NONEXISTENCE OF MINIMIZERS FOR THE SECOND
CONFORMAL EIGENVALUE NEAR THE ROUND SPHERE
IN LOW DIMENSIONS

BRUNO PREMOSELLI AND JEROME VETOIS

ABSTRACT. We consider the problem of minimizing the second conformal
eigenvalue of the conformal Laplacian in a conformal class of metrics with
renormalized volume. We prove, in dimensions n € {3,...,10}, that a mini-
mizer for this problem does not exist for metrics sufficiently close to the round
metric on the sphere. This is in striking contrast with the situation in di-
mensions n > 11, where Ammann and Humbert |1] obtained the existence
of minimizers for the second conformal eigenvalue on any smooth closed non-
locally conformally flat manifold. As a byproduct of our techniques, we also
obtain a lower bound on the energy of sign-changing solutions of the Yamabe
equation in dimensions 3, 4 and 5, which extends a result obtained by Weth [54]
in the case of the round sphere.

1. INTRODUCTION AND MAIN RESULT

We let (M, g) be a smooth closed Riemannian manifold of dimension n > 3. We
let [g] be the conformal class of the metric g. For each metric § € [g], we denote by
L the conformal Laplacian of (M, §), i.e.

Ly :== Ay + ¢, Scalg,
where A; := —divy (V:) is the Laplace-Beltrami operator of (M, §), Scaly is the
scalar curvature of (M, §) and ¢,, := 4&7__21). Since M is closed, for each § € [g] the
eigenvalues of L; form a nondecreasing sequence (Ax, (Lg)), oy such that

)\1(Lg) <>\2(Lg) gSAk(Lg) <--v =00
For each k € N, the k-th conformal eigenvalue of (M, [g]) is defined as
2
Ak (M, [g]) i= inf (A (Lg) Vol (M, )" ),
g€lg]

where A\, (Ly) is the k-th eigenvalue of Ly and Vol (M, §) is the volume of (M, §).
This invariant was first introduced and studied by Ammann and Humbert 1] and
further studied by El Sayed [17]. It is not difficult to see that if A; (M, [g]) > 0,
then A; (M, [g]) coincides with the classical Yamabe invariant, i.e.

Scalg dVg) y

where dv; is the volume element of (M, §). In this paper, we consider the case
of metrics with positive Yamabe invariant. In this case, it follows from the work

Ay (M, [g]) = inf (Vol (M, 9)2%"

g€ld] M
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of Trudinger [52], Aubin [3] and Schoen |48 that Ay (M, [g]) is always attained by
some smooth positive function, and, moreover,

Al (M7 [g]) < Al (Sn7 [90])
with equality if and only if (M, g) is conformally equivalent to the round n-sphere
(Snv gO)'
In this paper, we focus on the case where k = 2 and Ay (M, [g]) > 0. In this
case, Ammann and Humbert |1} obtained

201 (M, [g])% < A (M, [g)* < A (M, [g)* +As (8™ [0 * . (1L1)
They also obtained that Az (M, [g]) is attained provided the second inequality in

(1.1) is strict, i.e.

As (M, [g])% < Ay (M, [g])? + A1 (S™, [90]) % (1.2)

and that if is satisfied, then Ay (M, [g]) is attained at a “generalized” metric
g = \u|2*7zg for some u € C3? (M) for some ¥ < 2* — 2 (see Section [2| for
more details). Ammann and Humbert also obtained in [1] that, by test-functions
computations, if n > 11 and (M, g) has non-vanishing Weyl tensor somewhere, then
is satisfied and that, for each n > 3, Ay (S™, [go]) = 27 A1(S™, [go]) is never
attained.

Except for the trivial case of the round sphere (S",gg), the existence of mini-
mizers for Ay (M, [g]) in dimensions 3 to 10 is an open problem. Our main result
provides a partial negative answer to this question:

Theorem 1.1. Assume that 3 < n < 10. Then there exist 6 € (0,00) and m € N
such that, for every smooth metric g on S™, if ||g — gO”C"”(S") < 4, then

Ao (8" 1g)F = Ay (8", 1a)* + A1 (8™ [90])?
and Ay (S™, [g]) is not attained by any generalized metric.

We recall that every smooth metric on S™ which is not conformally equivalent to
go is also not locally conformally flat. Theorem establishes a striking dichotomy
between the case where 3 < n < 10 and the case where n > 11. First, when
3 < n < 10, Theorem has to be understood as a perturbative nonexistence
result of extremals for Ay (S™, [g]) for g close to the round metric go, the analogue of
which fails when n > 11 by the results of [1]. Second, Theoremestablishes that,
when 3 < n < 10, cannot be guaranteed by solely enforcing local geometric
assumptions on g. This again strongly contrasts with the results of [1] in dimensions
n > 11, where a minimizer for Ay (M, [g]) is proven to exist for any g which is not
locally conformally flat. Determining whether holds true and whether there
exist extremals for As (M,[g]) when 3 < n < 10 therefore requires new ideas.
Theorem 1.1 can be understood as a step forward in this direction : when (M, g) =
(S™, g) it reveals that a necessary condition for (1.2) to hold is that g is sufficiently
far from the round metric gg in a strong sense. Not being conformally diffeomorphic
to go, in particular, is not enough, which is very surprising in view of the definition
of A;. How Theorem 1.1 may adapt on a general manifold is still unclear, but it
seems to hint that global infomation on (M, g) is needed to obtain (1.2).

FEigenvalue optimization problems in conformal classes have attracted a lot of
attention in recent years. When n > 3 and in the case of the conformal Laplacian
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L, which we consider here, the invariants Ay (M, [g]) that we define are the only
meaningful ones when Ay (M, [g]) > 0. Indeed, it is for instance proven by Ammann
and Jammes [2] that, if A, (M, [g]) > 0, then
sup ()\k (Ly) Vol (M, g)%) = 0.

g€l
On the other hand, in the case where Ay (M, [g]) < 0, it is natural to replace the
infimum in the definition of Ay by a supremum since otherwise Ay (M, [g]) = —o0
(see Proposition 8.1 in [1]). This therefore leads to a maximization problem, which is
very different in nature. We refer to the work of Gursky and Pérez-Ayala |20] where
this problem is studied in the case where k = 2. Most of previous work on eigenvalue
optimization problems in conformal classes of closed manifolds of dimension larger
than or equal to 2 concern the Laplace-Beltrami operator A, for which again only
the maximization problem is interesting. In dimensions n > 3, the maximization of
conformal eigenvalues of A, was recently investigated by Pétrides [41]. In dimension
2, this problem was investigated by many authors. In this case, we refer for instance
to the work of Nadirashvili and Sire [37], Petrides [39./40], Matthiesen and Siffert [32]
and Karpukhin and Stern [24,25]. To the best of our knowledge, another remarkable
feature of Theorem [[1] is that it is the first nonexistence result of extremals for
conformal eigenvalues of any kind (for any dimension n > 2 and any of the operators
Ay and L) for metrics that are not conformal to the round metric on S™.

The structure of the paper is as follows. In Section |2, we discuss the connection
between the second conformal eigenvalue and sign-changing solutions of the Yamabe
equation of lowest energy. We also state a stronger result than Theorem [1.1] in
dimensions 3, 4 and 5, namely Theorem Section (3] is devoted to a sharp
bubbling analysis of sign-changing solutions of the Yamabe equation whose energies
converge to Ay (S™,[go])?. We prove bubble-tree convergence results as well as
sharp pointwise asymptotics. We then prove Theorems [I.1] and [2.1] in Section [

2. THE SECOND CONFORMAL EIGENVALUE AND SIGN-CHANGING SOLUTIONS OF
THE YAMABE EQUATION

The second conformal eigenvalue of the conformal Laplacian has a strong con-
nection with sign-changing solutions of the Yamabe equation

Lou= |u\2*72u in M, (2.1)

where 2% := -2 s the critical Sobolev exponent. Indeed, Ammann and Humbert 1]

proved that if Ay (M,[g]) > 0 and As (M, [g]) is attained, then there exists a sign-
changing function v € L?" (M) such that the “generalized” metric § := \u|2 729
satisfies

Ao (Ly) = Ay (M, [g]) and  Vol(M,§) =1, i.e./ lu[* dvy =1
M

(see |1, Section 3.2] for the rigorous definition of A (L) when u € L?* (M) \ {0}). It
is also shown in [1] that w is a second “generalized” eigenvector associated to As (Lj),
which implies that u € C%? (M) for some ¥ < 2* — 2 and, up to a renormalization
factor, u can be made into a sign-changing solution of with energy

/M l? dvy = A (M, [g)% .
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Furthermore, in this case v is a sign-changing solution of of least energy among
all sign-changing solutions, and it has exactly two nodal domains. We again refer to
[1, Section 3] for more details. As mentioned in the introduction, is sufficient
to ensure that Ag (M, [g]) is attained. Equation has to be understood as the
Euler-Lagrange equation for minimizers of Ag (M, [g]). Its hidden meaning is that,
for a generalized metric § := \u|2*_2 g attaining Ao (M, [g]), A2 (Ly) is simple. This
unusual feature for an eigenvalue optimization problem is a direct consequence of
the definition of Ay (M, [g]) as an infimum (see for instance |20, Remark 6.1] for a
detailed explanation).

A consequence of Theorem[I.1]is that, for every smooth metric g on S™ sufficiently
close to go in C™ (S™) for some sufficiently large m € N, there does not exist any
sign-changing solution u of (2.1]) such that

[l vy < A1 €D + A (87 o)

Theorem thus gives a lower bound on the energy of sign-changing solutions
of the Yamabe equation on the sphere of dimension lower than or equal to
10 when equipped with metrics sufficiently close to the round metric. In fact, in
dimensions 3, 4 and 5, we obtain a stronger result:

Theorem 2.1. Assume that n € {3,4,5}. There exist §,¢ € (0,00) and m € N
such that, for every smooth metric g on S™, if ||g — 90||Cm(gn) < 4§, then the energy
of every sign-changing solution of the Yamabe equation

Lyu= |u|2*72 u inS"
is greater than 2A; (S™, [go]) ? + €.

