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Abstract

We propose a method to compute solutions of infinite dimensional nonlinear opera-
tors f(z) = 0 with tridiagonal dominant linear parts. We recast the operator equation
into an equivalent Newton-like equation z = T'(z) = z — Af(z), where A is an ap-
proximate inverse of the derivative Df(Z) at an approximate solution . We develop
rigorous computer-assisted bounds to show that 1" is a contraction near Z, which yields
existence of a solution. Since D f(Z) does not have an asymptotically diagonal dom-
inant structure, the computation of A is not straightforward. This paper provides
a method to obtain A and proposes a new rigorous computational method to prove
existence of solutions of nonlinear operators with tridiagonal dominant linear parts.
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1 Introduction

Tridiagonal operators arise naturally in the theory of orthogonal polynomials, ordinary
differential equations (ODEs), continued fractions, numerical analysis of partial differential
equations (PDEs), integrable systems, quantum mechanics and solid state physics. Some
differential operators can be represented by infinite tridiagonal matrices acting in sequence
spaces, as it is the case for instance for differentiation in frequency space of the Hermite
functions. Other examples come from the study of ODEs like the Mathieu equation, the
spheroidal wave equation, the Whittaker-Hill equation and the Lamé equation.

While there exist many well developed methods and efficient algorithms in the literature
for solving linear tridiagonal matrix equations and computing their inverses, our proposed
method has a different flavour. We aim at developing a computational method to prove, in a
mathematically rigorous and constructive sense, existence of solutions of infinite dimensional
nonlinear operators of the form

f(x) = L(z) + N(z) =0, (1)
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where L is a tridiagonal linear operator and N is a nonlinear operator. The domain of the
operator f is the space of algebraically decaying sequences

0 = {1 = (o ol 2 sup(lanli) < oo} @)

The assumptions on the linear and nonlinear parts of (1) are that £ : Q°® — Q% 5L and
N : Q% — Q°7°N_for some sy, > sy. Intuitively, this means that the linear part dominates
the nonlinear part. Since 2°' C °2 for s; > s, one has that f: Q° — Q5752

General nonlinear operators f(x) = 0 defined on Qf arise in the study of bounded
solutions of finite and infinite dimensional dynamical systems. For instance, = (zx)r>0
may be the infinite sequence of Fourier coefficients of a periodic solution of an ODE, a
periodic solution of a delay differential equation (DDE) or an equilibrium solution of a PDE
with Dirichlet, periodic or Neumann boundary conditions. The unknown z may also be the
infinite sequence of Chebyshev coeflicients of a solution of a boundary value problem (BVP),
the Hermite coefficients of a solution of an ODE defined on an unbounded domain or the
Taylor coeflicients of the solution of a Cauchy problem. In case the differential equation is
smooth, the decay rate of the coefficients of = will be algebraic or even exponential [1]. In
this paper, we chose to solve (1) in the weighed ¢>° Banach space Q° which corresponds to
C* solutions. In order to exploit the analyticity of the solutions, we could follow the idea
of [2] and solve (1) in weighed ¢! Banach spaces. This choice of space is not considered in
the present paper.

In recent years, there has been several successful attempts in solving f(z) = 0 in Q°
using the field of rigorous numerics. This field aims at constructing algorithms that provide
an approximate solution to the problem together with precise bounds within which the exact
solution is guaranteed to exist in the mathematically rigorous sense. Equilibria of PDEs
[3, 4, 5], periodic solutions of DDEs [6], fixed points of infinite dimensional maps [7] and
periodic solutions of ODEs [8, 9] have been computed using such methods.

One popular idea in rigorous numerics is to recast the problem f(z) = 0 as a problem of
looking for the fixed points of a Newton-like equation of the form T'(x) = z — Af(z), where
A is an approximate inverse of Df(Z), where Z is a numerical approximations obtained
by computing on a finite dimensional projection of f. In [3, 4, 6, 7, 9, 5], the nonlinear
equations under study have asymptotically diagonal or block-diagonal dominant linear parts
which facilitates the computation of approximate inverses. In contrast, the present work
considers problems with tridiagonal dominant linear parts. To the best of our knowledge,
this is first attempt to compute rigorously solutions of such problems. While our proposed
approach is designed for the moment for a specific class of operators (see assumptions (4)
and (5)), we believe it is a first step toward solving rigorously more complicated nonlinear
operators with tridiagonal dominant linear parts.

The paper is organized as follows. In Section 2, we present the method to compute,
with the help of the computer, pseudo-inverses of tridiagonal operators of a certain class. In
Section 3, we recast the problem f(z) = 0 as a fixed point problem T'(z) = z — Af(x) where
A is a pseudo-inverse, and we present the rigorous computational method to prove existence
of fixed points of T. In Section 4, we present an application and finally in Section 5, we
conclude by presenting some interesting future directions.

