choice of large
values for m and M decreases the analytical tail errors, on the other side it increases the
number of computations and therefore the error propagation and the computational time.
Thus the best result is often given as a tradeoff between this two competitors.
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Figure 5: Plot of the tangent stable (turquoise) and unstable (red) bundles of each of the periodic
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4.2 The (3-model: non orientable tangent bundles

It is known that if a Floquet multiplier of a periodic orbit is negative, then the corresponding
tangent bundle is not orientable. Moreover, in the case of a saddle periodic orbit of a three-
dimensional system, the two non-trivial Floquet multipliers are real and their product is
positive. Therefore both the tangent bundles are either orientable or not orientable and, in
the latter case, they are topologically equivalent to a Mdbius strip, see [?].

An example of a dynamical system with periodic orbits that exhibit this behavior is the
so called ¢3-model considered in [?]

=1y
y==z (63)
i=ax —x%— By —z.

For 8 = 2, as a varies, the periodic orbits of system (??) produce an interesting bifurcation
diagram. We refer to [?] and [?] for a detailed analysis of the bifurcation diagram and on
the genesis of periodic orbits, called twisted periodic orbits, with non orientable invariant
manifolds. We focus on a particular twisted periodic orbit corresponding to o = 3.372 lying
on the branch emanating from a period-doubling bifurcation that occurs at a ~ 3.125.

Following the same procedure as before, we rigorously compute the enclosure of the
periodic orbit (¢) and subsequently the enclosure of the matrix R and of the matrix function
Q(t), hence producing an explicit Floquet normal form as in (??). Then, we extract the
necessary stability parameters and we recover the stable and unstable tangent bundles using
(?7). Figure ?7? shows the resulting bundles.

For the rigorous computation of the periodic orbit we chose m~ = 30 proving the genuine
periodic orbit to live in a ball of radius r, = 1.657473362439634- 10~'2 around the numerical
approximation, (s* = 2), while for the enclosure of the Floquet normal form of the principal
fundamental matrix solution of the linearized problem we set m = 50, M = 100 yielding the
enclosure radius r = 8.327055238174269 - 10~'°. Having computed the intervals enclosing
the period 7 of the orbit and the eigenvalues of R, we realize that the absolute values of the
two nontrivial Floquet multipliers satisfy

|o1| € [0.007038336031738 0.007038336266547]
|o2| € [1.527362891655825 1.527363232279426] °

To conclude we emphasize the role played by the continuous function Q(6) in the con-
struction of the tangent bundles. As proved in Theorem 77, as 6 changes, the eigenvector
w? of ®g(7) associated to the Floquet multiplier o; is given by wf = Q(#)v;, where v;
is the eigenvector of R relative to the eigenvalue p;. The function @Q(6) is continuous
and 27-periodic, but the tangent bundles are smooth manifolds, therefore the eigenspaces
E? and Ef, as function of § € [0,27], must be a double covering. That implies that
w] = Q(7)v; has to be an eigenvector of ®(7) associated to the Floquet multiplier oy, i.e.
span{v;} = span{w]}. In the case of the Lorenz equations (??), Q(7) turns to be the
identity matrix, therefore the last relation is simply verified. But in case of the ¢3-model
and in general when the bundle is not orientable, Q(7) need not be the identity matrix.
Indeed, in the considered example, Q(7) results to stay in a small interval around

B —1.675372218349393 —1.030485782114017 —0.456425794029489
Q= 1.323704549546922 1.019713990251906  0.894577662024640
0.970176001842336 1.480298639600749 —0.344341771902499

and the relation span{v;} = span{w7} still holds.
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Figure 6: Rigorously computed stable (turquoise) and unstable (red) tangent bundles of a periodic
orbit of the ¢ model with negative Floquet multipliers
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4.3 Recovering of the Floquet multipliers

In this final section, we discuss how to recover a posteriori the Floquet multipliers associated
to the periodic orbit (¢), that is the eigenvalues of the monodromy matrix ®y(7). First
recall from Lemma ?7? that the Floquet multipliers, denoted by ¢}, are independent of
and from Theorem ?? that they solve the equation