Theorem extends a result obtained by Weth [54] in the exact case of the
round sphere. Notice, however, that the result of Weth [54] holds for all dimensions
n > 3. This is specific to the exact case g = go. Indeed, as shown by the results of
Ammann and Humbert [1], at least in the case where n > 11, Theorem is false
when ¢ is not conformal to gg.

We prove Theorems [I.1]and [2.1]in the next two sections. By using together
with a contradiction argument, which is explained in details at the beginning of
Section [3] the proof of Theorems [I.1] and amounts to ruling out the existence
of sequences (ug),cy of sign-changing solutions of with g = gx, where g
converges to go in C™ (S™) as k — oo for all m € N such that the energies of (uy),
converge to 2A; (S™, [go])%. In dimensions 6 to 10, we assume in addition that,
for each k € N, A2 (S™, [gx]) is attained by the generalized metric |uk|2*72 gx. The
proof of Weth [54] in the case where g = go for all k£ € N relies on the symmetries
of (S™, go) and uses the action of the conformal group of the sphere on the sign-
changing solutions of the Yamabe equation. In our setting, however, the metrics
(gx); do not have any symmetries in general, and we need to perform a much finer
asymptotic analysis of (uy),. As a first result, in Lemma we prove that (ug),
behaves like the difference between two positive solutions of the Yamabe equation
on the sphere (see (3.12)). This amounts to say that As (S™, [gx]) is asymptotically
attained by the disjoint union of two round spheres. The rest of Section [3]is devoted
to obtaining sharp pointwise estimates for the blow-up of (uy),, which, in particular,
captures the local geometry of (gx),. This refined blow-up analysis is based on
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iterated estimates and makes crucial use of arguments previously developed in the
context of positive solutions (see the work of Chen and Lin [7], Schoen [49,/50], Li
and Zhu [30], Druet |15, Marques [31], Li and Zhang [28,29] and Khuri, Marques
and Schoen [26]; see also the counterexamples in high dimensions of Brendle [4]
and Brendle and Marques [5] and the survey article by Brendle and Marques [6])
and more recently in the context of sign-changing solutions (see Premoselli [42] and
Premoselli and Vétois [44H46]). We finally prove Theorems|l.1{and [2.1)in Section
by using the analysis developed in Section

Although similar at first glance, the settings of Theorems and are quite
different from that of the celebrated compactness result of Khuri, Marques and
Schoen [26]. We point out two crucial differences: first, since the functions (uy),
change sign, the concentration points are neither isolated nor simple; second, since
gk — go as k — oo in C™ (S™) for all m € N, the Riemannian masses of the metrics
(gk), converge to 0 at any point of S, so that no local sign restriction argument
is available to rule out blow-up. Therefore, and unlike in [26], our contradiction
does not originate from a local sign restriction due to the Positive Mass Theo-
rem. In dimensions 3, 4 and 5, instead, we obtain a contradiction by means of a
Pohozaev-type identity in a region where we observe that a large virtual mass is
created solely by the interaction between the two bubbles. In dimensions 6 to 10,
the Pohozaev-type identity is not sufficient to conclude since additional lower-order
terms appear which involve more of the geometry of the metrics (gx), at the concen-
tration points. In this case, we still manage to obtain a sharp asymptotic estimate
on Ay (S™, [gx]) (see (4.2])). We then obtain a contradiction with this estimate by
doing another estimation of A; (S™, [gx]) based on a better family of test-functions,
which construction again relies on the analysis of Section The contradiction
when 6 < n < 10 thus really comes from the minimality of As (S™, [gk])-

There is an abundant literature on sign-changing solutions of the Yamabe equa-
tion. In addition to the above-mentioned articles of Ammann and Humbert [1],
El Sayed [17] and Gursky and Perez-Ayala [20], we also refer on this topic to the
historic work of Ding [14] and the more recent work of Clapp [8], Clapp, Pistoia
and Weth [11], del Pino, Musso, Pacard and Pistoia [12,|13], Fernandez, Palmas
and Petean [18], Fernandez and Petean [19], Medina, Musso and Wei [35], Musso
and Medina [34], Musso and Wei [36], Premoselli and Vétois [44] and Weth [54] in
the case of the sphere, Clapp and Fernandez 9] in the case of manifolds satisfying
some symmetry assumptions and Clapp, Pistoia and Tavares |10], Premoselli and
Robert [43] and Premoselli and Vétois |46] in the case of more general manifolds.
Other results in this spirit have been obtained for some classes of sign-changing
solutions of equations with different potential functions than the Yamabe equa-
tion (see our previous articles [44L/45/53]). Theorems and can also be seen
as a continuation of our study, initiated in [46], of minimal energy sign-changing
blowing-up solutions of the Yamabe equation.

3. ASYMPTOTIC ANALYSIS AND SYMMETRY ESTIMATES

The section and the next are devoted to the proofs of Theorems and
We begin with recalling some well-known facts about constant-sign solutions of
the Yamabe equation in R™ and S™. By splitting the solutions into positive and
negative parts, it is easy to see that there does not exist any sign-changing solution
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of the Yamabe equation
Lgu = lul* 2w in S™ (3.1)

with energy smaller than or equal to 2A; (S™, [go])?. Moreover, according to the
classification result of Obata [38], every nonzero nonnegative solution of (3.1) has
energy equal to A; (S",[go])? and is either constant or of the form

n—2

. 2¢/n(n—2)p )
2 + (4~ ) (1~ cos (dy, (1))

for some z € S™ and p € (0,2). We also recall that, letting & be the Euclidean

metric on R™ and Ag 1= — Z?:l 8;, the stereographic projection gives a bijection
between the solutions of (3.1)) and the solutions u of the equation
Agu = |u|2*72 u in R™, (3.2)

which belong to the energy space D12 (R™) defined as the closure of C2° (R™) with
respect to the norm HV~H%2(RW). By using this bijection, we obtain that every

nonzero nonnegative solution of (3.2)) has energy equal to A (S™, [go])% and is of

the form o
) ~\ 2
- ~271(71 )/;
G

for some y € R™ and 11 € (0,00), and that there does not exist any sign-changing
solution u € D2 (R") of with energy smaller than or equal to 2A; (S, [go})%.
It is well-known that the positive solutions of are the extremals for the Sobolev
inequality in R™, i.e.

/ Vol dy
Al (Sn7 [QOD = inf -

veaz (®M)\ (0} -\
( [ dy)

where dy is the volume element of (R, ¢).

We prove Theorems and by contradiction. From now until the end of
the paper, we assume that 3 < n < 10. We assume that there exists a sequence
(gr)pen of smooth metrics on 8™ such that, for each m € N, g, — go in C™ (S") as
k — oo and for each k € N, there exists a sign-changing solution uy € C3? (S™),
¥ < 2* — 2, of the Yamabe equation

Ly, up = |uk|2*_2 ug  in S™. (3.3)

In the case where 3 < n <5, in view of Theorem we only assume that

lim sup |uk|2 dvg, <2A(S", [go])% . (3.4)

k— o0 Sn
In the case where 6 < n < 10, in view of Theorem we assume moreover that,
for each k € N, Ay (S™, [g]) is attained by the generalized metric |uy|> > gi and

s lug]” dvg, = Az (8™, [gi]) (3.5)

which implies that uy is a sign-changing solution of (3.3)) of least-energy among all
sign-changing solutions. We point out in passing that, since uy satisfies (3.3]), the
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celebrated results of Hardt and Simon [22] gives that uj vanishes on a set of measure
zero and is therefore admissible in the definition of Ay (S™, [gx]) (see |1, Section 3]).

By putting together (1.1)) and (3.4]), we obtain

lm [ Jug|® dvg, = 2A1 (S [g0]) % . (3.6)

k—o0 sn
A first simple remark which follows from the previous discussion is that the sequence
(ug), blows up as k — oo, i.e.
HukHLoc(Sn) — o0 as k — o0. (3.7)

The following result provides a first description of the blowing-up behavior of (u),

Lemma 3.1. Let (gi), and (ug), be as defined above. Then, up to a subsequence
and a change of sign, there exist x1,22 € S™ and sequences (r1), and (Tak), N
S™ and (p1,k), and (p2.k), i (0,2) such that
(i) pox < pag for all k € N.
(ii) For each i€ {1,2}, x; ) — x; and p;, — 0 as k — 0.
d2
(i) 22k 4 Tk
M2,k M1,k 2,k
(iv) For each i € {1,2} and k € N, define

— 00 as k — oo, where dy, :=dg, (x1,5,T2k).

n—2
B, — 2y/n (n — 2) ik 2
o (e ) (U cos (g (hoan))) )

where dg, is the distance function on (S”, go). Then

—(B1x— B
U B( l—fB 24) =0 ask— . (3.8)
1.k 2,k Loo(sm)
(v) For each k € N,
. n(n—2 =
ug (z2,)) =minuy = —Ba (z2 ) = — <H> . (3.9)
M M2,k

(vi) If, moreover,

VHELkHzE = 0(dp) ask — oo, (3.10)
then for each k € N,

n—2

nin—2)\ -
uy (x =maxur = By (x = —- . 3.11
(k) = maxug = B (1) ( - ) (3.11)
In what follows, for simplicity, we rewrite (3.8) as
up = Big — Bog +0(Biy + Bay) inC%(S") as k — . (3.12)

We point out that the assumption n < 10 comes into play in this lemma. Indeed,
as is explained in the proof below, it is crucial in order to obtain (3.8).
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Proof of Lemma[3.1 Since (uy), blows-up with finite energy as k — oo by (3.6)
and (3.7)), a celebrated result of Struwe (see also the book of Druet, Hebey
and Robert and the article of Mazumdar for versions in the Riemannian

setting) shows that, up to a subsequence, there exist m € {1,2}, x1,...,2,, € S”
and sequences (T1,k); .-+, (Tmk), in S" and (f1k), - -+, (Bm,k), in (0,00) such
that
Tip =, €S" and [ —0 ask—oo Vie{l,...,n} (3.13)
and .
up = Bg + Zigi,k +o(1) in H'(S") as k — oo, (3.14)
i=1

where H! (S") = H! (S", go), By is a constant-sign solution of (3.1]), which may be
equal to 0, and B; j is given by

n—2

B 2¢/n(n — 2)fi; :
ik = | o= = po

’ 207, + (4= 73 ) (1 = cos (dg, (-, Ti)) )
Moreover, in the case where m = 2, up to a subsequence, we may further assume
that

dgy (@1 T20)”

Hok < f1p and u + ol — 00 ask— o0 (3.15)

M2k M1,k M2,k
(see the remark at the end of Section 3.2 in [16]). A consequence of (3.14)) is that
[ukl g1 gny = [1Boll g gny +mA1 (8", [g0])* +0(1) as k— oo (3.16)

It follows from (3.6)) and (3.16) that either [m = 2 and By = 0] or [m = 1 and By
is a non-zero constant-sign solution of (3.1))].