2 Computing pseudo-inverses of tridiagonal operators

Given three sequences (Ag)r>0, (fk)k>0, (Bk)k>0 and x € QF, define formally the tridiagonal
linear operator L(z) = (Lx(z))k>0 of (1) by



Lip(x) = Mexp—1 + prxr + Beryr, k>1 (3)

and Lo(z) = poxo + Bor1. Assume that there exist real numbers sp, > 1, 0 < C; < Cy and
an integer kg such that

Ae | | Bk || B M
Yk, ’kSL’kSL’kSL <G oand Vhzh, Ci<|Eh|. (4)
1
Assume further the existence of § € (0, 2) and kg > 0 such that
A
Vh> ke, |2k |2 <5 (5)
B | | Mk

Therefore under assumptions (4) and (5), £ defined by (3) is a tridiagonal operator such
that £: Q% — QL. Indeed, for z € Q°, then

IL(z)||s—s, = sup{|Lk(z)|k* 5"}
k>0
= (S“p{'””““fs} + sup{fex[k*) + sup{|xk+1k8}) < o0,
k>0 k>0 k>0

From now on, assume for sake of simplicity that sy = 0, that is the nonlinear part N of
(1) satisfies N : Q* — Q°. Note that any combination of convolutions satisfies this property
by the algebra property of Q° for s > 1 [5, 10]. Assume that using a finite dimensional
projection f(™ : R™ — R™ of (1), we computed a numerical approximation Z, that is
fm™)(z) = 0. We identify Z € R™ and Z = (%,0,0,0,0,...) € Q°. The idea is to construct
a ball

Bz(r)=Z4+ Bo(r) =2+ {x € Q° ||zl <r}={z € Q°: |z —T|s <r}

centered at T containing a unique solution of (1) by showing that a certain Newton-like
operator T'(z) = x — Af(x) is a contraction on Bz(r). This requires constructing A an
approximate inverse of Df(Z) = L(Z) + DN(Z). In order to do so, the structures of L(Z)
and DN (Z) need to be understood. From (3) and (4), £(Z) is a tridiagonal operator with
entries growing to infinity at the rate kL. Moreover, since DN (Z) : Q° — QF, then it is a
bounded linear operator. As mentioned above, the expectation is that the coefficients of
decay fast to zero. Therefore, a reasonable approximation AT for Df(Z) is given by

D 0
AT - ﬂm— 1 ) (6)
A Pmo Bm
0 Aml Hmt1 Bmtt

with D & Df(™)(z) for m large enough. Again we assume that m > ko. We wish to find
its inverse in terms of D, (Bk)k>m—1, (tk)k>m and (Ag)k>m. We assume therefore that



where x and y are the infinite vectors

Lo Yo
Ty Y1
T = ;Y=
The infinite part of (7) writes
L ﬁ 0 0 T, Ym — )\m Tm—1
m m Lm+1 Ym+1
Amtl Hmetl Berl 0 _ (8)
0 )\m+2 Hm+2 Bm+2 ’

We introduce the notations of the book of P.G. Ciarlet from Theorem 4.3-2 on page 142
in [11]. Note that only the d,, are really useful:

az = >\m+1a az = Am+27 ceey bl = MUm, b2 = Um41, -+ Cc1 = /Bma Co = Bm-&-la
and (0, )nen defined by the induction formula
bo=1, 61=0by, and 6, =b, 01 —anCp_16p_2, for n>2.

Let define the tridiagonal operator T" by

b1 C1 0 0
as b2 Co 0
T = .
0 as b3 C3 ... (9>
For any infinite vector x = (xq,...,Z,...)T, we introduce the notation
Tp = (xo,.‘.,xm,l)T and z7 = (xm,...7xm+k,...)T.

Using the notation e; = (1,0,0,0,0,---)T, the system (8) becomes
TII =Yr — >\m Tm—1€1.

From Theorem 4.3-2 in [11], we compute an LU-decomposition of the above tridiagonal
operator in (9) as T'= L;Uy, where

1 0 0 & 0
do 5
. Gz 57 1 0 . 0 F#
Lr=1{ " 4 w1 ad Ur=1| o 3§ & (10)

Hence, the system (8) becomes Lrz; = y; — A Tm—1€1 combined with Uyzy = 25, that is

Zm Ym — Am, Tm—1

0 ..
do 1 0 .. Zm41 Ym+41
d . = . ) (11>
0 A S



combined with
C1 0 .es T

o1
do s Zm
0 F# o Tm+1 Zm+1
oo m = m . (12)
0 0 %
2
Both infinite systems (11) and (12) can be solved explicitly.
System (11) leads to
Zm = Ym — )\ml'mflv
and for any k£ > 1
& ! Ok—1 ki1 do
Zmtk = Ym+k + Z(*l) Ak—1+42 .- Qk+1 W Ymrk—1 + (1) az .. ag+1 E AmTm—1
=1
which we rewrite with infinite matrix/vectors notations as
21 =L '[yr — Am @m—1€1] = L; 'y1 — A1 v1, (13)
where
Zm Ym 1
do
Zm+1 Ym+1 —a2 N
Zm+2 Ymt2 . azaz 5
zr = ; Yr = , vur=Lr e =

B
—agazaz g

The second system (12) leads to the infinite sum (for any k& > 0)

Ok
Okti41

oo
Ok !
Tmik = 5 Zmtk + E (1) Clt1 - Chtl ZmAk+1s
k41 —

which we also rewrite with infinite matrix/vector notations as
Ty = U]ilz]. (14)
Coupling (13) and (14), we end up with
e =Ur 2 = Ur L yr = Am@mo1v1] = U 'L 'y — Mm@ 1w, (15)

where w; = UI_IU[. Denoting (Uj_lLI_l)lO the first line of the infinite matrix U]_lL]_l
(remember that (wy), denotes the first element of w;), we can rewrite the first line of (15)
as