Dy (T)w? = ij? (64)

for any . In the proof of Theorem ?? we realized that of = > where u; are the
eigenvalues of the matrix R. Thus the Floquet multipliers are known up to a sign, i.e.
oj = +e 7. Therefore, by choosing 6 = 0 in (?7), it is enough to check whether ®(7)w
is equal to +e“j7w9 or to —e“ﬂw?. Recall that the Floquet normal form ®(t) = Q(t)ef*
satisfies Q(0) = I,, and recall from (??) that w? = Q(8)v;. Hence, since (uj,v;) € E(R),
one has that ®(7)w) = Q(7)e""v; = Q(7)e*iv;. Thus it reduces to compute the vectors
Q(1)e*Tv; and e Tv; and to compare them.

Having computed the enclosure of Q(t) in terms of the Fourier coefficients and the
bounds for y; and v;, denote by 7, the interval enclosing Q(7)e’"v; and by I;r, Z; the
intervals enclosing e#i"v; and —e*i7v;, respectively. The sign of the Floquet multiplier o;
is determined if Z,; intersects only one of the intervals I;r and Z;, while no conclusion can
be achieved if Z,, is so large to intersect both of them. Note that Z,, has to intersect at
least one I]i. The choice # = 0 in (?7?) increases the chances of successfully recovering the
Floquet multipliers since in this case, the computation of the matrix exponentiation e®”
computation that can dramatically increase the error propagation, can be avoided.

Finally, Table ?? and Table 7?7 contain the intervals Z,, and l'f7 7 = 1,2 associated to
the solution #3 of the Lorenz equations and of the solution of the (3-model. That shows
that the Floquet multipliers o1, o2 are both positive for the periodic solution of the Lorenz
equations and are both negative for the periodic solution the ¢3-model.

, a

Solution Lorenz #3

|oa| € [0.359965418958973 0.359965419696942] - 10~°
lo1| € [1.439037708132836 1.439037745123575]
7, I

1

10-5.
0.275643268865818 0.275643271985182
0.065076919481043 0.065076922168721
0.222173095329639 0.222173098339382

Ly,

10-5.
0.275643269739635 0.275643271111366
0.065076920354861 0.065076921294908
0.222173096203459 0.222173097465571

)

-0.263299353291831 -0.263299298199846
-1.237252678484705 -1.237252598357060
-0.686082354892901 -0.686082288933197

-0.263299349897387 -0.263299301594310
-1.237252675090274 -1.237252601751541
-0.686082351498413 -0.686082292327618

Table 4: Interval vectors Z,, and I;', Jj = 1,2 associated to sol#3 for the Lorenz equations (?7).
It holds I;' CZ,;, j = 1,2 proving that the Floquet multipliers are positive
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Solution ¢3-model

|o1| € [0.007038336031738 0.007038336266547]
1.527363232279426]

|o2| € [1.527362891655825

Lo,

'

0.001505025554611 0.001505026041576
0.001935764317690 0.001935764886660
-0.006597415507817 -0.006597415070914

Ly,

-0.001505025849095 -0.001505025747089
-0.001935764660362 -0.001935764543986
0.006597415153419 0.006597415425314

7

0.995820356220745 0.995821132336306
-0.143670022815996 -0.143669207167412
-1.149146933067294 -1.149146355489062

-0.995820892892411 -0.995820595664657
0.143669561398723 0.143669668584703
1.149146478567386 1.149146809988988

Table 5: Interval vectors Z,; and I;', j = 1,2 associated to solution of the ¢3-model. It holds
—If =1, CZs;, j=1,2 proving that the Floquet multipliers are negative.
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6 Appendix

6.1 Computation of the constant C, of Lemma 77

The construction of Cy is done by bounding uniformly the right hand side of (??) for k > M
up to a factor 1/k. For this it is convenient to write explicitly the entries of the matrix A

appearing in (?7)
A, = 37
g A
A straightforward calculation implies that
A1 =R — [Aoln — [A2k.1]n,

where

R(1,1)I,
R* :=
R(1,n)I,

k2510 + Aoy

/\2,2 =R"— [AO]'IL + [A2k,1]n7

A2.2
7k%[n2 + )\172

A2 = A1 = —[Aok2]n,

R(n,1)I,

R(n,n)I,

€ Mat(n? R)

and the notation [B],, stands for the diagonal concatenation of n copies of B € Mat(n,R),

i.e.