Assume first that m = 1 and By is a non-zero constant-sign solution of (3.1)).
Up to a change of sign, me may assume that By is positive. Since the functions
(u), change sign, it then follows from (3.14) that

up = By — By +0(1) in H' (S") as k — co. (3.17)

By using the pointwise blow-up theory for sign-changing solutions developed by

Premoselli [42] (see also in the case of positive solutions), it follows from
(B17) that

up = By — §1,k +o (51,1@) +o0(1) in C%(S") as k — oc. (3.18)

The proof of is written for a fixed metric g but adapts straightforwardly to the

case of a strongly converging sequence of metrics (gx),cy as is the case here. By

using (3.18)), since n < 10 and the Weyl tensor of (S™, gg) vanishes everywhere, The-

orem 1.2 of Premoselli and Vétois yields a contradiction with (3.18]). The proof

of is again stated for a fixed metric but its arguments adapt straightforwardly
since they only rely on (3.18) (see Section 5] for more details).

We have thus proven that m = 2 and By = 0 hold in (3.14). Up to a change of
sign, since the functions (uy), change sign, we then obtain

U = ELk - Elk +o0(1) in H'(S") as k — oo. (3.19)
By using again the pointwise blow-up theory of , it follows from (3.19) that
up = §1,k — Eg’k +o0 (§1k + Egyk) in C° (S™) as k — oo. (3.20)
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By putting together (3.13), (3.15) and (3.20), we obtain (i) to (iv) in Lemma[3.1]

We now prove that the centers and weights of (B1 ), and (Ba,x), can be chosen
so that (v) and (vi) are also satisfied. For each k € N, we let z1 , 2k, p1,5 and

w2k be such that (3.9) and (3.11) hold true. For each i € {1,2}, by using (3.9),
(3-11)) and (3.20)), we obtain

n—2

e 27k (140 (1) N
Lh o = 207, + (4— ﬁf}k) (1 — cos (dgq (i, Tik)))

< [1,1; (I140(1) ask— o0 (3.21)

n—2

2ft—ie (1 +0(1)) 2 as k — oo.
2055+ (4= 15, 1) (1 — cos (dgy (1, T2k)) )

(3.22)

‘We now assume that
\/ﬁl kﬁg k=0 (d (El’k,fg’k)) as k — oo. (323)
It follows from (3.15)) and (3.23]) that

23— - (i
= = : —— =o |, ) as k — oo,
<2ﬂ3—i,l~c + (4 - H%—i,k) (1 — cos (dg, (Z1,k, T2,5)) ) ) *
which together with (3.21) and (3.22)) give
Wik ~ i and dgo (@i, Tik) =0 (i) ask — oo. (3.24)

By passing to a subsequence and exchanging (B ), and (Ba,), if necessary and
using (3.13)), (3.15), (3.20) and (3.24), we now obtain that the sequences (1),
(T2))> (p1,k), and (p2.x), simultaneously satisfy (i) to (vi) in Lemma O

Lemma shows that the singular metric |uy| w g, decomposes asymptotically
as the disjoint union of two round spheres centered at z; j and x3 , respectively.
The location of these two points is unknown. Lemma [3.1] does not claim, in par-
ticular, that di = dg, (z1,%,z2,%) has a positive limit as k — co. In order to prove
Theorems and we need a more precise description of the blow-up behavior
of ui. As is often the case with the Yamabe equation, it is convenient to work with
the conformal normal coordinate system introduced by Lee and Parker [27]. We
define this coordinate system in the following:

Lemma 3.2. Let (gi), be as in Lemma . Let e € (0,00) and o be a smooth
positive function on S™ x S™ such that

2 nEQ .
QOO(Z‘,ZJ) = <1+COS(d (l’ y))) Vo €S 7y€Bgo (3?,7“0), (325)

where

ro = 2tan"! (0/2).
Then there exists a sequence (¢r), of smooth positive functions on S™ x S™ such
that the following holds:
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(i) pr — @o in C™ (S™ x S™) as k — oo for all m € N.
(ii) For each k € N and z € S™,

prp(x,z) =1 and Vg (z,)(z) =0. (3.26)
1il or eac € N and z €S", let gy and g » be the metrics on an s
iii) Fi h k€N and Sl , d Gz be th ) S™ and R™

respectively, defined as
2% —2 . "
Gz =@k ()" T gr and  gr. = exXpg . Gk,

where expy, , is the exponential map at x with respect to gi . and where we
identify T, M with R™. Then

dvg,, () = (L+o(lyV))dy ask— oo (3.27)

uniformly with respect to x € S™ andy € B (0,0), where & is the Fuclidean
metric on R™, dvg, . and dy are the volume elements of (R",gr.) and
(R™,€), respectively, and N € N can be chosen arbitrarily large.

Proof of Lemma[3.3. The results follow from Theorem 5.1 in [27] with again a
simple adaptation here due to the facts that gy — go in C™ (S™) as k — oo for all
m € N and

expy ., gox =& in Be (0,e0), (3.28)
where
2% -2
go.w := o (x,°)" " g0
and expy , is the exponential map at x with respect to go .. O

As observed by Khuri, Marques and Schoen [26], it is convenient to express the
conformal normal coordinate system in exponential form, which gives the following;:

Lemma 3.3. Let (gk,m)k . and €g be as in Lemma . Then

(i) For each k € N and x € S™, there exists a smooth symmetric 2-covariant
tensor hy . in R"™ such that

gk,az = exXp (hk,a:) y (329)
hra(y)y=0 VyeR" (3.30)

and
tr (hg,z (y) = o ( |y\N) as k — oo (3.31)

uniformly with respect to x € S™ and y € B¢ (0,£0), where exp and tr are
the matriz exponential and trace maps, respectively.

(ii) The tensor hy o satisfies

B (y) = Hiw (9) 40 (Jy™" ) as k= 00 (3:32)
uniformly with respect to x € S™ and y € B¢ (0,¢0), where Hy, 5 (y) is of the
form

n—4
Hk:@ (y) - Z hk:,x,aya
|a|=2

for some trace-free symmetric real matrices hy ;o which do not depend on
y. Moreover,

Hir(y)y=0 and tr(Hg,(y) =0 VyeR" (3.33)
and (3.32)) can be differentiated.
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(i) The scalar curvature of Gy . satisfies

+0 va Pl ] +o(ly*™) ask—oo  (3.34)

o] =2
an
n dn
Scal, , (y) = ya Oy (M), @) + O | 3 haeal” [y
ab=1 o =2
o |y =3:2) ) ask— oo (3.35)

uniformly with respect to x € S™ and y € B¢ (0,¢0), where (hyz),, and
(Hg,z),, are the coefficients of hy . and Hy, ., respectively, and

0y = [”ﬂ.

Remark that (3.30)) and the first identity in (3.33) can also be written as

th@,(y)abybzo and ZHkyx(y)abybzo Va e {1,...,n},y e R"™
b=1

We also point out that in the case where 3 <n <5, and simply give
hiw (y) =0 (ly”) and Scaly, , (y) =o(|y]’) ask — oo

uniformly with respect to € S™ and y € B¢ (0, &9).

Proof of Lemma[3.3 We refer to 2__6L Section 4] for the proofs of , and

(3-31). By using (3.30) and (3.31) together with simple linear algebra considera-
tions, we then obtain (3.33]). That the remainder terms in (3.34) and (3.35|) are

respectively o (|y["~") and o ( |y[mex(n=3:2) ) follows from (3.28)), |4, Proposition 26]
and the fact that g — go in C™ (S™) as k — oo for all m € N. O

For each k € N,z € S" and d € {2,...,n — 4}, we define
Hiwa(y) =Y hioay® VyeR™ (3.36)
|| =d
It is easy to see that Hj , 4 is a homogeneous polynomial of degree d and

n—4

Hy . = E Hy 2 a.
d=2

As a consequence of Lemma we obtain

n n

Z(Hk,a:,d (y)>bb =0 and Z(Hk,m,d (y))abyb =0 Vae {1,...,7’1}, Yy € R"™.
b=1 b=1
(3.37)
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For each d € {0,...,n — 4}, we define

Wead (1) = D Y (hkaa)e, 0.0y (U*) Yy €R™ (3.38)

lal=d a,b=1

It is easy to see that wy .4 is a homogeneous polynomial of degree d — 2 €
{0,...,n — 6}, which by (3.35) captures the main term in the Taylor expansion
of Scaly, . (y) at 0. We claim that, for each k € N and = € S™,

9k,x
Wked(y) =0 VyeR" de{0,1,2,3}. (3.39)

This is obvious in the case where d € {0,1}. When d € {2,3}, wi 4.4 is a homo-
geneous polynomial of order 0 or 1, respectively. By using (3.35) and remarking
that

Sealy, , () = O (ly[*)
uniformly with respect to y € By, (x,7¢) and k € N, which follows from properties

of the conformal normal coordinates (see [27]), we obtain (3.39). As a consequence
of (3.39)), we obtain that if 3 <n <7, then

Wked(y) =0 VyeR" de{0,...,n—4}, (3.40)
hence ([3.38)) is trivial in this case. In dimensions n > 8, another result we need from
Khuri, Marques and Schoen [26] (see also Li and Zhang [28,29]) is the following:

Lemma 3.4. Assume that n > 8. Let (hk,z,a)k,z,a be as in Lemma , For each
keN, zeS" andde {4,...,n—4}, let wg 4.q be defined by @ . Then there
exists a unique family of real numbers (’Vkax7dvl:m)OSm§[(d—2)/2],0§l§m+2 such that
the function vy 5 4 : R™ = R defined by
L d=2)/2l m+2
Vewa (y) = (1+y*) "2 S0 Wwdim 1> Al wisa Yy €R™
m=0 1=0

solves the equation

Akaﬂ?’d = (2* - 1) U02*72vk,w,d + UOwk:,z,d m Rn7 (341)
where
32
n(n—2
Uo (y) == (72) Vy € R™.
1+ [yl
Moreover,
Uk,a;,d (0) = ‘V'Uk,z,d (0)| =0 (3.42)

and, for each j € N,

1 |hk,x,a|
V7 0k 2.4 (y)] = O HZ ] (3.43)
a|=d
uniformly with respect to x € S*, y € R™ and k € N.
Proof of Lemma[3.4] It is easy to see that

Wewd (Y) = Y 05,0y, (Hiwa)y, (v) = divedive Hypa (y) Yy €R",  (3.44)
a,b=1
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so that, in particular, wy ;4 is a homogeneous polynomial of degree d — 2 €
{2,...,n—6}. We recall that two homogeneous polynomials p and ¢ in R™ are

said to be orthogonal if
/ pgdo =0,
Sn—l

where do is the volume element of the round metric on the (n — 1)-sphere S"~1.
Since wy, ;.4 is homogeneous of degree d — 2, we obtain

/ Wgpado = (n+d—2) / W, z,d Ay, (3.45)
Sn—1 n

where B™ := B¢ (0,1). On the other hand, by using (3.37) and (3.44) together with
an integration by parts, we obtain

[ty = 30 [ 00 (Frna)y ) e 0

a,b=1

= Z/Sn_l <8yb (Z (Hke,d) g, () ya> — (Hiz,d)y, (y)> do (y)
b=1 a=1

-0 (3.46)

It follows from (3.45) and (3.46) that wg 4 q is orthogonal to 1. In a similar way,
for each i € {1,...,n}, we obtain

/ Woa () yido (y) = (n+d — 1) / Wewd @) yidy  (347)
gn—1

n

and

/ Wk, x,d (y) Yi dy = Z/ 6ya <Z ayb (Hk,ac,d)ab (y) Yi — (Hk,m,d)ai (y)> dy
B a=17B" b=1

=3 /S”i1 (Z Oy, (Hiz,d) o (W) Yi — (Hi,z,d) o (:U)) Yo do (y)
—0. (3.48)

It follows from (3.47)) and (3.48) that wg ;4 is orthogonal to y;. We are now in
position to apply [26, Proposition 4.1] (see also the remark below), from which
Lemma [3.4] then follows. O

From now on, we let (gx);, (ux)y, (T1,%)5, (T2,k) s (H1,k),s (p2,k), and (di), be
as in Lemma , (1) (Gh,2)p 00 (expy.z), .» €0 be as in Lemma , (hkz,0) .0
and d,, be as in Lemma and (Ukvr,d)k,x,d be as in Lemma We now introduce
some additional notations of radii and rescaled functions. For each k € N, we define

01k = j:k and o = %:i + lﬂ,iizk (3.49)
For each k € N and ¢ € {1,2}, we define
eXp; j, 1= XDy 4, s hiko =Nz, o and  Vigd = Uk, ,.d (3.50)
as well as

n—2

Ui p (y) =y f (or @ik, )7t ug) (exp; . (piky)) Yy eR" (3.51)
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and
n—4

@i,k =Cn Z ,U,gl)k'l)i’k’d. (352)
d=4
In the case where 3 <n <7, 9; ;, = 0 (see the discussion around )

To prove Theorems [I.1] and 2.1} we need refined asymptotics on the functions
(uk)g- In the following lemma, we improve the a priori estimates of Lemma and
obtain a sharp description of uy + (—1)1 B; i near x; , which depends on the local
geometry of gy near this point. After scaling, this amounts to obtaining refined
pointwise estimates on ;  + (—1)Z Uy in Euclidean balls of radii of order g; ;. The
analysis of [26] does not directly apply here since the functions (uy), change sign
and, as a consequence, the blow-up points (z1,x), and (22,), are not isolated and
simple (in particular, dy = dg, (z1,, T2,5) may tend to 0 as k — 00). Our refined
estimates are as follows:

Lemma 3.5. Let (gk)k, (uk)k (1) (o) (B1k) s (H2,k), and (dy), be as in
Lemma (k) ks (k) s (expkl)k go be as in Lemma 4 (hkza)g po 00d
dy, be as in Lemma and (Vgz,d)), be as in Lemma 3.4l Let i € {1,2} and
(0k); 5 (Qik), and @k be as in , and 1_' respectively. In the

case where i = 1, assume that

1 =o0(dg) (ie. o1 —>00) ask— o0 (3.53)

and (3.11) holds true (observe that (3.53)) implies (3.10) since por < pi1x for all

k € N). In the case where i = 2, we do not make any additional assumptions. Then
there exist 69 € (0,e0/m) and ko € N such that

2

(L4 [yl [V (@i + (=1 (Uo = 9is) ) () |
j=0
dp—1 2 2|qf n—3
S hl « 7, 7
=0 B ln Mz\é] 2t 1M =600l (3.54)
S (L)) + 1yl

uniformly with respect to y € Be (0,000i1) and k > ko.
In the case where n € {6, 7}, the sum in the right-hand side of (3.54) is empty.
Proof of Lemma[3.5. We adapt the arguments in the proof of |26, Proposition 5.1],

taking into account a general configuration for (1), and (z24),. In particular,
we assume neither that dy # 0 as k — oo nor that the blow-up points (1), and
(w2,1), are isolated and simple. Since gx — go and @y, (i k, ;) = 1, we obtain
dg, (eXPi,k (y) axi,k) = (1+o0(1))dg, (expi,k (v) »xi,k)
2

=ly[+O(lyl")+o(lyl) ask—oo (3.55)
uniformly with respect to y in compact subsets of R™. Moreover, since d < 7 and
Ho.r < par — 0, we obtain

mgoiky =dp < (3.56)
and

2.k 02k = \/ k2, ZQ’kdi <dy+O (i) <m+o0(l) ask—oco. (3.57)
1,k
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Since gk, , — 9oz, iIn C™ (S") as k — oo for all m € N, it follows from
and that there exist 09 € (0,e9/7) and ko € N such that, for each k >
ko, Oopti k0ik is smaller than the injectivity radius at x;j of the metric Jk,z;.5 OF,
equivalently, 6o0; 5 is smaller than the injectivity radius at O of the rescaled metric

Gik = Okyzi (Pike) - (3.58)
By letting kg be smaller if necessary, (3.56) and ([3.57)) also give
ik y| <eg Vye Bg (0, 50gi7k) . (3.59)

We restrict ourselves to giving the proof of (3.54)) for j = 0 as the estimates on the
derivatives then follow by standard elliptic theory. Since ¢ — g in C™ (S™ x S™)
for all m € N, @; ), — x; as k — oo and §y < g¢/, it follows from (3.12)), (3.25),

and that
| (i + (-1)’ Uo) (y) |
=0 (ﬂf Bs_i 1 (exp; 1, (1iky) )) +0(Uy(y)) ask— oo (3.60)
uniformly with respect to y € B¢ (0,000;,%). Moreover, by using , and
, we obtain
dg, (expi,k (Mzky) a$3—i,k)
> dy —dg, (eXpi,k (1Y) Tisk)
> (1 -89 +0(1)dy + O ((Sody)® + dopz—ix) ask — oo (3.61)

uniformly with respect to y € B¢ (0,d00i,%). By letting 6y be smaller if necessary,
it follows from (3.61]) that

n—2

pig Ba—ik(expyy, (miry)) = O (ef%") (3.62)

uniformly with respect to y € B¢ (0,600:,%) and k > ko. By combining (3.60) and
(3.62), we obtain

(i + (=1)" Uo) () | = O (}3") +0(Uo (y) as k— oo (3.63)
uniformly with respect to y € B¢ (0,000:,x). Moreover, (3.43)) gives

A 2 gl 5y
o @I =0 | > =G| =oWo®) askooo  (364)
|| =4

uniformly with respect to y € B¢ (0,000i,%). For each k > ko, we define
mig = _ max | (@ + (—1)" (U — i) )|
B¢ (0,600:,k)
and
’(/Jl"k = m;,i (ai,k =+ (71)1 (U() — lA}Lk) )

By using (3.53)) for ¢ = 1 and Lemma (iii) for ¢ = 2, we obtain g; — 0 as
k — oo in both cases. By using (3.63) and (3.64), we then obtain m;; — 0 as
k — oo. By using the conformal invariance of the conformal Laplacian, we can

rewrite (3.3]) as

N 2 ~ ~ 2% -2 . .
Ag, Uik + capy g Scaly, | Ui p = |1 U in R™. (3.65)
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Moreover, by using (3.41]), we obtain

Aty = (25 = 1) U2 20,4, + Uty . in R, (3.66)
where
n—4
Wik 1= Cp Z uf’kwk,m,md. (3.67)
d=4

By using (3.65) and together with the equation AUy = Ug*fl, we obtain
Ny Wik + enpdy Sealy, , ig = (2" = 1) UF *Yix +m; ) fik (3.68)
in B¢ (0, 600; 1), where
Fir = (1) (Dg, 0 = Ag) (Uo = D) — (1) enpsiy, Scaly, , i
+ (=1)" U (enpi?y, Sealy, , —bix) + |aix)® > @iy + (-1)' U
— (2" = 1)U 2((—1) Dige + magibig). (3.69)

We now estimate the terms in the right-hand side of (3.69). Since Uy is radially
symmetric around 0, it follows from (3.27) that

) N
(Aaow — 8 U (1) = O (e~ 1905 ()]) = O (M) (3:10)

uniformly with respect to y € B¢ (0,000;,%) and k > ko. We recall that, in the case
where 3 <n <7, 0, =0 for all k € N. When n > 8, by using Lemmasand
together with straightforward estimates and the fact that n — 4 > d,,, we obtain
(Agi,k - Ai) /Ol}k (y) - (_1)i cnﬁ'?,k Sca'lgi,k (y> f’vi,k (y>

=0 (IVaik W) [Voix W) +1(Gik — &) W [V?0ix ()] + i [Sealy, . (v) bix (v)])

dp—1 2 2|qf n—3
<~ Pkl 1y i

=0 E % +o0 LS as k — oo (3.71)
ajme (L [yl) (L+yl)

uniformly with respect to y € B¢ (0, d00i,%). By using (3.32)), (3.35) and (3.64), we
obtain

Us (y) (Cnﬂzz,k Scaly, , —wi k) (y)

dy,—1 |h |2 2] n—3
Z ikal Mg Hi ke .