T = (U[_lLI_l)lo Yyr — )\mxmfl (’LU])O . (16)
Then, we investigate the finite part of the linear system (7). It writes
To 0 Yo
T 0 Y1
D + = ,
Tm—2 0 Ym—2
Tm—1 /Bm—l Tm Ym—1



or, according to (16),

o

o Yo
T 0 Y1
D ' + ﬁm,—l ' =
Tm—2 1 1 0 Ym—2
L1 (Ur™'Li™") 091 = Am®m—1 (wr), Ym—1
Defining
0 0 0 0
00 .. 0 0
00 .. 0 0
00 ... 0 (wr)

together with its inverse K~ and resp. last column (K ~1!).,,_1, last line (K~1);,,,_1, and
last (“south-east”) element (K ~!),,_1,,_1 of this inverse, we end up with

Tp = K_lyF - ﬁm—l {(Uf_lLI_l)lo yI} (K_l)cm_l

= K 'yp—Bma ({(K_l)cml} ® { (UflLl_l)zo })yu (17)

with the tensor product notation. The last line of this identity reads

Tm—1 = (Kﬁl)lm—l Yr — Bm—1 {(UlilLlil)lo yl} (K71)7n—1,m—1 . (18)
Coming back to (15) and using (18) we see that

1 -1
xy = Ui L yr — AnTm—1wr
—1y -1
Ur "L yr

T Y 7 7o IRSLC s P
= U 'Li 'y = Am wI{(K_l)lm1 yF}
+Bm—1Am (K1) m—1,m—1 w,{ (UL, y,}
ol )

—|—<U1_1L1_1 + Br—1Am (K™ ) m—1,m-1 {w;} ® { (Uf_lLI_l)lo }) yr-

Putting together (17) and (19), we end up with

1= K B | (E Dem—1p @ (U7 L)
(AN~ = _)\m{wl}@) {(Kl)lml} <{ UllLl}l —F{A = })



where

A= Bm—1Am (Kﬁl)vn—l,m—l {wf} ® { (UI?lLI?l)lO }

Now to get an approximate (pseudo) inverse of AT we would like to get a numerical ap-
proximation of K. However the deﬁnition of K involves (w;), which cannot be computed
explicitly. By deﬁmtlon wr = Uy LT 7 le; so using again the computations made in this
section we get

(wr)y = (Uflvl)o

7Um + § Cl...ClUm+|
5z+1

oo
E . Crag ... Q41
5l5l+1

So given a computational parameter L, we define

I 5
== 20
w 5, + lz:: A C1...C0A2...0141, (20)
and
0 0 0 0
0 0 0 0
IN( =D — ﬁnL—l)\m : T .
00 .. 0O
00 .. 0 w

Now we can consider A,, a numerically computed inverse of K and then define the
approximate (pseudo) inverse of A as

. A ~Bm-1 ({(Am)cml} ® { UL )y, })

_)\m{wl} ® {(Am)lm—l} UlilLlil + A

(21)
where
A= 6m—1)\m (Am)m—l,m—l {U)[} oy { (U171L171)10 }
Lemma 2.1. Assuming m > ko and 6 < %, UI_1 1 Q8 — QsTse,
Proof. Let z; € Q° and z; = U;lzl. Using (14) and the formula above, we get
o]
|Zmtk| < Dredl | Zmtk| +Z ‘5 e \Ck+1\ o ersil [2makt]
16| k|
|§ | Zmtk| + Zdl |bk+1| bk-vi] [2merksi] - (22)



Now remember that for all k£ > 2, 0 = br 61 — ar ck_10x_2, SO

|0k —1] [bx] — bk | 051
2
Ly Pl sl
|Ok—1]
1)
We introduce u = 5|k||b| which then satisfies
k—1] |0k
Uy = 1
52
up > 1 — , Vk>2
Uk —1

The study of the inductive sequence defined as above in the equality case yields that for any
k, v <up <1, where v = 3 + 1/ — 02 is the largest root of x = 1 — ?2 (see figure 1).

08 4 o8

06 4 o6

0.4 4 041

0.2 4 021

L L L L L L L L L L
0 02 0.4 06 08 1 [ 02 04 06 08 1

(a) 6 = 0.2 (b) =05
Figure 1: The iterations of u, 1 = 1 — §%/u,, with u; = 1.

We can then rewrite (22) to get

Ok > Okl - |0kt
|xnr+k\f;AJ——1—|znr+k|+-253614414J44J44i4t4—|bk+1|~ sl om
|Ok-+1] 0k+1] + [Oktr41]
16k] 1 1 [0k
z k +Z(5 .. zZ, k+1
|5k | ] Up+1 Ukl |Okti41] fem il

SYCARE
k+1
: () Sl
Y

|Ok141]

S\' 1
=) = |Zm+r
Y/ |bk+l+1|

1S (6>l 1
< = — .
- an v) (k+1+1)" (m+Ek+1)°

i




1
Finally, since § < 3 <7,

sro o Nzl 1 (m+ k)T

T Oy 1-2(k+ 1) (m+k)°

|Tmtk| (M + k) 5
¥

and z; € Q5T5L, O
Lemma 2.2. Assuming m > ko and 6 < %, L;l Q% — Q5.