B
[B]n =

35

€ Mat(n? R).



We note that, with the exception of the factors k%—: on the diagonal, the matrix Ay depends
on k only through the entries of the matrices Asgg 1 and Asgg 2. The hypothesis || Al/s« < 0o
implies that

[Alls- _ I1Alls-

[ A2k 1|00, [ A2k 2]00 < [A2k]oo <

(2k)*" — (2M)s"’
so we have the component-wise estimates
1Al [ Alls~
<cw 7*117“ gcw TN \gF N
| Azg 1| < (@) | Az 2| (20M): (65)
Therefore the diagonal elements of Ay, satisfy |Ag (4, 7)| > k2x (lgﬁl):* , while the off diagonal
terms satisfy [Ag (i, §)| < An(i, §) for every k > M, where
All o+ * All o+
Inserting the previous bounds in formula (??7), we obtain
" 1 1
Al <
1A% Moo < Al

min {k%—” —
i T

ZAMZJ} kmm{g:_<%

and, finally, [|A; " [loo = [|A; oo <

(@M)="

)i—igA (i)}

%, for every k > M, where

1

i S )

Remark that the computation of Cy depends on the uniform bound of the matrices Ay for
k larger than M. For sake of generality, we considered the weakest hypothesis || Al|s« < oo,
yielding the estimates (?7?). However, a more precise information about the behavior of Ay
allows constructing a sharper Cy. For instance, in Section 7?7, a bound slightly sharper than
the one given by (7?) is obtained in the context of the Lorenz equations.

Cy =

(67)
—f2r [ LAl
mim{? - (<2M>*

6.2 Data

The period and the Fourier coefficients of 4 and 44:

Solution # 1

—2.780059260523741

—2.780059260523741
7.947403837193834

T~ = 1.614093492553360, £y =

& | & | €3

—2.103424940338396 — 0.5633758737197584%
—1.884119489414622 — 1.3821765653068591

3.500814040190368 — 2.2773789489911771

&4

.148118935964748 — 0.4634077067279621%
.787337295052375 — 1.35726473082595017
1.714800528134896 — 0.9312038532460651%

s

| 6

—0.549947197921830 — 0.
—0.257543323733286 — 0.
0.934628045117667 — 0.

2503863711642241
8926205731448381%
30390972068058617

—0.245788932283429 — 0.1201076961321247
—0.058771534568073 — 0.5028209441850821

0.498026421896317 — 0.069036329230910%

34

0.105336849992997 — 0.0562729582547931
0.004190084515215 — 0.2612954526871294
0.255207598883747 + 0.0040960812529861

s

| 33

—0.044023808302604 — 0.
0.017649360354828 — 0.
0.126183314309363 + 0.

0264054656272721
1292284111762721%
01902010639720114

—0.018110918227797 — 0.012412554201161%

0.015711945800080 — 0.0617628422008291
0.060511917346837 + 0.0166579906619091%

€10

0.007364503589650 — 0.005817610383848%
0.010752476253377 — 0.0287518659087671%
0.028266369399563 + 0.0112234175811331%

€11

| £12

—0.002963317111988 — 0.
0.006527743303825 — 0.
0.012901208489663 + 0.

0027090751135571%
0130908550798411%
0067324673835521%

—0.001179210881516 — 0.001251358716240%

0.003691955959910 — 0.0058416755219214
0.005764884939599 + 0.0037748728822791

&13

0.000463309508391 — 0.000573118774730%
0.001990769285304 — 0.0025569973171751%
0.002524607658795 + 0.0020230194151414

€14

| 15

—0.000179268598732 — 0.
0.001036684527908 — 0.
0.001083619790267 + 0.

0002603061362731
0010977132610451%
0010489133000541

—0.000068057085571 — 0.0001172934468361

0.000525507912207 — 0.0004616972045541
0.000455456453909 + 0.0005300566242361

—0.