3
o=a (1 + 1Y) (L+yl)
2 ) max(n—3.2)
e (Hisk [y]) — as k — oo (3.72)
1+ yl)

and
(laal* 2 i+ (1) UF ™ = @ = DUF (1) 0+ mistdin) ) (0)

=0 (Uo )* ™ (0 (1) + (Maphik () ))
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~o W Ry gl +0< T > ifn>6
- n—2|a 3 -
S fyh e (1+y))

+o (mi,ka )2 7% Wik (y)|) as k — 00 (3.73)

uniformly with respect to y € B¢ (0, dp0i,x). We now let @i7;€ be the Green’s function
of Ay, , + cnpi? . Scaly, , in Be (0,000;,) with zero Dirichlet boundary condition on
0B¢ (0,000; 1). By definition of g; x, it is easy to see that

Gix (2,y) = MZ;Qéi,k (i, piky)  Vr,y € Be (dooik), © # vy,

where ézk is the Green’s function of Ag, . +c¢, Scalg, , ~ with Dirichlet boundary

condition in Bg (0, dopti k0i ). Since gi — go in C™ (S") as k — oo for all m € N,
it follows from (3.28) and (3.59) that gr ., , — £ as k — oo in C™ (B¢ (0,¢¢)) for

all m € N. By using standard estimzltes for G; 1, which can be found for instance
in [47), it is not difficult to see that G, satisfies
@i)k (y,2) <Cly—z>" Wy, ze B¢ (0, 600i,1) (3.74)
and
10,Gi (y,2)| < Cly— 2" Wy €Be(0,000ik), 2 € B¢ (0,000i0)  (3.75)
for some constant C' independent of k. A representation formula for now

gives

Yik (y) = / azk (y,-) (2" = 1) Ug 2+ m;]ifzk) dvg, .
B¢ (0,000i,k)

*/ 8,Gik (y,-) Yik doy, , (3.76)
DBg (O,§og,;yk)

for all y € B¢ (0,600i,k), where v and dog, , are the outward unit normal vector
and volume element, respectively, induced by §;  on 0 B¢ (0,000;,x). We observe

that (3.63) and (3.64)) give

max ik = O (m; L2 ™ 3.77
B¢ (0,6004,%)\ Be(0,000i,1/2) |1/} 7k| ( ik @ik ) ( )

uniformly with respect to k > kq. First considering the case where |y| < dp0;,x/2,

by putting together (3.70), (3.71), (3.72), (3.73), (3.74), (3.75), (3.76) and (3.77)

and using straightforward integral estimates, we obtain

dn—1 2 2o
ir Nz il 12

Yik (y) =0 / - M L n—2al—2
Bedors) [y — 2" 2 (1412t G2 )

n—3
My . n
+71 ’ky| ifn> 6} +0 (1 + (/ii,in,k)N)>>
3
+1

Hy; K . 2—m
: ifn>6,+0; 3.78
4 |y| } ,k >) ( )

dp— 2 2
ir (Ndz [ SRS hial

+1

n—2 4 ik n—2la|—
/ng,aogi,w ly — 2" 72 (1+2)) o (L [y el
ik
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uniformly with respect to y € B¢ (0,800i%/2) and k > ko. It follows from (3.77)
that (3.78)) actually remains true for y € B¢ (0, 600i,k). We now claim that

dnp—1

mig =0 Z \hi k.

|a|=2

P it > 60 + 02" (3.79)

uniformly with respect to k > ko. We assume by contradiction that (3.79) does not
hold true, i.e. there exists a subsequence (k'j)jeN such that k; — oo and

dn—1
Z |hi’kj’a|2u12‘,3| + /ﬂ 3 ifn>6%+ Qﬁj" =o0 (miykj) as j — oo. (3.80)
|| =2
Since |9 | <1inB¢ (0 , 0005k and Gik, = &in O (R™) as j — oo, it follows
3 71

from (3.68)), (3.70)), , (3. 72) and (3.73) and standard elliptic estimates that,
up to a subsequence m ks ) ~converges in CL_(R") as j — oo to a solution 1y €

loc
C* (R™) of the equation

Agwo (2* - 1) UO ’lﬁo in R™. (381)
On the other hand, by using (| and -, we obtain
Yik, (Y ):O((1+|y|)*2)+o(1) as j — 00 (3.82)

umformly with respect to y € B¢ (O 000k, ) By passing to the limit as 7 — oo
into , we then obtain

Yo (y) =0 ((1+1y) ") (3.83)
uniformly with respect to y € R". By applying Lemma 2.4 in , it follows from

(3.81) and (3.83) that

Yo (y) = )\on—(rjz)% + Z )\i%% vy € R" (3.84)
(1 + n(lglz)) i=1 (1 + n(‘gln))

for some Ag,..., A, € R. On the other hand, by using , , , and
(3-42), we obtaln Yk (0) = |V¢zk( )| =0 for all k € N Wthh gives 1/10( ) =
|V (0)] = 0. It then follows from and (B.84) that A\g = --- =\, =0, and
so ¥ = 0. Independently, for each k > ko, by definition of m; x, there exists a point
Vi € Be(0,000i) such that [|1; 5 (y; 1) = 1. It follows from that (yZ-’kj)j
is bounded. This is in contradiction with the fact that ¢; ,, — 9o =0 as j — oo
uniformly in compact subsets of R™. This proves that holds true. Finally,
follows from @ together with successive iterations of . This ends
the proof of Lemma [3.5] O

By using (3.43), (3.54) and (3.59) and observing that hy. ., , — 0in C7, (R") as
k — oo for all m € N and d,, < n — 4 when n > 6, we obtain
2

1+ [y |V (i, + (—1)" Uo) (3) |
j=0
n—4 e n—3
h; ) ’
=0 il 1, T T > 65+ 07" (3.85)
=2 ( yr2lel 14y "
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uniformly with respect to y € B¢ (0,d00: %) and k > ko. Here again, in the case
where n € {6, 7}, the sum in the right-hand side of (3.85]) is empty. We frequently
use this estimate in what follows.

We now write a suitable Pohozaev-type identity:
Lemma 3.6. Let (02),, (U2,), and (Gox), be as in (3.49), (3.51) and (3.58),

respectively, and ko and o9 be as in Lemma (3.5, Then, for each 6 € (0,00) and
k> ko,

. n—2
/ (W“Q”“’ e T
B¢ (0,602,%)

ﬁg,k) ( (A§2,k — AE) 712,]6 -+ cn,ugyk Scalgm ﬁg)k) dy

n—2. R . ) .
= / < 5 Qi 1,0yl 1. + 8021, (D tin g)* — Q;’k |VU2,k|§
aBg(O,de,k)
) R *
n gj’“ o i) )da, (3.86)

where v and do are the outward unit normal vector and volume element, respec-
tively, of the metric induced by & on 0Bg¢ (0,002%).

Proof of Lemma[33 See for example (2.7) in [31]. O
We first estimate the boundary term of (3.86]). We obtain the following:
Lemma 3.7. Let (021),, (l2,x), and (G2.x), be as in (3.49), (3.51) and (3.58),

respectively. Then

L _ n—2, . .
lim lim g;kz/ ( 5 U KOy U | + 0021 (Bl,quk)Q
6B§(0,692,k)

6—0 k—o0

B 592,k
2

[V i

) «
e+ gi”“ |t k| )do) >0. (3.87)

Proof of Lemma[3.7 By letting
tok (y) = 05 ok (02ky)  and  gok (y) := ok (024y) Vy € R,

we obtain

n—2, . N 002,k N
/ ( 5 Uz 1Oy Ua K + 6021 (8, tia.1)° — 22 |VU2,k|§
8B5(0,592,k)

1) R *
+ 02,k |u27k|2 >da

2*

) n—2. § 3 [
= 05 k”/ < 5 tg, 10y Ug k + 0 (6uu2,k)2 ) |vu27k|§
6B5(0,5)

5052 .
;”“ it x| > do. (3.88)

By recalling (3.12)), (3.25)), (3.55) and (3.57) and since dy < €9/, pr — @o In
C™(S™ x S") for all m € N, xo ), — @2, pop < p1x — 0 and g2 — 00 as k — oo,
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we obtain
N;T: 0577 (pn (@ k, )" Ba) (expy (H2.102,0) )
— <(1 +o(1) yn(n—2) (M2,k@2,k)2> =
135+ (S k02k)’
n—2
- (n({;—2)> ) +o(l) ask— o0 (3.89)
and

n-2 _
pok 055 (0k (@, )™ Brg) (expay (2,k024Y))
n—2

_ (2+0(1) /n(n — 2)u1 k2,105,
203 )+ (4 =13 1.) (1 = cos (dg, (w18, 22,1) + O (32 102,%)))
=0 +0()+0(l) ask— o0 (3.90)

uniformly with respect to y € 9B (0,6) and ¢ € (0, ), where

(\/n (n — 2) dy, (1,72)°

lo =4 \ 2(1 —cos(dg, (z1,22)))

(n(n—2)"7 if dg, (21, 22) = 0.