Proof. Let y; € Q° and z; = Ll_lyl. Using (13) and the formula above (Without the last
term since we do not consider here L;l(yl — Am mm,lel)), we get

[0
k—1
2] < [Ymas] + o] lak—112| - laks1] [Ymrr—1]
=1

k
Ok—1
< lymiel + 34 | S gl sl Lyl
=1
k
Ok—1]  [Ok—1| |br—t141] [Br—142] - [br1]
< 5l| _
< Ytk +12; il - ol e 1] |Ymt+k—1]

1 1 |bky1]

Up—141 Uk [Dr—i41

k
< ‘ym+k| + Z(sl

| |ym+k—l| b
=1

where we use the sequence uj, introduced in the previous proof. So we get

SO\ bl
RS Ykl
=0 v

|br—141]

e Colyll. =N [ k+1 \TE Y/ m4k \°
m k) < =28 ,
[Zmx] (m+ k)" < =7 > ~) \ k111 m+k—1

=0

and

k—1
and it is enough to show that given 0 < § < 1 and ¢ > 0, ZQZ <
1=1

q
- l> is bounded

uniformly in k& to prove that z; € Q°. Indeed,
k-1 5] k-1
E\*? E\? E\?
L R 1f_r Lf_r
Yo (i) <2 (i) + X (65
1=1 1=1 1=[4]+1

C
<20y 0+ 9[5}“5;&
=1

24 k1, kKO
< 0 [E]+1F
S1-¢ + 5
which is bounded uniformly in k since the last term goes to 0 when k goes to +00, and the
proof is complete.
O



Proposition 2.3. Assuming m > kg and 6 < %, A Q5 — QsTse,

Proof. Consider y = (yr,yr)’ € Q°. Let x = (zp,27)T = Ay. Then, by definition of the
operator A in (21),

rp = Anyr — Pm-1 <{(Am)cml} ® { (U L), })yl
= Anyr = B {(Ur L) gy} (Am)em-r-

By the previous lemmas, U171L171y1 € Q5L in particular (U171L171)l0 yr = (U171L171y1)0
is well defined and so is zf.
Again using (21),

Tr=—Am ({wI} ® {(Am)lm—l}) yr +Ur 'Ly 'yr + Ayr.

Remember that w; = Ul_lLlflel, and therefore wy € Q° for any s, so according to the
previous lemmas and the definition of A (see (21)), xy € Q5t52. O

3 Computations of fixed points of the operator T

Our main motivation for computing approximate inverses is to prove existence, in a math-
ematically rigorous sense, of a fixed point of the Newton-like operators T in a set centered
at a numerical approximation Z. The Newton-like operator has the form

T(z) =z —Af(2), (23)

where A is the approximate inverse (21) of Df(Z) computed using the theory of Section 2.
By Proposition 2.3, A : Q% — Q752 Since f: Q% — Q5752 then T : Q% — Q°.

Before proceeding further, we endow 2° with the operation of discrete convolution.
More precisely, given © = (zx)k>0,y = (Yx)k>0 € ©°, extend z,y symmetrically by & =
(k)kez, U = (Yr)kez where Ty = Tk, §—r = Yk, for k > 1. The discrete convolution of z
and y is denoted by x * y and defined by

@ k=D Fn ks
kq+ko=k
k1,k2€7Z
It is known that for s > 1, (2% %) is an algebra under discrete convolution (e.g. see [10]),
that is, given xz,y € Q°, x xy € Q°. This fact will be especially useful when computing in
practice the Z bounds as defined in the following results.

Theorem 3.1. For fized s > 1, consider T: Q° — Q° with T = (T)r>0, T € R. Assume
that there exists a point & € Q° and vectors Y = {Yi}i>o and Z = {Zy(r)}k>0 with
Yk, Zi(r) € R satisfying

(T(@) - D)l < Vi (24)

and

sup
b1,b2€ Bg (T)

[DT(z + bl)bg]k’ < Zp(r), YEk>0. (25)

If there exists r > 0 such that |Y + Z(r)||s < r, then the operator T is a contraction in
Bz (r) and there exists a unique & € Bz(r) that satisfies T (&) = .

10



Proof. We perform the proof in two parts:
i) |T(x) — Z||s < r for all z € Bz(r). This implies that T'(Bz(r)) C Bz(r);

ii) T is a contraction, that is there exists k € (0, 1) such that for every x,y € Bz(r), one
has that |T(z) — T(y)||s < &llz — ys-

For all £ > 0 and for any z,y € Bz(r), the Mean Value Theorem implies that

Ty(z) — T (y) = DTy(2)(x — y)

for some z = z(k) € {tx + (1 —t)y : t € [0,1]} C Bz(r). Since r”( H € By(r) then from
(25)

r(z—y) le— s < Zy(r)
lz — ylls r

The triangular inequality applied component-wise using y = & above gives

Ty () — Th(y)| = | DTk (z) 2 —ylls- (26)
T (z) — Zx| < [Th(x) — Th(Z)| + [Th(2) — Zpe| < Zi(r) + Vi

and hence
Ty (z) — Zg| < [Yi + Zy(r)].

Therefore for any x € Bz(r)

1T () — zl|s = 2218{\%(96) — Tplwi} < zglg{lyk + Zi(r)lwit = 1Y + Z(r)]|s <.

This proves that T(Bz(r)) C Bz(r). From (26), we obtain that for any z,y € Bgz(r),
Tk () — Ti(y)| < DLz — y||, and thus

7@ - 1)l < 2Oy, (27)
Since || Z(r)||ls < ||IY + Z(r)||s < r, then
REJLLTA

’

and we can conclude that T : Bz(r) — Bz(r) is a contraction. An application of the
Contraction Mapping Theorem on the complete metric space Bz (r) gives the existence and
unicity of a solution & of the equation T'(z) = x in Bz(r). O

Now we are going to see how to get such bounds Y (Section 3.2) and Z(r) (Section 3.3)
as well as how to find in an efficient way a r > 0 such that ||Y 4+ Z(r)||s < r (Section 3.4).
We start by computing some estimate to control the action of U, 1L;1