000025210012126 — 0.000052457038185%
0.000260669467808 — 0.000189846136106%
0.000187064896143 + 0.0002623290876811

36

—0.000009032463269 — 0.
0.000126984126766 — 0.
0.000074796643384 + 0.

0000232942880741
0000760353226841
0001275748113791%



Solution # 4
—6.701197977052439
—6.701197977052439
19.896645313603468

T~ = 0.752056588663314, o =

&1 | 33 | €3
—1.957527201575398 — 0.358818882759485¢ | —0.335512945846433 — 0.0162134446332487 | —0.047773518005275 + 0.003264331987478:
—1.657745833247766 — 1.994268440246074i | —0.308421346986976 — 0.5768334946371217 | —0.055955243858351 — 0.116475274417622i

2.644506821861307 — 2.2272656334308781 0.566785859807531 — 0.332890753309569% 0.114165757724204 — 0.0537646895552397

€4 | &5 | e

—0.006558770971049 + 0.0009291803415791% —0.000901308891171 4 0.0001771633181241 —0.000124174690936 + 0.0000305765665721%

—0.009663969360603 — 0.020989368884455i | —0.001641379501671 — 0.003587906270789i | —0.000277448981776 — 0.0005918866406161
0.020940359140456 — 0.0091628797910367% 0.003602280657498 — 0.001579182778059% 0.000594586513762 — 0.0002701089580427
&7 | s | 39
—0.000017112175371 + 0.000005045265812i | —0.000002356075416 + 0.000000809468453i | —0.000000323960977 + 0.000000127320510%
—0.000046618250245 — 0.000095031349885¢ | —0.000007766349449 — 0.000014937919344i | —0.000001281309839 — 0.000002308608107i
0.000095408145471 — 0.0000456835679947 0.000014990676622 — 0.000007640211987% 0.000002316321304 — 0.0000012639503557
£10 | £11 | £12
—0.000000044474813 + 0.0000000197303874 | —0.000000006094973 + 0.000000003022158 | —0.000000000833662 -+ 0.0000000004585647
—0.000000209315706 — 0.000000351842042i | —0.000000033869024 — 0.000000052991484i | —0.000000005431044 — 0.000000007899402i
0.000000352995514 — 0.0000002069222027 0.000000053164861 — 0.000000033539827% 0.000000007925411 — 0.000000005385894%
&13 | €14 | &5
—0.000000000113788 + 0.0000000000690347 | —0.000000000015496 + 0.0000000000103237 | —0.000000000002105 -+ 0.0000000000015354
—0.000000000863573 — 0.000000001166826¢ | —0.000000000136241 — 0.000000000170926i | —0.000000000021338 — 0.000000000024847i
0.000000001170712 — 0.000000000857397 0.000000000171505 — 0.0000000001353981 0.000000000024933 — 0.0000000000212247

Numerical approximation R and even Fourier coefficients Qp:

Solution # 1

—1.387511870700525
34.433483055001410
5.910150213980192

10.413957598738442
16.747540413772924
10.264994080118939

—64.490466526574409

—24.345293393676652
—29.026695209740538

Solution # 4

—10.355025789684301 5.074347263132815 —4.639314258829991

R = 0.899060859561549 1.009663080648024 —1.282544953856572

—7.222497813952203 4.473311681603017 —4.321303957630427
1.023958718010556 —0.675126514730723 0.660211296603439
Qy = —0.573888622357730 0.071633755972287 —0.013544689908735
0.593641003024321 0.040742151766272 —0.119448524191943