n—2
2
) if dgo (1‘171‘2) >0

It follows from (3.12)), (3.89) and (3.90)) that

ok (y) = bo — <n(;22)> +0(0)+o(l) ask—o0 (3.91)

uniformly with respect to y € 9B¢(0,0) and 6 € (0,d09). On the other hand, by
using (3.54) together with standard elliptic theory, we obtain

’Lvtg’k — '112’() in Clloc (B§ (0,5)\ {0}) as k — o0,
where, by (B0,

0 (y) == lo — (”(”‘2)> vy eBe O\ 0}, (3.92)

2
]

By using (3.91) and (3.92)), we obtain

k—o0

. n—2, . . N
lim sup ‘ / ( lig, 1.0y lg k + 0 (8uu2,k)2 -5 |VU2,k|§
9B¢(0,6) 2 2

59&%

* 1 n— nto
2 it ) do —5n"T (n—2) 1l = 0(8)  (3.93)
where w,,_1 is the volume of the round (n — 1)-sphere. Finally, (3.87) follows from
(3-88) and (3.93). O

Now considering the interior term of ([3.86]), we obtain the following:
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Lemma 3.8. Let (02,k),, (G2,k), and (§2,x), be as in (3.49), (3.51) and (3.58),

respectively, and ko and 69 be as in Lemmal3.5. Then

. n—2, . .
/ ((Vuz,c, .>§ + uzﬁk> ( (Aﬁz,k — Ag) U i, + cn,ugvk Scalgm uzyk) dy
Bg(O,éQQ’k)
dn
=0 D7 ol il i pua "7 4 G35 (3.94)
lo|=2

uniformly with respect to § € (0,60) and k > ko, where

p 1 ifs=t v R
(s,t) := {0 ifs 4t s,t € R.
Remark that by definition of ¢, the term involving |In us x| only appears when

n is even and |af = 252,

Proof of Lemma[3.8 By using (3.27), we obtain

N -2, N N
<<VU2,k ), y)e + B Ziiog (y)> ((Ag,, — A¢) fiz i + cnp3 i Scaly, , fiak) (y)

- <<VU0 )9 + "= 200 () + O (It + Uo) )] + 19l ¥ (s + Th) <y>|))

x (2,,Uo (y) + O (| (Cn,ug,k Scalg, , —2.x) (y)| |2,k (1)
+ [doa,r. (9)] |2,k + Uo) ()| + pidg lyl ™~ |VU0 )|
+ Vo W)V (G2, + Uo) (v)] + (2,6 — &) )] [V ( ﬂ2k+U0)( ))) - (3.95)

uniformly with respect to y € B (0,8002,z) and k > ko. By using (3.32)) and (3.85),
we obtain

IV a2k WV (2 + Uo) ()] + (2.6 — &) )] |V (G2, + Vo) (v)]

n—4 2|o¢\ 2 max(n—3,2)
|h2ka| Ho Mo g (2.5 [Y])
=0 n—2|a , : n—2 + /’(’%,kgg_kn (396)
C;z (1+[yl) i (14 [y]) ’
uniformly with respect to y € B¢ (0,0002,%) and k > ko. Moreover, (3.85) gives
|(d2,k + Uo) (y)| + |yl IV (G2, + Uo) (y)| = O (Uo (y)) (3.97)

uniformly with respect to y € B¢ (0,d002,%) and k > ky. By using (3.35) together
with the fact that d,, <n — 4 when n > 6, straightforward estimates give
| (cnti3 i Scalg, , —2,k) (y)| [z, ()]

max(n—3,2)

o Z |hokal? ug‘“' 143 1 (p2.k [y])
S (L g2 1+ |y

uniformly with respect toy 6 Bg (0,8002,x) and k > ko. Similarly straightforward

estimates using ) and (| give

@2, ()] I(UM +Uo) (y )I

(3.98)

hagal” a3
=0 = LR ifn>6p+us, 027", 3.99
2 e T TEO e 154
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uniformly with respect to y € Be (0, 8002,%) and k > ko. By plugging (3.96)), (3.97),
(3.98) and (3.99)) into (3.95)), we obtain

. n—2 . .
(<w2,k W) o9 + "2 <y>) (g — Ae) finp + cnpid 1 Scaly,  0) (1)

n-—2 n n— 2 2la
_ne (n—2)2 (1_|y|2)ﬁ) (y>+0< 2 |ho.k,al Nz‘,kl

= 2n—2[a|—2
2(1+ [y*)" 2 (L [y
max(n—3,2 2—n
135 (e [y 52 202 (1 )™ ) (3.100)
2n—4 n—2 2n—2 '
1+ [yl) (1+1yl) X+ [yl)

uniformly with respect toy € B¢ (0,d02,%), 6 € (0,00) and k > ko. We now integrate

(3-95) in B¢ (0,602,%). By using (3.38)), (3.46) and (3-67)), we obtain

n—2 n 9
nz (n—-2)2(1-|y")
/ ( )Q(nfll | )wz,k (y)dy = 0. (3.101)
Be(0,002,%) 2(1+|y‘ )

On the other hand, when 2 < |a| < n — 4, straightforward estimates give

2|a|

2ol Mo e if |Ol| < dn
fap dy n—2 i
/ anzlal—2 = O | {Hax Impzkl if |a| = dy (3.102)
Be(0,602,6) (14 |yl) §n2 g2 if |a| >d
ik "

uniformly with respect to § € (0,00) and k > kq. It follows from (3.100)), (3.101))
and (3.102f) that

R n
/ <<V“27’“ e T
B¢ (0,002,%)

dn
=0 ( S ol Hol! o g " 4 520 (51_" (6p12,02,6) "

|| =2

-2

20 ) ((Bgus = ) s+ i Sl )

+0 (2 k02,)” + 0N (uz,k92,k)N) ) (3.103)

uniformly with respect to § € (0,00) and k > ko. Finally, (3.94)) follows from (3.57)
and (3.103). 0

We point out that in the proofs of Lemmas and [3.8] we only used (3.54))
with ¢ = 2, namely for the most concentrated bubble. We recall that while this

estimate holds true without any additional assumptions in the case where i = 2,
we need to show that (3.53)) holds true in order to use it in the case where ¢ = 1.
This is done in the next section.

4. PrROOFS OF THEOREMS [I.1] AND 2.1]

In this section, we apply the analysis of Section [3|to prove Theorems [I.1]and 2:1}
By using Lemmas and we can first complete the proof of Theorem
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End of proof of Theorem[2.1] When n € {3,4,5}, Lemma [3.8| gives

/ (<va2,k, Je +
B¢ (0,602,k)

=0 (303"
uniformly with respect to 6 € (0,80) and k > ko, which, together with Lemma [3.6]
yields an obvious contradiction with Lemma [3.7) as 6 — 0. O

—2
n /&2’k> ( (AQ2,k — Ag) ’llgﬁk =+ cn,ugyk SC&IQQch ﬁgyk) dy

In larger dimensions n € {6, ..., 10}, the Pohozaev identity of Lemma alone
is not enough to conclude and we need to perform a more refined analysis. As a
first result, we obtain a priori estimates on (01,%), and (o2), as well as a sharp
asymptotic expansion of A; (S, [gx]) as k — oco. For each k € N, we define

d

Ck (1‘7/},) = Z |hk,w,o¢|2 MZ\OJ |1nM|19(2|01‘,n—2) Vi € Sn,/.t > 0’
la|=2

where 9 is as in Lemma[3.8] By using the asymptotic analysis performed in Lem-
mas to we obtain the following:

Lemma 4.1. Let (u1,%), and (por), be as in Lemma d,, be as in Lemma
(02,k), and (ho.a), , be as in (3.49) and (3.50), respectively, and ko be as in
Lemma[38 If 6 <n <10, then
&5+ 033" = O (max (Ge (- 1.0))) (4.1)
and
Ax (8™, ge]) = A1 (8, Tgo]) + O (max (G (1)) (4.2)
uniformly with respect to k > k.

Proof of Lemma[4.1. We begin with proving that (4.1)) holds true. It follows from
Lemmas and [3.8] that

4 .
. Hop I po k| ifn =6
=0 ok, =0 as k — oo. (4.3
02k (Ch (2,6, H2,1)) ({N%’k 7 < n <10 (4.3)

We assume by contradiction that, up to a subsequence,
dk = O (,Ufl,k) (44)
uniformly with respect to k > kq. It follows from (3.49) and (4.4) that
M2k —2
L =0(2k),
M1k 2k
which, together with (4.3)), gives

2 3
Pa g npe k|? ifn=26
Pak — o QL =o0(u2r) ask—oo.  (4.5)
H1k By i if7<n<10

Clearly, (4.5) contradicts the fact that pq 5 — 0 as k — oco. This proves that (4.1)
holds true, and thus (3.10) and (3.11)) hold true. Moreover, by using (4.1)) and (4.3)
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together with (3.49)) and the facts that po, < pi 5, the function p — e [In p| is
decreasing and ”7_2 < 4 when n < 10, we obtain

2—n __ 312—n, n—2
01k = dj Kk

n—2 n—2

2—n 2 2
~ Ok M1k Moy

dn
n—2 n—2
o o2 2 2al-25= 9(2|a|,n—2)
=0 Mk E |h2,k,a Ha g |In g2k
|a]=2

= O (Ck (72,5, p1,k)) (4.6)
uniformly with respect to k > k. Finally, (4.1) follows from (4.3]) and (4.6]).
We now prove (4.2) by using (1.1) and (3.5) and estimating the energy of uy.
We claim that

furl** vy, = 21 (8", [g0]) ¥ + O (max (G (- 1)) (4.7)
Sn

uniformly with respect to & > kg, which, together with and , implies
. We prove this claim. For each ¢ € {1,2} and ¢ € (0,d¢), we let G x := gk, ,
be given by Lemma By using together with a rescaling argument and the
conformal covariance of the conformal Laplacian, we obtain

o9
/ ] dvz,,
By, 1 (i k,0i k0 k)

n n—2 2% _9
= 5‘/ (Lgkuk — |uk| Uk | Uk dV’gi,k
B L (@i 0k eir) n
2

Ik,
~ 2% —2 . ~
|7, 1| uzk) U ) dvg, , -

(4.8)

n n

_ -~ 2 ~

= §/B (0.625.0) (Aéi,kui,k + Cnlly K Scaléi,k Uik —
¢(U,004,k

n
By integrating by parts, we obtain
/ Uik Ag, , Uik dvg, ,
Be(0,804,k)
= / (UoAgi,ka +2(ii g + (=1)' Uo) Ag, i i
B (0,00i,k)
N i 2 i N i
|9 @s+ D U, ) vt [ (1) U, (s + (~1)* Uo)
“ 8B5(0,5gi,k)