3.1 Some preliminary computations

Suppose Y1 = (Yms Ym+1, - - .)T is a given infinite vector. We want to bound component wise
Ty = UflLfly[. Let @ = 2. Again introducing z; = L;lyI and using the computations
made in the proof of lemma 2.1 and lemma 2.2, we get

‘zm+k| Z 0'

|24kt
|bk++| "

11



and

k
_1 1ok
Zm4k| < okt 1 -
| m—+ ‘ ; |bl+1| |ym+|

Putting the two together,

+oo k+1
T < = ZZ gk+2i- j|ym+j|
m
girdrs [bj+1]
_1 Z|ym+j|zgk+2z it Z |ym+] f gr+2l—j
a bjt1l 1041l
" j=0 | i+l j=k+1 JHL =j—k

i 400 j—
Z [Ym+s] 0 - [
[bjr| 1 =02 S [bja] 1 - 62

Zek j|ym+] Z gi—k [Ym-+4]
1—92

D it 6411
k
s i Yym4l n Z gi—t [Yme+s] ’
=0 |ttt =kt 1 |ttt
with
_ 1
T ha-ey

In particular, for wr = (Wi, Wipt1, - - .)T = Uy le_lel we have for all K > 0
1

(w1 k] < 90" ——

b

More generally, if y is such that y,,1x = 0 for any k > K, then

k
VE<K=2, |Zmik|<n (ZH’“Z [Ym-+1] + Z gl—k Y1 >
1=0

|ttm1 I—h11 | ttm 41
and
K-1 —
VE>K =1, |Tmer| <no* Nymial
| m+ | n Z ol |Mm+l‘

(29)

(30)

We will also need a bound of |z, x| (m + k)*T5L that is uniform in k for k large enough.

k s+sr, 400
ssL nllyrlls Z w—t (Mtk Z —k (Mmtk
[Emtk] (m+ k) - 0 m+1 + 0 m+1

=0

k s+sr,
Ny ls vt (Mm+E 0
—_— 0 —_— — .
Cy Zl:() m+l)  T1-0

I=k+1

IA

12
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We assume here that m > 2 (which will always be the case in practice), fix a computational
parameter M € N such that

—mln\/a—s—sL—l—\/(mln\/§+s+sL+1)2—4mln\/§ 4
) 7m
2In /6 (In6)*

M > max

and say that for all &k < M,

k s+sr,
s+s s _ m+k 0
|Zmk] (m 4+ k)* T < 77”37[“ ( E ok () + 16‘) . (32)

1 =0 m+l

k—[VE]-1

M5

Then for £ > M, we split the remaining sum
k s+sr, [%]71 s+sp, s+sr, k s+sp,
26"“_1 m—l—k _ Z ek_l m+k + ak_l m-l—k + Z ak_l m+k
m+1 m+1 m+1 m+1
1=0 1=0 (%] 1=k—[Vk]

o5k (m+ k>s+5L 4oV geran 1 ( m etk >S+SL
2 m 2 1-0\m+k—vVk—-1
s+s s+s
9%’M<m+M) C v M e, 1 ( m+ M ) -
2 m 2 1-0\m+M-—vVM-1
(33)

l

[NE

IN

IN

Let us detail a bit why the last inequality holds. First consider, for z > 0, ¢1(z) =
0% x(m 4 2)°T5¢ | whose derivative is

o (z) = Vo' ((ln \/5) w(m +z) 0 + (m+2)°T 4 (s +sp)x (m + a;)s+“_1)
= (m+a)* V" ((ln \/5) (m+x)x+ (m+2x)+ (s+ sL)x)
=(m+a) Ve ((111\/5) x? + (mln\/éJr s+ sL+ 1) :c+m> .

Notice that since 0 < 6 < 1, the discriminant of In v/0z2 + (m Invo + s+ s+ 1) r+m

2
A= (mln\/§+s+sL+1> —4mln\/§,

is positive but still, by the definition of M in (31), for any =z > M ¢{(z) < 0 and so
©1(k) < o1 (M) for all k > M. Then consider py(z) = V7.

~( Ind
oh(x) =6V (MZE + 1)

Ve
(\/Eln9+2),

D)

4
so for x > o’ wh(z) < 0 and so pa(k) < wa(M) for all k > M. Finally we consider
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m+x
=———— and th
@3(35) m—l—m—\/f—l an €11,

m+ax—yxr—1—(m+zx) (1—%)
(m+z—z—1)°

B T+ 2y —m

2z (m+z — z —1)°
so for x > m, ¢5(z) <0 and @3(k) < p3(M) for all k > M. Putting all this together we get
(33). So we can define

M (m+M\"" M 1 m M stsi
=x(0,m, M ey T (T gV M ostsy
X X(7m7 7858L) 9 m + 9 +1_9 m+M_ %_1 s

(34

p3(x) =

and state that for all k > M

s+sr, s 0
Tk (M + k)* T35 < ””g” (X+ 1_9>. (35)

Finally, we need to bound the error made by using w instead of (wy), for the definition
(21) of A. Using (5) together with the sequence (u;) introduced in the proof of Lemma 2.1,
we get

o0
l(wr)y — @] < Zm lea] .- lal faz]. .. |ai]

< o] 5= o (1...1> <1 1 >
|1|l: gt w U2 Ul+1

92L

(=0 o

3.2 Computation of the Y bounds

Now and for the rest of this paper we assume for the sake of clarity that the nonlinearity N
of f in (1) is a polynomial of degree two. The generalization to a polynomial nonlinearity
of higher degree requires only the use of the estimates developed in [5] to bound terms like