Qg =

37

B 1.164908177280166  —1.803172340423295 3.576351013779620
Oy = | —3.091997467130629 0.061210130102117 1.988125340690924
2.718036482444605 0.825898407183530  —3.885210588070526
Qo =
—0.866294000482876 — 1.517174563626462 0.138024745785573 + 0.218099611198252i 0.321523051493223 + 0.3012241259580441
0.509788425938065 — 0.714866339135450i  —0.287829114159326 — 0.6336810307900117% 0.489880443422970 + 1.8391008064471591
0.402372709747515 — 0.0637512129639671 0.203769059852901 + 0.107721913625062i  —0.537890180980384 + 0.1440353472768357
Q4 =
0.002921350244971 — 0.0410268595105011 0.284838788861365 — 0.102407807177850i  —0.598366228696386 + 0.0399271585823374
0.661612810285463 — 0.3620881435721581 0.230422023359519 — 0.053897172370139i  —0.736642472712952 + 0.2184933232896574
—0.220722332917557 + 0.515436548133675¢  —0.015454270152731 + 0.3172839933279131 0.382525265190417 — 0.772796160555542
QG =
0.272254735540097 + 0.1931082738546904 0.200555829088783 — 0.035698340068769i  —0.597856635403175 — 0.2171855035122161
0.346206488506330 + 0.2329745411290584 0.247951861450867 + 0.116888303230541i  —0.565050894702496 — 0.5248586138613234
—0.415259741322708 + 0.376758862585817i  —0.130242646049827 + 0.2565172502032231 0.697655874103223 — 0.5939565387930551
QB =
0.226805195194691 + 0.164436218751750i 0.127848789361473 — 0.002657587081552i  —0.417753912756603 — 0.2087682927910241
0.132624286729287 + 0.3622383371152734 0.153471968526916 + 0.148905166236442i  —0.256749954059345 — 0.6364454602260981
—0.396602815786101 + 0.1639553000900187  —0.150058149361482 + 0.153653073255694i 0.667238511937733 — 0.280824220397952i
Qio =
[ 0.139141286867885 + 0.105392333409777 0.073450746075024 + 0.005413998475731i  —0.245560436837712 — 0.1404109324370674
0.022491378705591 + 0.2972441317937404 0.078758641110580 + 0.123065445235988i  —0.071921501008139 — 0.5022870827211284
—0.295670715198465 + 0.0346906799066387  —0.121731432613219 + 0.077394507215750i 0.498006841524345 — 0.080182881735437
Qi =
0.074574329861185 + 0.061221963277495i 0.039089264765640 + 0.005851913643466i  —0.130148022379516 — 0.0838219356190661
—0.021085752655787 + 0.1975148922920711 0.034950837585746 + 0.0846632757717031 0.009763089761531 — 0.3312769844976067
—0.191963300440361 — 0.018713774729379¢  —0.083514110368357 + 0.0335194765484767 0.323798241079228 + 0.0097139850795571
Qiq =
0.036973044527057 + 0.0339038265692381 0.019751905247220 + 0.004450594969025i  —0.064567903024736 — 0.0473441370892481
—0.030689170867607 + 0.1172910193605281 0.012928757340301 + 0.0524346190764314 0.034466100020053 — 0.197102241654019%
—0.113726808259459 — 0.031164706653101¢  —0.051799471311031 + 0.011931226793130% 0.192411484019366 + 0.036313805087712i




0.265817278059553 + 0.09199938489059114

|: —0.047826742741476 — 0.0907496878792134

—0.193372062784211 + 0.1470552399615291

.019926879914556 + 0.0604598344673461

0.025498974224084 + 0.0255072268523691
0
—0

.074073542381906 + 0.0298616900008611%

.001396115699013 + 0.0228903243535311%
.022097257512586 + 0.0022958930832631%

0.008288011670258 + 0.0048603836528441
0
—0

—0.000094100471388 + 0.0058338023501774%
—0.005671743885677 — 0.0001853804380991

|: 0.001688790296409 + 0.0007874928454681%

.000307654059622 + 0.0001242543649197%

—0.000076757144186 + 0.0012919490379681%
—0.001279612235996 — 0.000102271912113%

—
o

.053293732076546 + 0.0188369629841924

—0.020444526584427 + 0.2644639621916781%
—0.263658578699069 — 0.0242456349460391

—
o

—0.003951084971026 + 0.0511798922922121%

|: 0.008925530239504 + 0.0027309485969211%

—0.051092194502835 — 0.0044931283661714

0.252122278258324 — 0.0982233344465284
0.232785054596794 — 0.0287529096443814
0.030279421996656 + 0.4060133965456211

=3

—0

coo coo coo coo

coo

Q1o = 1.0e — 03x

Q4 =

0.069941219836411 — 0.
.165349054957407 + 0.
.030387995391957 + 0.