+ (i + (—1)" Up) Dyt i) dog, , - (4.9)

We recall that, by (4.6)), Lemma now applies to both ¢ = 1 and 7 = 2. By using
3.27), (3.54), (3.102)), and (4.9]), we obtain

/ U,k Dg, Uik dvg,
B¢ (0,60i,x)

— / UoAgUo dy —|—2/ (ai,k + (—1)i UO)Agi,k'&i,k) dVgi)k
B¢ (0,004,%) B¢ (0,604 ,%)
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S Jhagal il
7R, i,k /’Lz,k .
+ O / 2n—2|a|—2 1 4 if n 2 6
Be(0.500) \ | a2 (1 + [y]) (1 +y[)
4—2n N
ik (ki Y1) d
7+ on—2 | 4Y
(T+lyD™ (@ +yl)
n—4 |a\ 2—n
hi,k,a i 0;
‘ i ke k do

+0 / 2n—|a|—3 + n—1
9B¢(0,00i,1) |or|=2 (1 + |y|) (1 + ‘y|)
= / UQASUO dy +2/ (121'7]@ + (—1)i UO)Aélkﬂuk) dVgiyk
™ B¢ (0,60i,k)

+0 (Ck (Ti ks i) + 9?,;”) (4.10)

uniformly with respect to k > kg. We now estimate the last two terms in the

right-hand side of (4.8). By using (3.27)), (3.35), (3.85) and (3.102)), we obtain

cnl’c?,k / Scalgi,k ﬁ’ik dvgi,k
B{ (Ovée'i,k)
= Cnﬂ?,k/ Scalgivk (Ug + 2@1',]c (ﬁi,k + (—].)Z Uo)
B¢ (0,00i,k)
N i 2
— (@ + (—1)" Uo) ) dvg, .
— / (wikag + 2¢n i3 ), Scaly, , ik (G + (—1)" Up)
B¢ (0,00i,x)
2 N 2 2 N i 2
+0 <|Cnm,k Scalg, , —w; k| U + pif . |Scalg, . | |Gk + (=1)" Uo| )) dvg,
= 2Cn,u,?’k / Scalgi)k azk (ﬁi,k + (—].)Z Uo) dVgile
B¢ (0,00i,x)

n—4 2 2|af n—1
1P ke, Hi & Hi ke

+0 / 2n—2|a|—2 1 n—
B¢ (0,00i,k) |or|=2 (1 + |y|) ( + |y‘)

N+2
pie
+ 2n—4 dy
(1+lyl)

= 2Cnlu'12,k / Scalfh,k U (ﬁi,k + (_1)i UO) dvgi,k
B¢ (0,00i,x)

— 2
r el Lyl

+ O (Ch (i s pik) + 0510)- (4.11)

uniformly with respect to k > ko. By using again (3.85) and (3.102), we obtain

/ |ﬁ‘i,’€|2 dvgi,k
B¢ (0,00i,k)

= / <U§* +2F |ﬂi7k‘2*72 g g (g 1 + (-1’ Uo)
Bg(O,(SQ,;’k)

O (e ),
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= / U2 dy +2* / o> 2 g (i, + (—1)" Up) dvg, ,
B¢ (0,00i,%) B¢ (0,00i,%)

n—4 2n—6

hikal” ik u
+0 / 2n_”2|a| g ifn>6
Be(0,50i,1) lo|=2 (1+lyl) (1+1[yl)

4—2n N
Qz )
i k -+ (1w k )2n> dy>
(IT+1yh)™ (T +1yl)
= [ UZ dy+2* / i o2 g (g + (—1)" Up) dvs,
R» Bg(O,&Qi,k)

+ O (Ck (g, k) + 05 5") (4.12)

unlformly with respect to k > kq. By puttmg together (4.8] , @9), @10), (@17
and and using the equations (3.65) and AUy = Ug ~*, we obtam

/ ug* dvg, , = / Us  dy + 0 (G (i pik) + 073")  (4.13)
By, 1 (Ti, k01 6 0i,k) Rn

uniformly with respect to k > ko. We recall that

/ UF dy = M (8"l (4.14)

Moreover, by using (3.53) together with the definition of g;j and the fact that
pok < W1k, we obtain that there exists 61 € (0,d9) and k; > ko such that, for each
XS (0,51) and k > kq,

B§1,k (ml,k, 5#1,k@1,k) N B§2)k (.rg,k, 5#2,}%@2,1@) = (. (4.15)

On the other hand, by using similar estimates as in the beginning of the proof of
Lemma [3.5] we obtain

o
/ 2 |uk| dvgi,k

S™\ U By, » (i ke, Opti e 0i)

(B3—i,k)2* dv~i,k
<Z‘/n\Bg k x’t kvaﬂz kOi, k) 7

=0 (erx +o21) (4.16)
uniformly with respect to k > k;. By using (4.1), (4.13]), (4.14), (4.15) and (4.16)

together with the fact that po i < p1 %, we obtain (4.7]), which completes the proof
of Lemma 1] O

We are now in position to conclude the proof of Theorem [I.1} The idea to reach
a contradiction consists in directly estimating A; (S™, [gx]) Wlth the help of suitable
test-functions. These test-functions are modeled on the first-order expansion of the
functions (ug), as in (3.54), centered at maximum points of the functions ((x),
in M and more concentrated than the functions (Bj ) w- We prove that these
test-functions provide better competitors for Ay (S™, [gx]) and yield a contradiction
with . As we mentioned in Section |2} our contradiction argument comes from
the very definition of As (S™,[gx]) and its minimality. We cannot use a local sign
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restriction argument as in [26] here since all local masses vanish due to the fact
that g — go in C™ (S™) for all m € N.

End of proof of Theorem[I.1l The form of the leading term of the test-functions
we use is inspired from the historic work of Schoen [48]. We add a lower-order
term inspired from the work of Li and Zhang [28,/29] and Khuri, Marques and
Schoen [26] (see also the early work of Hebey and Vaugon [23| using this idea of
adding a small correction term in the test-functions). For each k > ko, we let
xp € S™ and py € (0,00) be such that

Qe (s k) = max (G (5 pa k) and o = Aty (4.17)

where A € (1,00) is some fixed number to be chosen large later on. We let g :=
k,z, and expy = €XDj, 1, be as in Lemma Hy, = Hy 5, and hio = hiap 0
be as in Lemma Wk,d 1= Wk,g,,d D€ as in and Vg4 := Vkg,,qd De as in
Lemma [3.4] Up to a subsequence, we may further assume that z; — ¢ € S™ as
k — co. We then define gy := go,4,. We let éo be the Green’s function of Lg, in S™.
In particular, for each z € S, Gy (x,) is a positive function in S™\ {z} satisfying
the equation

L;,Go(z,-) =0 inS"\ {z}. (4.18)

We let § € (0,e0/2), where £¢ is as in Lemma We let n be a smooth function
on [0,00) such that n =1 on [0,1] and n = 0 on [2,00). We define the functions

n—2

n(n—2 :

Bk::<2 ( ””“2) |
My + d§k~ (l'k, )

n—4

aA d

Wk = Cn Y MWk d,
d=4

n—4

5 |ex|

Vg = Cp /'[/k; vk,d)
|a|=4

n—2

vp 1=, 2 O o (pytexpr ),

wim et Y (0 (H 00, (),

a,b,c=1

= 50 (0,04 (i 5 04 (1)) ) (1),

n—2 n+2 n—2
Fpi=n"7 (n—2) % wp_1p,>

Go (K, ")
and
ZE =M (5_1 dg, (zk, )) (Bx — k) + (1 -n ((5_1 dg, (g, ))) Ik,
where w;,—1 is the volume of the round (n — 1)-sphere. We also define the metric
91 = expy gk (pk-) -
We recall that, by Lemma Oy, satisfies
Actyp = (28 = 1) UZ 20y, + Ugtdy  in R™ (4.19)
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We claim that there exists C), > 0 depending only on n such that
A1 (S, [go]) — Av (8™, [gr]) = Cn (s ) +0 (™) ask — oo, (4.20)

Before proving (4.20), we first show that this estimate yields a contradiction with
(4.2) when A is chosen large enough, thus completing the proof of Theorem

Since p1,5 = O (91 k) by (3.56), it follows from (4.1) and - ) that

MZ_Q = O (CGk (wx, r1.1)) (4.21)

uniformly with respect to k > kg, where the constant in O (-) depends on A, but
this is not a problem since this term is multiplied by o (1) in (4.20)). Moreover, since
A > 1, by definition of (g, it is easy to see that

Ch (T k) = NGk (e, ) - (4.22)
It follows from (4.20)), (4.21)) and (4.22)) that

Ay (ST, [90]) - Ay (Sn, lgr]) > (\2Cp +0 (1)) G (Th, pak)  as k — oo,
which contradicts when ) is chosen large enough.
We now prove . Since gi € [gx] and z, € C*° (S™), we obtain

/ (|Vzk|~ + ¢, Scalg, zk) dvg,
<

Ay (8™, [gx]) <
([ore)”

By definition of zp, it is easy to see that

(4.23)

zl* dvg, = / 1By —vg|” dvg, +0 (up %) ask oo, (4.24)
s By (@6.0)

By using (3.27), (3.43) and (4.24) together with similar estimates as in (4.8)—(4.16)),
we obtain

]2 dvs, :/ Vo — o2 dvg, +o (u2)
B (0,6/pk)