(xl*...*xp)n

where z!,..., 2P € By(r). Moreover, as long as one is interested in problems with non-
linearities built from elementary functions of mathematical physics (powers, exponential,
trigonometric functions, rational, Bessel, elliptic integrals, etc.), our method is applicable.
Indeed, since these nonlinearities are themselves solutions of first or second order linear
ODEs, they can be appended to the original problem of interest in order to obtain a strictly
polynomial nonlinearity, albeit in a higher number of variables. This standard trick is
explained in more details in [12].
The first step is to bound
T(z) —z| = |Af(2)],
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where here and in the following, |-| applied to vectors or matrices must be understood
component-wise. Note that since we suppose that f is at most quadratic and Z is constructed
such that Z = 0 for all k& > m, we have that (f(Z)),,,, = 0 for all £ > m — 1. According

o (21),
(AS@) pl < [Am (F@) pl + Bt U LT (F@) ;) o] [(Am)emi]

so using (29) with K = m — 1, we can set

= /@)
Vi = [An (f(2)) pl + |Bm-aln (Z 9lm+l> |(Am)em-1]-

=0 |/-Lm+l|
Using (21) again,
(AF@) | < ol (A oy F@E] + Bt ()t (U7 LT F@)1),|) fwrl+|U7 E7 £ (@)

so using (28), (29) and (30) (again with K = m — 1), we can set

ym+k<|< i1 @) r] + [Bas (4 >m_1,m_1\n<§j LG >|m+l>>namml

=0 |1 |t

+ Zek l|f m+l Zol k;|f m+l VOSk‘Sm—?)

|/’Lm+l| I=kt+1 |/’Lm+l‘
and
N . (@)l A
Tt = <|(Am>lm1 F@) ]+ [ Bt (A 1| (Z et ) ) gt e
1—0 Hm+1 Mm
m—2 —
z
+ ok 7“2( )lm“, Vk>m-—2.
=0 0" | tm+1]
We then take an integer M such that
—S
M > -2, — — .
> max (m e m> (37)

This yields that

ws
Vk>M, Yok <Yim m+M~
merk

Therefore we can set

~ wS
Yk = Vi, Vm—2<k<M and Yiir =Yoo — 0 VE> M.
merk

You will see in Section 3.4 the rationale behind this choice.

3.3 Computation of the Z bounds

For y, z € By(r), we need to bound

DT (z+y)z=(—ADf(Z+y))z= (I — AAT) 2 — A(Df (z +y) — A") 2.
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3.3.1 Estimates for (I — AAT)z
According to (6) and (21),
0
(AATz), = A, | Dzp + : — Bm-1 (U LT (T21 + Amzm—1€1))  (Am) 1
Brm—1%m
=AnDzp 4 Bm—12m (Am) con_1 — Bm—1 (Zm + Amzm—1 (w1)y) (Am) 1
= AmKZF + Bmn—1Am (W — (wl)o) Zm—1 (AM)cm—l )

and so
((I — AAT) Z)F = (I — AmK> ZF + ﬁmfl)‘m (IUN} - (wI)O) Zm—1 (Am)cm—l .

Again using (6) and (21), we get

(AATz) | = =\ (Am) Dzp + : wr 4+ (U 'Ly + A) (Tz1 + Apzm—1€1)

Bm—12m

Ilm—1

= z7 + AWy

(* (Am)m_1 Dzp — Bm—1 (Am)m_1,m_1 Zm + Zm—1 + Pm—1 (Am)m_1,m_1 (21 + /\mzmqwl)o)
=21+ Am (— (Am)i 1 D2F + 2m—1 + Bn—1Am (Am) 1 1 #m—1 (wI)0> wy

=21+ (51 = Ay K2 + Bt (Am) 1y 2mmt (0= (w1),)) w1

=zr+An ((I — Amf()l z2r + Bm—1Am (Am)mfl,mfl Zm—1 (QI) — (w1)0)> wy

m—1

and so

(1= A4T) 2), = <D ((T = AnE)y g 20+ B 1 (A g 2 (0= (w1)y)) wr.

T
1
We introduce W* = ( > . For z € By(r) we have, using (36),

|ﬁm71||)‘m|02L ‘A | r
[ wp, 1 (1= 62) 7" em =t

(I — AAT) 2|, < <‘I — AnK| Wi+

and, using also (28),

‘/Bm—l‘ |>\m| 02L
W
Im—1 F+ |,um\wfn71(l —02)

(1 —AAT) 2|, ., < (‘1 — AnK

|Am|m1,m1) 779k:2m|7“, Vk>0.

As in Section 3.2, we then assume (37) and define Z! by

Brn—1| [Am| 02
|| w1 (1 = 62)

7L = (‘I—Amf(’Wﬁ;+ |Amcm1) r,
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|Br—1] [Arm | 0°*
|Nm| wrsnfl(l — 02

. Am
ZL,, = <‘1 - AmK’lm_l W+ ) Am|m1’m1) n9k|u|r, VO<k<M,

[Fm|

and

w?

1 _ 7l m~+M
Z’HL-‘rk_Z'ﬂLJrI\/I S 5 Vk>ﬂ4.
w,

m-+k

By the definition of M, |(I - AAT) z‘ < Z*, for all z € By(r).

3.3.2 Estimates for A (Df (z +y) — A") 2

We assumed that the nonlinear part N was polynomial of degree 2 so Df (T + y) can be
written as a finite Taylor expansion:

Df(z+y) = Df (z) + D*f (2) (y)

and
(Df (@ +y)— AY) z = (Df (z) — AT) 2 + D f (%) (y, 2).