Qg =
.012918990885743 — 0.

.050549397456237 + 0.
.015042801858593 + 0.

Qg =

.002170111882739 — 0.
.012210251990343 + 0.
.004112500955533 + 0.

Qio =

.000347668081985 — 0.
.002635543312150 + 0.
.000896750134065 + 0.

0663177587144681
0414858658583161%
1660428428298391

0159563513501311%
0149723787711041
0488890311188571%

0031276084901791%
0038992317539564%
0119893246326921

0005644752420891
0008555484460071
002613762734525%

.053627551296946 — 0.0973234106540471%
.529941590955565 + 0.167063705717098%
.173355701294813 + 0.5274518345700751%

Q14 = 1.0e — 03x

.008007810390487 — 0.0162621734026081%
.101255843144903 + 0.029979048738808%
.030934399104456 4 0.1009005429585497

—0.229330080277529 —

0.018753383934223 —
0.347429574659487 —

—0.079148400827483
—0.008554435269462
0.151663950249043

—0.017599087865688
—0.002571405701545
0.046172957869546

—0.003326338289578
—0.000640755524250
0.011377894614169

—0.000584230091926
—0.000160862924263
0.002470710144145

—0.098376036926625
—0.040745513201438
.494802425816997

=]

—0.016084694725868
—0.009929269848351
.093718090923293

o

Enclosure of the spectrum and eigenvectors of R:

Solution # 1

Stable

Unstable

E.values

E .vectors

Rad

Solution # 2

—15.109380514113965

—0.751214982423802
—0.336978550953493
—0.567557491695149

6.5357966401 - 10~ 6

Stable

|
|
|

—1.9711376476 - 1012

0.254365252143146
0.894331168360885
0.368062603099539

2.4292063094 - 10~ 4

|
|
|

1.442713847447833

0.262950302967878
0.897737089234849
0.353447671913741

2.4457229537 - 10~ %

Unstable

E.values

E .vectors

Rad

Solution # 3

—14.418434214853773

—0.749706208066872
—0.289601764001737
—0.595039007018088

1.5819989791 - 108

Stable

—6.3095429563 - 10~ 13

0.206834663675313
0.877249310542877
0.433189414753372

2.2544294848 - 1077

|
|
|

0.751767548187609

0.230648743314282
0.889680889496459
0.394041967399836

2.2920889758 - 10~ 7

Unstable

E.values

E.vectors

Rad

Solution # 4

—14.075379469563303

0.765749307086543
0.180786590407435
0.617206778499179

1.1204301894 - 109

Stable

—1.9608231416 - 10~ 13

0.150573371977808
0.836967739109956
0.526129892080275

1.4128237162 - 108

0.408712802896790

—0.182969022197064
—0.859777763658707
—0.476764652668675

1.4431490181 - 108

Unstable

E .values

E.vectors

Rad

Solution # 5

—13.840311255652775

0.797501959393221
0.003822364878423
0.603304246869447

4.5252927940 - 1010

Stable

—1.4330029932 - 10~ 13

0.078973004231439
0.755631456467173
0.650218706744094

6.1203260279 - 109

0.173644588986231

—0.117842783974500
—0.792087449202407
—0.598924495309018

6.2737968625 - 10~ 9

Unstable

E.values

E.vectors

Rad

—13.667080400789002

—0.863856794412098
0.300568560001125
—0.404240002333891

4.1042307771 - 109

|
|
|

9.0011809244 - 1

0—14

0.232602509848306
0.819824988052658
0.523242832131249

1.0966119731 - 105

38

|
|
|

0.000413734122254
0.287469286236642
0.854693879140621
0.432272810190687

9.9985010904 - 106

coo

2450599868516241
0632875983351531

.1904688456461431 }

.0342273128998731
.15501647253609614
.0138075697327561

coo

.0051566240494611
0472470772386291
.0018683282564811%

coo

.00069122422720214
.0114729227619024
.0004045351290551

coo

.0000857541778661
00247447128652814
.0001208635122841

coo

.00932050667170714
4946893752312221%
.0347784338748601

coo

.0007476760307971
.0936734903582871%
.0090252439870871%

coo
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