(2 1)
:/ (UO oy g 4 ZE T Dy agg
Be(0.6/ux) 2

S |ﬁkl3)>dvgk+o( P

2% (2* .
:/ (UO —2'U¥ *%H%)Uo 29 )dy

n—4 3 3|o¢\

+0 / kol My
Be(0.0/p) 4y (1 [y)> 1

dy +0(MZ 2)

n o 2F *
=M " [ ® -5 [ (208 e @ - 1)U %0 ) dy
Rﬂ
+ 0 (C (i, i) + /AZ ) ask — ooc. (4.25)
We now estimate the numerator in ([£.23). By using (4.18) together with the defi-
nition of z; and the facts that z — ¢ in S™ and g — go in C™ (S™) as k — oo
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for all m € N, we obtain

/ ZkLﬁk Zk dng
s\ Bﬁk (zk,9)

/ 2Ly, (Zk - Fk) dvg,
Bg, (z1,20)\ Bg, (zk,0)

n+2 n—2

+n% (n—=2)"" wy_1py,” (/S B 25)ZkL§060(x0a')dV§k+O(1)>
"\ Bg, (wo,

/ ziLg, (21 — i) dvg, +o (up?) ask — . (4.26)

On the other hand, since go is flat in By, (z9,€0) by (3.28), we obtain (see for
instance [27]) that there exists a function R € C?(Bg, (wo,€0)) such that R (zo) =0
and

1

Go (70,y) =
o (@0,3) (n —2)wp—1dg, (To,y

2 +R(y) VyeBg (xo,0).  (4.27)

Moreover, an easy consequence of ([3.43)) is that
2 . . n—2
253 V7o (y)] :o(,ukT) as k — oo (4.28)
3=0

uniformly with respect to y € Bg, (zx,20) \ Bg, (zx,0). By using (4.27) and (4.28)
together with the definition of z; and the facts that R (z¢) =0, xx — ¢ in S™ and
gk — go in C™ (S™) as k — oo for all m € N, we obtain

i&j |V7 (2, = T) (y)| = O (5/@:%2) +o (u?) as k — oo (4.29)

Jj=0

uniformly with respect to y € By, (x,20) \ Bg, (z,), where the term O (du}?) is
also uniform with respect to § € (0,£/2) (the same holds true in the next estimates).

By using (4.18) and (4.29)), we then obtain

/ 2Ly, (2 — ') dvg, = O (5/1272) + 0 (,quQ) as k — oo.
B§k (zk ,2(5)\ B5k (zk ,5)

(4.30)
It follows from (4.30]) together with an integration by parts and the definition of z
that

/ <|Vzk|;k + ¢, Scalg, zi) dvg,
= / (BkLgk, By, — QUkLngk + UkL'gkUk) dng, +0 (5#272)
ng (zk,0)

+o(up?) ask— oo (4.31)
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By using (3.27), (3.34)), (3.35), (3.43) and (4.19) together with similar estimates as
in (4.9)—(4.11), we obtain

/ ( 5 (BkLngk — QUkLngk + UkL§kUk) dng
Bg,, (Tk,

= / (UO Ag, + cppii Scaly, ) Uy — 20k (Ag, + cppj Scaly, ) Uy
B¢ (0,6/ k)
+ v (Agk + cn i, Scalgk) vk> dvg,
= / (Uo (Ag + Wy — ﬂ)k) Uy — 20y, (Ag + ﬁ)k) Uy + ﬁkAgﬁk
B¢ (0,0/1k)
+0( |cnp% Scalg, —tbg + Wy Ug + |cnu% Scalg, —t | U |o5] + 7 |Scaly, | 07
+ U+ [0u) [(Ag, — 8e) Ul + 4] (V][9] + I = ] [T20u]) ) ) v

= Ay (S™, [g0]) % —/ (QUO*—lak @ -1 UF % 2) dy

n

dn—1

—/ Uy (Uolbk+wkﬁk)dy+0 Z ‘hk a|2 2fal+2 |1nuk|ﬁ(2‘a|’ni4)
Be(0,6/ k) la|=2
[(n—2)/3] 3 3lal (s )

0 el s o0 ()
|a|=2

— Ay (5™, [90]) —/ (208" ox - (2" = ) UF 247 dy

- / Uy (Upby, + wy0y) dy + o (Ck (zg, pi) + ,uZ_2) as k — oo. (4.32)
B¢ (0,6/px)

It follows from (4.23)), (4.25)), (4.31) and (4.32) that

Ay (8", [go]) — A1 (S, [gx]) = / Uo (Uotby, + i k) dy + O (8 2)
Be(0,6/ 1)

+0 (Ck (@, i) + 13 7%)  as k — oo. (4.33)

We now estimate the integral in the right-hand side of (4.33)), starting with the first
term in this integral. We recall that

n—4
Hy = Z Hi. p,
p=2

where Hy , = Hp 5, p and Hy , p is as in (3.36). By using polar coordinates and
the definition of wy, we obtain

/ Ugﬂ)k dy
Be(0,6/pr)

RS =BS [ (300 s )0 a6,

p,q=2 a,b,c=1
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1

= 300 iy ()40, (g (), ) 4o 1)

5 n—2
e -2
: /0% <111(:r2)) PR3 qr Lo (1B 2) ask— oo, (4.34)

To obtain (4.34)), we also use that, for each p,q € {2,...,n — 4},

n

/ U0, ((Hi (0))ay . (Hi (9),) dy =0,
Be(0.6/m0) g bt

which follows from an integration by parts together with (3.37)) and the fact that Uy
is radially symmetric around 0. We observe that, since Hi, — 0 in C™ (B¢ (0,&0))
as k — oo for all m € N, for each p,q € {2,...,n — 4} such that ¢ > d,,

2 n—
oy 2)

—0 (|H,C,][,|2 b2+ MZ—Q) as k — oo, (4.35)

|Hk,p

2 2p+2q+2—n
[ Higl 17 = O (1Hi | 272757 4 | Hg

where

|Hpp| := Z |hk,al -

la|=p

Integrations by parts give that, for each d € {4,...,n — 3},

eq 5 n—2
/“k n(n—2) ptd=3 qp
0 1472

n—2
-2 [ -2 21
_ n d / ( n (n )) r rn-‘,—d—?) dr+ O (M'Zfd72) (436)
0

1+1r2 1+1r2

and straightforward estimates give that, for each d > n — 2,

5 2 n—2
/“k n(n—2) pd=3 qp
0 1 + 7“2

{(n(n_z))"'flnukuou) ifd=n—2

(4.37)
O (u="7?) if d>n—2.

Combining (4.34)), (4.35), (4.36) and (4.37)) we obtain

n—22
/ Ugiandy =2, (n(n = 2)°F" [ u P () de
Be(0,6/11) 0

+ 0 (Ck (@h, i) + 1y ~2)  as k — oo, (4.38)



32 BRUNO PREMOSELLI AND JEROME VETOIS

where
Fra(p P ( Z / ( kop (U))ap Oye (Hig () 41
p,q=2 a,b,c=1 "
1
20 iy () 0y (B <y>>ac) as ()
Cprq p+g<n—2

Nyl ifp=g=d,

and

/1 \"?r2o1
— n+p+q—3
Cp_i_q.—/ov <1+T2> 1+T2r pTq dr.

As regards the second term in the integral in the right-hand side of (4.33]), by using
again polar coordinates, we obtain

/ Uol[)k’f)k dy
Be(0,6/pk)

=cp Z Mﬁq/ Uowi,pUs,q dy +0 (1~ 2) as k — oo. (4.39)
p,q=2 Be(0,6/pk)

By using (3.43) and since Hy — 0 in C™ (B¢ (0,¢0)) as k — oo for all m € N, we
obtain that, for each p,q € {2,...,n — 4} such that d:=p+q € {4,...,n -3},

/ Uowi pVk,q dy = / Uowi, pUk,q dy +0 (,LLZ = 2) as k — oo.  (4.40)
Be(0,6/pk) R"

We now consider the case where p, q € {2,...,n — 4} are such that d := p+q > n—2.
We recall that by Lemma [3.4]

Prq(y n
Uk,q(y):qi(g)% Yy € R",
(1+1yl")
where P, , is the polynomial of degree ¢ + 2 given by
[(d—2)/2] m+2
Pegly):= > Z’Ykzkdlmw\ AdWea,,aly) VyeR™
m=0
We let P/qu-s-z) be the sum of terms of highest degree in P 4, i.e.
(4+2) [(q—2)/2] _—
+ n
Pk?q (y) = Z Vhwp,qmt2,m Y] mr £ Wiy (y) VyeR™
m=0

Since Hr, — 01in C™ (B¢ (0,¢0)) as k — oo for all m € N, straightforward estimates
using polar coordinates then give

/ Uowy pvr,q dy
Be(0,6/pr)

B (n(n— 2)) \1nuk| - wp (Y) plg?q“) (y)do (y) +o(1) ifd=n—2

o (up7?) ifd>n-—2.
(4.41)
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By putting together (4.35)), (4.39)), (4.40) and (4.41)), we obtain

n—2 Mk
/ Ui dy = 2¢,, (n(n —2)) 2 / o (1) dp
B¢ (0,0/px)

0
+ 0 (Ch (@ pi) + ) as k — oo, (4.42)
where
dVZ
Foa ) = en 3 a7

P,q=2

2—n .
p [ QW) ey g )y g <n-2

>< n
dn .

n et sdn (v) Pzg,dfz) (y)do(y) ifp=q=d,.

The functions Fj j, and F5 j have been investigated in . In particular, since n <
10, Proposition A.4 of appliesﬂ and gives that there exists C/, > 0 depending
only on n such that

Fuy (1) + Fo (1) > CpC (xh, 1) V>0, (4.43)
It follows from (4.38)), (4.42)) and (4.43)) that

/ U (Upwy, + Wi og) dy > Cnlr (g, pi) + 0 (uZ‘z) as k — oo (4.44)
Be(0,60/ k)

for some C,, > 0 depending only on n. By plugging (4.44)) into (4.33), and passing to
a subsequence in ¢, we obtain (4.20]), which completes the proof of Theorem|l.1l O
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