If we denote by o the coefficient of degree 2 of f, we have that D?f (z) (y, z) = 20(y * 2).
We then bound the convolution product using

Lemma 3.2. Let s > 2, x,y € Q°, K > 6 and L > 1 computational parameters.

VE>0, (sl < ap()lzlelyls
W
where
L
1 2
142) 4 ———, k=0
T ;lﬁ(sil)p,l,

L 1 9 k—1 ks
SK)=42+25 — 1<k<K
ok (H) v ;l5+(s—1)L5*1+;ls(k—l)s’ s=hs

L s s
1 2 K An(K —2) 72-6\ /2 1
2 25 — 2 — 4+ = k> K.
- l:113+(5—1)Ls—1+ (K—l) +( K 3 )<K+2>’ =

Proof. See [13] for a proof of this bound and [10] for a similar bound for 1 < s < 2. O

It is important to notice here that of (K) = aj (K) for all k > K. For the rest of this
paper we assume that m is taken > 6 which will allow us to use Lemma 3.2 with K = m.
For y, z € By(r), we get

|D?f (2) (y,2)| < 2|o]a®(m)W*r?,

We define
C? = 2|o|a®(m)W*

so that for all y, z € By(r)
|D*f (7) (y, 2)] < C*r%.
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Now we focus on the order one term. According to the definition (6) of AT, we have

0
0
((Df (@) = A") 2) . = (Df(2)2) p — D™ (2)2F — .
0
ﬁmfl Zm

=20 ((Z*2)p — (T*2r)F),

where in the convolution product, zp must be understood as the infinite vector (zg,0, . ..

So
((Df(@) - AT)z),=0
and for all z € By(r),

m—1 _
|(Df(a’7)—AT)z‘k§2\a|r Z ﬁ—ll, Vi1<k<m-1.

l=m—k k+l
Then, remembering that Df(z) = L+ DN(z) and (6), we get that
((Df(x) = AT) ), = (DN(2)2); = 20 (T 2); ,

so using Lemma 3.2, for all z € By(r),

_ 2ol ag,(m) 13l

[(Df(@) - AT) 2|, < - r, Yk>0.
m+k
Putting both together we define
m—1 _
@ =0, Ad@=2p ¥ I vick<m-1,
l=m—k K+l
and
2 s T
e (= 2lelentmlEl, o

Wrntk
to get that for all z € By(r)
|(Df(z) — AT) 2| < C'(@)r.

Finally,
|A(Df (z+y) — A" 2| < |A] (CH(2)r + C*r?),

and we are left to bound |A|C*(z) and |A| C?.
According to (21),
(141 C1(@)) p < |Am] CE(@) + B (U7 LT CL(@) |y | Aml e -1
and using (32)

CH@)s  _ 2nlo] ag, (m)l|z]ls
(1= Owi ™ = Gl = Owi

UL @), < 5
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so we set . B
2|Bm-1]nlo|az,(m)||Z]|s A
m

cm—1"
Still according to (21),

(1A1CY (@), < Pl [Amly oy CE(@) fwr] + [UF LT CH@) |+ [l 1B 1l [Aml 1 g [UT L7 C1(2)] g ]
2(Bm—1] |Am|m—1,m—1 nlolag, (m)||z(|s
C1(1 — O)wi ™t

Now we take some M as in (31) and use (28), (32) and (35) to set

2|Bm—1||Aml 1 e mlo| g (M)[|IZ] s\ [N,
Dl )= | |An CL(z)+ m—,m n > gk
m+k(x) <| ‘lmfl F(x) 01(1 _ e)wfr;FSL n ‘,Ufm‘

_ k s+sL
2 S
, 2010l a3, (m)|7l, (Zek_z () +9), VO <k<n

Crwit’E — m+1 1-46

< o (|Am|lm_1 Ch(z) + ) | + U7 L CH @)

LSS T L WIS

Dyn(@) = |Am Cp(z) +
beess(® = (Al s O R i .

S

2nlo| ag, (m)[|z|s g
* Ciws TS X+ 1-0)°

m+M
and s
1 - 1 \YmMm
Dm+k($):Dm+M(x) wfz ) Vk>M
m+k
so that

|A|CY(z) < D'().
Similarly, we set

2|5m—1|77|‘7|0‘fn(m) A
s+sr, | m|cm717
Cl(l — Q)Ldm

Dy = |An|Ch +

2577741||Am|m—17m—1no—|a’fn(m)) ‘/\m|0k
C1(1 — O)witsr ]

s k s+syg,
 Zulol s, (m) (ngz (nik) M), VO<k<I,

Clw;j_—iflg e m+l 1 — 9

Diiy = (|Am|lm—1 Ch+

2[Bm—1lAm|p_1,m_1 1ol oz, (m A 2 s 0
D3n+1\/[:(|Am|lm—10I27'+ =il Al -1m-1 117 2 )>77 |9M+ n|aam(m)( +>7

Ci(1 - Q)w;"’{““ || Clw;ﬁ& 1-6
and s
w
D2 . =D% w’j“”, Vik>M
m-+k
so that

|A|C? < D%
Finally we can set
Z? = DY (z)r + D*r?
and Z = Z' + Z? is such that, for all y, 2 € By(r)
DT (z +1y) 2| < Z.
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3.4 Radii polynomials and interval arithmetic

We are now left to find a radius r > 0 such that for every k& > 0, the radii polynomials
{Py(r)}i satisfy
Pk(’l") S Y. + Zk(T) — LS < 0.
Wi
Note that since we constructed Y and Z so that for every k > M

w? w?
m-+M m-+M
Yerk - YerJVI S and Zm+k - Zm+]\/[ S 5
merk merk:

it is enough to find a r > 0 such that for all 0 < k < m + M, Px(r) < 0. To do so, we
compute numerically for each 0 < k <m+ M

I < {r > 0| Py(r) <0},

and
m+M

e ﬂ I.
k=0

If I is empty then the proof fails, and we should try again with some larger parameters
m and M. If I is non empty, we pick an r € I and check rigorously, using the interval
arithmetic package INTLAB [14], that for all 0 < k& < m+ M, Py (r) < 0 which according to
Theorem 3.1 proves that T defined in (23) is a contraction on B, (Z, ), yielding the existence
of a unique solution of f(x) =0 in B,(Z,r).

4 An example application

Equations of the following form

— (24 cos&)u" (&) +u(€) = —ou(§)* + g(¢) (38)
u'(0) = u/(7) =0,

where g is a 27-periodic even smooth function, fall into the framework developed in Section 2.
Indeed consider the cosine Fourier expansions of v and g

u(€) =Y wpcos(ks),  g() =Y gk cos(ke).

kez k€eZ
Then (38) can be rewritten as f(x) = 0, where
folz) E xo+x1 +0(x*2), — go

and for all kK > 1

o 1 1
folz) = 5(k —1)%wp1 + (14 262y + §(k +1)2zp41 + 0 (@ % 2), — gp- (39)

Then we do have that the linear part of (39) is as in (3), given by
Li(T) = MeZTr—1 + Tk + BrTrt1,
with
def def
Ho = 17 ﬂo = 17
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and for all kK > 1

o 1 . .
A d:fg(k—l)Q, pe = (1+2k%) and By, d:f§(/c+1)2.

Let’s fix some m > 2. With

Ci=2, (Cy;=3 and 5411(:;:_122,
we have
together with
Vk>m, Clg‘ﬁ’ and ﬁ,ﬁgé.
k2 P || 1ok

We now focus on the example where

o 1 1
9(§) = 5 + Bcos(§) + 5 cos(26),
so that u(£) = cos(€) is a trivial solution for o = 0. In the next section we are going to
use rigorous computation to prove the existence of solutions for o # 0 and compute those
solutions.

4.1 Results

Starting from o0 = 0 we first use standard pseudo-arclength continuation techniques to
numerically get some non trivial approximate solutions for ¢ # 0. We computed 1250
different solutions (half for o > 0 and the other half for 0 < 0). See Figure 2 for a diagram
summing up those computations, where each point represent a solution of (38).

7

IS
T

n
T

Figure 2: Branch of solutions of (38).

Then we use the rigorous computation method described in this paper to prove, for each
numerical solution, the existence of a true solution in a small neighbourhood of the numerical
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approximation. We keep m = 20 Fourier coefficient for the numerical computation and use
M = 20 and the decay rate s = 2 for the proof. The bounds of Lemma 3.2 as well as the
error on @ (36) are computed with L = 100. For each numerical solution the proof succeeds.
More precisely, the I defined in Section 3.4 on which all radii polynomials should be negative
always contains [4 x 107!1,107%] and we prove rigorously using interval arithmetic that
indeed they all are negative for » = 107'°. Hence the hypotheses of Theorem 3.1 hold and
we have that within a ball of radius r = 1071° in Q* centered on the numerical approximation
lays a unique solution to (38). Therefore the existence of the solutions represented Figure 2
is rigorously proven, within a margin of error that is to small to be depicted. The codes to
perform the proofs can be found at [17].

Notice that existence of solutions of (38) could certainly have been obtained in different
and more classical ways, for example using perturbative methods when o is close to 0,
or using a variational approach (that is, considering (38) as the Euler-Lagrange equation
related to the critical points of a functional), or even using topological tools such as the
Leray-Schauder theory. The advantage of our method is that it gives us more quantitative
information than those approaches: indeed it enables to provide more than one solution for
some values of o, and, maybe more importantly, it gives a very precise localization of this
(or these) solution(s) in terms of Fourier coefficients (something that looks very hard to
obtain with qualitative PDEs methods).

5 Conclusion

A first interesting future direction of research would be to adapt our proposed approach
to rigorously compute connecting orbits of ODEs using spectral methods. For instance, we
would like to investigate the possibility of combining Hermite spectral methods with our
approach to compute homoclinic orbits (e.g. see [15, 16]). Since the differential operator in
frequency space of the Hermite functions is tridiagonal, adapting our approach to this class
of operator could lead to a new rigorous numerical method for connecting orbits.

It would also be interesting to adapt our method to the case of looking for solutions in
the sequence space

0 ={z = (z)rzo : 2l =) |oklr* < oo}
k>0

for some v > 1. With this choice of Banach space, we could exploit the fact that £} is
naturally a Banach algebra under discrete convolutions. This could greatly simplify the
nonlinear analysis.

Note that assumption (5) requires the tridiagonal operator to have symmetric ratios
between the diagonal terms and the upper and lower diagonal terms. This is a restriction
that we hope could be relaxed. Since many interesting problems involve tridiagonal operators
with non symmetric ratios (as in the case of differentiation in frequency space of the Hermite
functions), we believe that this is a promising route to follow.

Finally, generalizing our approach to problems with block-tridiagonal structures could
also be a valuable project.
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